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SUMMARY 
The c h a r a c t e r i z a t i o n o f t he b a s i s f o r o r d i n a r y and g e n e r a l i z e d 
n e t w o r k p r o b l e m s g i v e n by D a n t z i g , J o h n s o n , and o t h e r s i s shown t o p r o v i d e 
a p o w e r f u l t o o l f o r e x p l o i t i n g the s p a r s e n e s s o f t he c o n s t r a i n t s e t f o r 
t h e s e p r o b l e m s . T h i s g r a p h i c a l r e p r e s e n t a t i o n i s u s e d t o d i r e c t l y compute 
t he n o n z e r o e n t r i e s i n s p e c i f i e d co lumns a n d / o r rows o f t h e b a s i s i n v e r s e . 
Based on t h i s , a l g o r i t h m s f o r t he g e n e r a l i z e d f l o w ( G F P ) , o r d i n a r y f l o w 
( O F P ) , and t r a n s p o r t a t i o n (TP) p rob lems a r e d e v e l o p e d and c o m p u t a t i o n a l 
r e s u l t s f o r t he r e s u l t a n t computer c o d e s a r e g i v e n . The power o f t he a p ­
p r o a c h i s i l l u s t r a t e d by t he f a c t t h a t the s o l u t i o n t i m e s f o r the OFP 
code a r e f i v e t i m e s f a s t e r than t he Share o u t - o f - k i l t e r code on the same 
p r o b l e m s . The d e t a i l s o f the computer i m p l e m e n t a t i o n a r e a l s o g i v e n . 
The i n t e g e r g e n e r a l i z e d f l o w p r o b l e m ( IGFP) i s c o n s i d e r e d and the 
p r e v i o u s l y m e n t i o n e d b a s i s r e p r e s e n t a t i o n f o r t h e GFP i s u s e d t o i d e n t i f y 
t h e i n t e r a c t i o n between v a r i a b l e s i n the g roup t h e o r e t i c f o r m u l a t i o n o f 
t h e p r o b l e m . S e v e r a l p r o p e r t i e s o f t he I G F P a r e n o t e d . A b r a n c h and 
bound a l g o r i t h m i s d e v e l o p e d and c o m p u t a t i o n a l r e s u l t s f o r t he I G F P a r e 
g i v e n . 
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CHAPTER I 
INTRODUCTION AND LITERATURE SURVEY 
1.1 I n t r o d u c t i o n 
A g r e a t d e a l o f r e c e n t r e s e a r c h i n m a t h e m a t i c a l p rogramming has 
been c o n c e n t r a t e d i n the s p e c i a l i z e d f i e l d o f i n t e g e r p rogramming ( I P ) . 
T h i s r e s e a r c h i s s t i m u l a t e d by t he w i d e a p p l i c a t i o n o f such mode ls and 
t h e n e e d to be a b l e t o f i n d s o l u t i o n s e f f i c i e n t l y . To d a t e no e f f e c t i v e 
a l g o r i t h m , say one comparab le t o D a n t z i g ' s s i m p l e x method f o r t he l i n e a r 
p rogramming p r o b l e m , f o r the g e n e r a l I P p r o b l e m has been f o u n d . V e r y 
good r e s u l t s have been o b t a i n e d f o r some I P p rob lems by t a k i n g a d v a n t a g e 
o f t he s p e c i a l n a t u r e o f a p a r t i c u l a r t ype o f p r o b l e m ( e . g . , m a t c h i n g , 
s e t c o v e r i n g ) . T h i s s u c c e s s f u l e x p l o i t a t i o n o f p r o b l e m s t r u c t u r e p r o ­
v i d e d the m o t i v a t i o n f o r t h e r e s e a r c h o f t h i s s t u d y . The p r o b l e m chosen 
i s the i n t e g e r g e n e r a l i z e d f l o w p r o b l e m ( IGFP) w h i c h i s d e f i n e d i n t he 
n e x t s e c t i o n . The p r o b l e m i s i m p o r t a n t i n i t s own r i g h t t o w a r r a n t s t u d y . 
B e s i d e s , i t o f f e r s a r e a s o n a b l e c h a n c e o f y i e l d i n g a s u c c e s s f u l s o l u t i o n 
t e c h n i q u e and o f p r o v i d i n g i n s i g h t i n t o the p r o c e s s o f e x p l o i t i n g t he 
p r o b l e m s t r u c t u r e i n i n t e g e r p rog ramming . The o b j e c t i v e s o f t h i s s t u d y 
a r e : 
1. To d e v e l o p a d e t a i l e d c h a r a c t e r i z a t i o n o f t h e s t r u c t u r e o f 
t he g e n e r a l i z e d f l o w p r o b l e m ( w i t h o u t i n t e g e r c o n s t r a i n t s ) . 
2 . To d e v e l o p o r e x t e n d e x i s t i n g s o l u t i o n p r o c e d u r e s f o r t he GFP 
w h i c h w i l l be c o m p a t i b l e w i t h the i n t e g e r programming method chosen t o 
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s o l v e t he I G F P . 
3 . To use the c h a r a c t e r i z a t i o n i n (1) t o d e v e l o p a c h a r a c t e r i z a ­
t i o n o f t he I G F P . 
4 . To d e v e l o p an e f f e c t i v e s o l u t i o n t e c h n i q u e f o r t h e I G F P . 
I n t h e c h a p t e r s t h a t f o l l o w , s e v e r a l t o p i c s a r e i n v e s t i g a t e d and 
b r o u g h t t o g e t h e r i n a c c o m p l i s h i n g t h e s e p r i m a r y o b j e c t i v e s . The a s s o c i ­
a t e d c o n t i n u o u s g e n e r a l i z e d f l o w p r o b l e m (GFP) i s s t u d i e d and an e f f i c i e n t 
s o l u t i o n p r o c e d u r e d e r i v e d f r o m a c h a r a c t e r i z a t i o n o f t he s t r u c t u r e o f 
i t s b a s i s . A l g o r i t h m s w h i c h t a k e a d v a n t a g e o f t h i s s t r u c t u r e a r e p r e s e n t e d 
f o r two s p e c i a l c a s e s o f t he G F P , the o r d i n a r y minimum c o s t f l o w and 
t r a n s p o r t a t i o n p r o b l e m s . The I G F P i s c h a r a c t e r i z e d f r o m a g roup t h e o r e t i c 
p o i n t o f v i e w , and e f f i c i e n t means f o r u t i l i z i n g i n f o r m a t i o n f rom t h i s 
f o r m u l a t i o n i n a b r a n c h and bound s o l u t i o n p r o c e d u r e a r e d e v e l o p e d . The 
r e s u l t s f rom the s t u d y o f the s t r u c t u r e o f the GFP and IGFP a r e b r o u g h t 
t o g e t h e r i n a b r a n c h and bound i n t e g e r p rogramming p r o c e d u r e . A summary 
o f t he ma in r e s u l t s o f t h i s s t u d y and a r e a s f o r a d d i t i o n a l r e s e a r c h a r e 
g i v e n i n C h a p t e r V I I . 
T h r o u g h o u t t he d i s s e r t a t i o n , i f m a t e r i a l o f a b r o a d n a t u r e i s 
b e i n g d i s c u s s e d ( e . g . , l i n e a r p r o g r a m m i n g ) , one o r two g e n e r a l r e f e r e n c e s 
a r e g i v e n w h i c h a r e no t meant t o be c o n s i d e r e d t he o n l y work i n t h a t 
f i e l d . When s p e c i f i c methods a r e a d d r e s s e d , t he a s s o c i a t e d r e f e r e n c e ( s ) 
a r e g i v e n . I n some c a s e s r e f e r e n c e s a r e l i m i t e d t o t he most r e c e n t work 
i n a f i e l d o r the ones s p e c i f i c a l l y r e l a t e d t o a t o p i c i n t he d i s s e r t a ­
t i o n . 
T h i s i n t r o d u c t o r y c h a p t e r c o n t a i n s a m a t h e m a t i c a l s t a t e m e n t o f t h e 
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I G F P and the a s s o c i a t e d G F P . A p p l i c a t i o n s o f t he GFP a r e c i t e d f rom the 
l i t e r a t u r e , and s o l u t i o n p r o c e d u r e s f o r t he GFP a r e s u r v e y e d . An example 
f rom D a n t z i g ' s u b i q u i t o u s book [ l 5 ] m o t i v a t e s t he r e s t r i c t i o n o f t h e 
v a r i a b l e s f o r the GFP t o i n t e g e r v a l u e s . The work o f E s t a b r o o k [20] on a 
s p e c i a l c a s e o f t h e IGFP i s then r e v i e w e d . N e c e s s a r y n o t a t i o n and t e r ­
m i n o l o g y f r om l i n e a r and i n t e g e r programming u s e d l a t e r i n t he d i s s e r t a ­
t i o n a r e summar i zed . 
1.2 P r o b l e m Sta tement 
The i n t e g e r g e n e r a l i z e d f l o w p r o b l e m i s s t a t e d m a t h e m a t i c a l l y a s : 
( I G F P ) 
M i n i m i z e 
S u b j e c t t o : 
j = i 
n 
J a . . x . = b. i — 1 , . . . , m (2) 
0 <• x . <• M . j = l , . . . , n (3) 
J J 
X j i n t e g e r f o r a l l j . 
i 7^ 0 f o r a t most two i e { l , . . . , m } 
where c . , a . M . i n t e g e r f o r a l l i and i . 
J 1 J J 
F o r a l l i n t e g e r programming p rob lems i t w i l l be assumed t h a t a l l c o e f f i ­
c i e n t s and bounds a r e i n t e g e r . 
The c o n t i n u o u s l i n e a r p rog ram a s s o c i a t e d w i t h the IGFP when the 
i n t e g e r r e q u i r e m e n t i s r e l a x e d i s c a l l e d the g e n e r a l i z e d f l o w p r o b l e m 




M i n i m i z e ) c . x . (4) 
S u b j e c t t o : 
n 
) a . , x . = b. i = l , . . . . m 
L I J J I 
j = l 
(5) 
0 < x . <•. M . j = l , . . . , n (6) 
J J 
a . . ^ 0 f o r a t most two i e { 1 , . . . , m ] 
The f l o w w i t h g a i n s p r o b l e m c o n s i d e r e d by J e w e l l [ 5 6 ] and o t h e r s i s 
the same as the g e n e r a l i z e d f l o w p r o b l e m s t u d i e d i n t h i s d i s s e r t a t i o n . 
An i m p o r t a n t s p e c i a l c a s e o f t he GFP has been c a l l e d by D a n t z i g 
[15] the w e i g h t e d d i s t r i b u t i o n p r o b l e m and by B a l a s and I v a n e s c u [3] and 
o t h e r s the g e n e r a l i z e d t r a n s p o r t a t i o n p r o b l e m ( G T P ) . The l a t t e r t e r m i n o l ­
ogy w i l l be a d o p t e d h e r e . The g e n e r a l i z e d t r a n s p o r t a t i o n p r o b l e m i s thus 
(GTP) 
m n 
M i n i m i z e I I CiiXii <7> 
• 1 - 1 1 J 1 J 
i = l j = l 
S u b j e c t t o : 
n 
) a . . x . . < S. i = , ,m (8) 
L I J I J 1 
m 
\ x i j = T j j = 1 ' > n ( 9 ) 
i = l 
0 <. x . . ^ M. . i = l , ,m (10) 
l J l J j = l , . . . . , n 
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To see t h a t the GTP i s a s p e c i a l c a s e o f the G F P , n o t e t h a t e a c h 
v a r i a b l e a p p e a r s i n o n l y two e q u a t i o n s , one f rom the s e t o f E q s . (8) and 
one f rom E q s . ( 9 ) . I f s l a c k v a r i a b l e s were added t o E q s . (8) t h e y w o u l d 
a p p e a r i n o n l y one e q u a t i o n . T h i s i s one fo rm o f t he G T P . O t h e r fo rms 
may c o n s i s t o f d i f f e r e n t i n e q u a l i t y o r e q u a l i t y r e l a t i o n s on t h e two s e t s 
o f e q u a t i o n s (8) and (9) o r the c o e f f i c i e n t s i n E q s . (9) may be s o m e t h i n g 
o t h e r t han o n e . T h i s does n o t a l t e r the f a c t t h a t t h i s i s s t i l l a s p e c i a l 
c a s e o f t h e G F P . 
The GFP and the GTP a r e g e n e r a l i z a t i o n s o f t he t r a n s h i p m e n t and 
t r a n s p o r t a t i o n p r o b l e m s , r e s p e c t i v e l y . I n t h e s e o r d i n a r y f l o w p rob lems 
the n o n z e r o a . . i n E q . (2) a r e e i t h e r p l u s one o r m inus o n e . I f t h e r e a r e 
two n o n z e r o c o e f f i c i e n t s , one i s a p l u s one and the o t h e r i s a m inus o n e . 
The o r d i n a r y f l o w p r o b l e m has been s t u d i e d e x t e n s i v e l y and d e t a i l e d r e f ­
e r e n c e s may be f o u n d i n t he books o f F o r d and F u l k e r s o n [21] and Hu [ 5 4 ] . 
1.3 A p p l i c a t i o n s o f t he GFP 
J e w e l l [56] and D a n t z i g [ l 5 ] c i t e s e v e r a l examp les i n w h i c h ma the ­
m a t i c a l mode l s f o r r e s o u r c e a l l o c a t i o n p r o b l e m s have t h e f o rm o f t he G F P . 
Arms [ l ] u s e s t he g e n e r a l i z e d t r a n s p o r t a t i o n mode l t o s o l v e opt imum 
w e a p o n s - a l l o c a t i o n p r o b l e m s and E isenman [ l 9 ] p u t s the mach ine l o a d i n g 
p r o b l e m i n the GTP f o r m . J e n s e n [55] uses a GFP f o r m u l a t i o n t o s t u d y 
w a t e r r e s o u r c e a l l o c a t i o n . J a r v i s and J e z i o r [57] use a g e n e r a l i z e d f l o w 
f o r m u l a t i o n t o mode l a h e a l t h c a r e s y s t e m . Demmy [16] r e q u i r e s t h e s o l u ­
t i o n o f g e n e r a l i z e d f l o w p rob lems as subp rob lems i n h i s m a s t e r p r o c e d u r e 
f o r a more g e n e r a l l i n e a r programming m o d e l . I n a d i f f e r e n t f i e l d , 
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F u j i s a w a [23] and Onaga [76 ,77 ] d i s c u s s e l e c t r i c a l and commun i ca t i on n e t ­
w o r k p r o b l e m s w h i c h can be f o r m u l a t e d as g e n e r a l i z e d f l o w p r o b l e m s . A c ­
c o r d i n g t o E isenman [ l 9 ] by t a k i n g advan tage o f t he s p e c i a l s t r u c t u r e o f 
t he g e n e r a l i z e d f l o w p r o b l e m , one i s a b l e to s o l v e l a r g e s c a l e p rob lems 
whose s o l u t i o n s w o u l d be i m p r a c t i c a l by d i r e c t a p p l i c a t i o n o f the s i m p l e x 
m e t h o d . 
The range o f a p p l i c a t i o n o f the g e n e r a l i z e d f l o w p r o b l e m j u s t i f i e s 
the i n v e s t i g a t i o n o f t he s p e c i a l i z e d s o l u t i o n p r o c e d u r e s d e t a i l e d i n the 
n e x t s e c t i o n . 
1.4 S o l u t i o n P r o c e d u r e s f o r t h e GFP 
Deve lopment o f s o l u t i o n p r o c e d u r e s f o r t he GFP has p a r a l l e l e d t h a t 
o f o r d i n a r y f l o w p r o b l e m s ; t h a t i s , a p p l y i n g the v a r i o u s s i m p l e x - b a s e d 
t e c h n i q u e s and mak ing use o f t h e r e s u l t i n g s i m p l i f i c a t i o n s . The s o l u t i o n 
p r o c e d u r e s a r e c a t e g o r i z e d as p r i m a l - d u a l , p r i m a l , and d u a l f o l l o w i n g the 
l i n e a r p rogramming t e r m i n o l o g y . I n a d d i t i o n , some s t u d i e s f o c u s on t he 
g r a p h i c a l r e p r e s e n t a t i o n o f t he p r o b l e m t o d e v e l o p s o l u t i o n p r o c e d u r e s . 
These p r o c e d u r e s , h o w e v e r , can j u s t as w e l l be i n t e r p r e t e d i n l i n e a r p r o ­
gramming t e r m s . 
J e w e l l o r i g i n a l l y c o n s i d e r e d the GFP under t he name o f f l o w w i t h 
g a i n s [ 5 6 ] , He e x t e n d e d the wo rk o f F o r d and F u l k e r s o n [ 2 l ] f o r o r d i n a r y 
n e t w o r k s t o t he GFP i n d e v e l o p i n g a p r i m a l - d u a l a l g o r i t h m . He a l s o c o n ­
s i d e r e d the g r a p h i c a l n a t u r e o f t h e p rob lem p r o d u c i n g a m a x - f l o w m i n - c u t 
theorem a n a l o g o u s t o t h a t o f F o r d and F u l k e r s o n . R e c e n t l y M i n i e k a [74] 
h a s p r e s e n t e d a method t o i n i t i a l i z e J e w e l l ' s a l g o r i t h m , m o d i f i e d i t t o 
e n s u r e f i n i t e c o n v e r g e n c e , and i n t e r p r e t e d i t i n terms o f the o u t - o f - k i I t e r 
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a l g o r i t h m f o r o r d i n a r y f l o w p r o b l e m s . J a r v i s and J e z i o r [ 5 7 ] , Smi th [ 8 6 ] , 
and G r i n o l d [49] a l l a p p l y J e w e l l ' s i d e a s t o the m a x i m i z a t i o n o f f l o w i n t o 
a s p e c i f i e d s i n k node i n the g e n e r a l i z e d f l o w s e t t i n g . They t a k e a d v a n t ­
age o f t he s t r u c t u r e o f t he GFP as w e l l as a d d i t i o n a l s t r u c t u r e t o p r o d u c e 
e f f i c i e n t s p e c i a l i z e d a l g o r i t h m s . 
D a n t z i g [15] a p p l i e d t he p r i m a l l i n e a r programming method t o o r d i ­
n a r y f l o w p rob lems and e x t e n d e d the r e s u l t s t o a s p e c i a l c a s e o f t he G F P , 
namely the GTP d i s c u s s e d i n s e c t i o n 1 .2 . J o h n s o n [58] b r o u g h t t o g e t h e r 
t he a l g e b r a i c a p p r o a c h o f D a n t z i g w i t h t he g r a p h i c a l methods o f F o r d and 
F u l k e r s o n f o r t he o r d i n a r y f l o w p r o b l e m and o f J e w e l l f o r t h e G F P . He 
a l s o s u g g e s t e d a method o f k e e p i n g t r a c k o f t h e b a s i s f o r t he o r d i n a r y 
f l o w p r o b l e m . S imonnard [85] a l s o i n t e r p r e t e d d i s t r i b u t i o n p rob lems i n 
te rms o f a g r a p h . R e c e n t l y M a u r r a s [ 7 l ] has r e p o r t e d c o m p u t a t i o n a l r e ­
s u l t s o f a p p l y i n g a s p e c i a l i z a t i o n o f the p r i m a l l i n e a r p rogramming method 
t o l a r g e g e n e r a l i z e d f l o w p r o b l e m s . 
I n a s e t o f t h r e e r e l a t e d p a p e r s i n 1964 the g e n e r a l i z e d t r a n s p o r ­
t a t i o n p r o b l e m was c o n s i d e r e d . B a l a s and I v a n e s c u [3] d e v e l o p e d t he 
t h e o r y f o r e x t e n d i n g p r i m a l s o l u t i o n t e c h n i q u e s f o r t h e o r d i n a r y t r a n s ­
p o r t a t i o n p r o b l e m t o t h a t o f t he G F P . They f o c u s e d on t h e s i m p l i f i c a t i o n s 
i n c a l c u l a t i n g t he new s e t o f b a s i c v a r i a b l e s f o r a s p e c i f i e d b a s i s c h a n g e . 
E isenman [ l 9 ] p r e s e n t e d an a l g o r i t h m f o r c a r r y i n g o u t t h e method o f B a l a s 
and I v a n e s c u and e x t e n d e d i t t o t he c a p a c i t a t e d p r o b l e m . L o u r i e [67] i n ­
d i c a t e d e f f i c i e n t means f o r i m p l e m e n t i n g E i s e n m a n ' s a l g o r i t h m on a c o m p u t e r . 
M o r e r e c e n t l y , Arms [ l ] c o n s i d e r e d a s o l u t i o n p r o c e d u r e f o r the GTP and 
p r e s e n t e d l i m i t e d c o m p u t a t i o n a l r e s u l t s . 
The a p p r o a c h taken i n t h i s d i s s e r t a t i o n i s a l s o b a s e d on the p r i m a l 
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s i m p l e x a l g o r i t h m . A g r a p h i c a l r e p r e s e n t a t i o n o f t he b a s i s o f t he p r o b l e m 
i s u s e d w h i c h a l l o w s t he i d e n t i f i c a t i o n , c o m p u t a t i o n , and u p d a t i n g o f o n l y 
t h a t i n f o r m a t i o n d i r e c t l y r e q u i r e d to c a r r y o u t the s i m p l e x o p e r a t i o n s . 
A d d i t i o n a l l y , t h i s r e p r e s e n t a t i o n can be e f f i c i e n t l y m a i n t a i n e d and u p ­
d a t e d . T h i s i s i n c o n t r a s t t o t he g r a p h i c a l s o l u t i o n methods such as t he 
o u t - o f - k i l t e r a l g o r i t h m o f F o r d and F u l k e r s o n f o r o r d i n a r y f l o w p r o b l e m s 
and the a l g o r i t h m o f J e w e l l f o r the G F P . These methods a r e b a s e d on such 
c o n c e p t s as f l o w augmen t ing p a t h s , c u t s e t s , e t c . and i n f o r m a t i o n ( e . g . , 
l a b e l s ) f r o m one i t e r a t i o n i s n o t u s e d i n t h e n e x t i t e r a t i o n . 
D u a l methods we re a p p l i e d t o the GFP by B a l a s [4] and T a k a h a s h i 
[88] i n d e p e n d e n t l y i n 1966. B a l a s s p e c i f i c a l l y c o n s i d e r e d the GTP bu t 
h i s i d e a s a r e r e a d i l y e x t e n d a b l e to t he G F P . I n the same y e a r Cha rnes and 
R a i k e [13] a p p l i e d d u a l methods t o some s p e c i a l c a s e s o f t he G F P . S p e ­
c i f i c a l l y , t hey c o n s i d e r e d the " s h o r t e s t p a t h p r o b l e m " whose s o l u t i o n f o r 
o r d i n a r y n e t w o r k s i s g i v e n by D i j k s t r a and o t h e r s . G l o v e r and K l i n g m a n 
[32] e x t e n d e d the work o f C h a r n e s and R a i k e t o p r o v i d e an i n i t i a l d u a l 
f e a s i b l e s o l u t i o n f o r the c a p a c i t a t e d G F P . 
As m e n t i o n e d e a r l i e r , t h e r e a r e s t u d i e s w h i c h t ake a d v a n t a g e o f the 
g r a p h i c a l r e p r e s e n t a t i o n o f t he p r o b l e m i n t h e s p i r i t o f t he F o r d and 
F u l k e r s o n a l g o r i t h m f o r maximum f l o w f o r t he o r d i n a r y f l o w p r o b l e m . Some 
o f t h e s e s t u d i e s a r o s e f r om the f i e l d o f e l e c t r i c a l e n g i n e e r i n g f o r t he 
p r o b l e m o f m a x i m i z i n g f l o w i n t o a s i n k node w i t h the GFP c o n s t r a i n t s e t . 
F u j i s a w a [23] d e v e l o p e d a p r o c e d u r e f o r m a x i m i z i n g f l o w i n t o t he s i n k by 
s u c c e s s i v e l y f i n d i n g p a t h s be tween the s o u r c e and s i n k a l o n g w h i c h f l o w 
c o u l d be i n c r e a s e d . Mayeda and Van V a l k e n b e r g [73] i n v e s t i g a t e d the 
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p r o p e r t i e s o f t he GFP a n a l a g o u s t o t h o s e f o r the o r d i n a r y f l o w p r o b l e m 
s t u d i e d by F o r d and F u l k e r s o n [ 2 l ] and o t h e r s . Onaga [76 ,77 ] c o n s i d e r e d 
the g r a p h - t h e o r e t i c p r o p e r t i e s o f t he GFP and a d o p t e d a dynamic programming 
a l g o r i t h m f o r m i n i m i z i n g the f l o w o u t o f a s p e c i f i e d s o u r c e node w h i l e 
m a x i m i z i n g f l o w i n t o the s i n k n o d e , 
R u t e n b e r g [79] has d i s c u s s e d the GFP w i t h a n o n l i n e a r o b j e c t i v e 
f u n c t i o n and has e x t e n d e d the c o n v e x - s i m p l e x method t o t h i s p r o b l e m . 
G l o v e r and K l i ngman [31] have shown a method f o r t r a n s f o r m i n g some g e n e r ­
a l i z e d n e t w o r k s i n t o e q u i v a l e n t pu re n e t w o r k s . They have a l s o d i s c u s s e d 
a c o m p u t a t i o n a l s i m p l i f i c a t i o n f o r t he GTP [ 3 5 ] . M a l e k - Z a v a r e i and A g -
g a r w a l [69] d i s c u s s e q u i v a l e n c e s and p r o p e r t i e s o f t he G F P . 
1.5 Ne twork Programming C o m p u t a t i o n a l D e v i c e s 
The c l o s e r e l a t i o n s h i p be tween the o r d i n a r y f l o w p r o b l e m and the 
g e n e r a l i z e d f l o w p r o b l e m i s i n d i c a t e d by the a r t i c l e s d e t a i l e d i n the 
p r e v i o u s s e c t i o n . R e c e n t l y , s e v e r a l c o m p u t a t i o n a l d e v i c e s f o r o r d i n a r y 
f l o w p r o b l e m s have been r e p o r t e d . S i n c e methods f o r the o r d i n a r y f l o w 
p r o b l e m may be e x t e n d e d t o t he G F P , t h e s e r e c e n t r e s u l t s w i l l be o u t l i n e d . 
The p r i m a l c o m p u t a t i o n a l methods f o r t he o r d i n a r y f l o w p r o b l e m 
c e n t e r a round the manner o f i d e n t i f y i n g the c u r r e n t b a s i s and o f c h a n g ­
i n g f rom one b a s i s t o a n o t h e r . G l o v e r and K l i n g m a n [29] and G l o v e r , 
K l i n g m a n , and Kea rny [34] d e v e l o p e d a means o f d o i n g t h i s w h i c h i s e s s e n ­
t i a l l y t h a t o f J o h n s o n [ 5 9 ] , They i n c l u d e the d e t a i l s o f c h a n g i n g f rom 
one b a s i s to a n o t h e r . S r i n i v a s a n and Thompson [87] c o n s i d e r s i m i l a r 
methods and d e v e l o p d e v i c e s t o r e d u c e the e f f o r t r e q u i r e d f o r d e t e r m i n i n g 
l e a v i n g v a r i a b l e s . Bo th o f t h e s e e f f o r t s a r e s p e c i f i c a l l y a d d r e s s e d to 
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t h e t r a n s p o r t a t i o n p r o b l e m . Tomizawa [92] a l s o i n d i c a t e s improvements 
i n methods f o r s o l v i n g t r a n s p o r t a t i o n p r o b l e m s . 
The c o m p u t a t i o n a l r e s u l t s r e p o r t e d by G l o v e r , K l i n g m a n , N a p i e r , 
and Kea rny [30 ,36 ] and Thompson and S r i n i v a s a n [91] f o r t h e t r a n s p o r t a t i o n 
p r o b l e m and f o r the improved o u t - o f - k i l t e r a l g o r i t h m o f G l o v e r , K l i n g m a n , 
and B a r r [38] f o r the o r d i n a r y f l o w p r o b l e m show the improvements t h a t can 
be o b t a i n e d by e f f e c t i v e l y e x p l o i t i n g the s p e c i a l i z e d b a s i s s t r u c t u r e o f 
t he o r d i n a r y f l o w p r o b l e m . 
1.6 A p p l i c a t i o n s o f the IGFP 
To i l l u s t r a t e t he need to c o n s i d e r the r e q u i r e m e n t t h a t the v a r i ­
a b l e s i n a GFP be i n t e g e r s , t he f o l l o w i n g example i s t aken f rom D a n t z i g 
[ 1 5 ] : 
C o n s i d e r the GFP used t o mode l t he f o l l o w i n g s i t u a t i o n . An a i r l i n e 
has a f l e e t composed o f s e v e r a l t y p e s o f a i r c r a f t . These a i r c r a f t must 
be a l l o c a t e d to v a r i o u s r o u t e s t o s a t i s f y a s p e c i f i e d p a s s e n g e r demand. 
S i n c e the c o s t o f o p e r a t i n g a p a r t i c u l a r a i r c r a f t on a s p e c i f i c r o u t e 
v a r i e s f r om r o u t e t o r o u t e , the a l l o c a t i o n s h o u l d be made t o m i n i m i z e 
the t o t a l c o s t , w h i l e s a t i s f y i n g demand and u t i l i z i n g o n l y t h e a i r c r a f t 
a v a i l a b l e . The a p p r o p r i a t e d e f i n i t i o n s and m a t h e m a t i c a l p r o b l e m s t a t e ­
ment a r e : 
x „ - number o f a i r c r a f t t ype i t o be a l l o c a t e d t o r o u t e j 
c _ - c o s t o f o p e r a t i n g one t ype i a i r c r a f t on r o u t e j 
p - number o f p a s s e n g e r s accommodated by a i r c r a f t t y p e i on 
r o u t e j 
a . - number o f t ype i a i r c r a f t a v a i l a b l e 
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- p a s s e n g e r demand on r o u t e j 
The p r o b l e m i s t h e n : 
m n 
M i n i m i z e V ) c . . x . . (11) 
i = l j = l 
S u b j e c t t o : 
n 
Y x . . <• a . 1 = 1 , . . • ,m (12) 
L> i j i 
m 
) p. . x . . 2 : b. j = l , . . . ,n 
Z, i j i j i 
i = l 
(13) 
X . . 2 : 0 (14) 
The f o l l o w i n g example i s f o r two a i r c r a f t t y p e s to be a l l o c a t e d to two 
r o u t e s . 
M i n i m i z e 
2 0 x u + l l O x 2 + 5 0 x 2 1 + 3 0 0 x 2 2 (15) 
S u b j e c t t o 
X l l + X 1 2 * 4 < 1 6> 
x 2 1 + x 2 2 £ 3 
5 0 x 1 1 + 1 0 0 x 2 1 ;> 150 
4 0 x l 2 + 1 0 0 x 2 2 s 100 
x . . ^ 0 f o r a l l i and i . 
i j J 
The opt imum l i n e a r programming s o l u t i o n i s 
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x u ^ 1.5 
x 1 2 ^ 2 .5 
x 2 1 - .75 
= 0 
T o t a l c o s t - 342 .5 
Of c o u r s e i t i s n o t p o s s i b l e t o a l l o c a t e a f r a c t i o n o f an a i r c r a f t . The 
s o l u t i o n , x ^ = 2 , x ^ 2 — 3 , x , ^ — 1, x 2 2 = 0 , o b t a i n e d by r o u n d i n g up t he 
n o n i n t e g r a l v a l u e s i s n o t f e a s i b l e . But c o n s i d e r the s o l u t i o n x ^ = 1 , 
x^2 ~ 3 , x ^ - 1, x 2 2 = 0 . T h i s s o l u t i o n i s f e a s i b l e and has a c o s t o f 
4 0 0 . A n o t h e r f e a s i b l e i n t e g e r s o l u t i o n i s x ^ 1, x ^ 2 = 0 , x ^ = 1, 
X 2 2 ~ ^ w ^ t ' r i a c o s t ° f 370 . The o p t i m a l i n t e g e r s o l u t i o n i s x ^ = 3 , 
x ^ 2 = 0 , x 2 ^ = 0 , and x 2 2 = 1 w i t h a c o s t o f 360 . T h i s s i m p l e example 
p o i n t s o u t the w e l l known f a c t t h a t i t i s no t s i m p l e t o o b t a i n an opt imum 
i n t e g e r s o l u t i o n t o a sys tem o f l i n e a r c o n s t r a i n t s f r om the s o l u t i o n o f 
the a s s o c i a t e d l i n e a r p rog ram. From t h i s example i t i s c l e a r t h a t t he 
a d d i t i o n o f t he i n t e g e r r e q u i r e m e n t t o the GFP i s w o r t h i n v e s t i g a t i o n . 
1.7 P r o c e d u r e s f o r S o l v i n g the IGFP 
T h e r e a r e no p u b l i s h e d a l g o r i t h m s f o r s p e c i f i c a l l y s o l v i n g the 
i n t e g e r g e n e r a l i z e d f l o w p r o b l e m . E s t a b r o o k ' s a l g o r i t h m [20] s o l v e s a 
s p e c i a l i z e d c a s e o f t he I G F P c a l l e d t he i n t e g e r g e n e r a l i z e d t r a n s p o r t a t i o n 
p r o b l e m ( I G T P ) . T h i s p r o b l e m i s s t a t e d : 
™- • • m n 
M i n i m i z e Y V e x . . (17) 
/ , L. i j i j 
i = l j = l 











As m e n t i o n e d p r e v i o u s l y , s e v e r a l p e r s o n s have d e v e l o p e d s o l u t i o n 
p r o c e d u r e s f o r t he G T P , w h i c h i s t he above p r o b l e m , w i t h o u t r e q u i r i n g x „ 
t o be i n t e g e r s . E s t a b r o o k u s e s the u n i q u e s t r u c t u r e o f t he b a s i s f o r t he 
GTP and t he p a r t i c u l a r f o rm o f the e q u a t i o n s f o r t he GTP t o s i m p l i f y the 
Two d rawbacks o f the r o u n d i n g a l g o r i t h m a r e t h a t i t does n o t 
g u a r a n t e e t h a t a f e a s i b l e s o l u t i o n w i l l be f o u n d and the amount o f s t o r a g e 
r e q u i r e d i s dependent on the s i z e o f the d e t e r m i n a n t o f t he o p t i m a l L P 
b a s i s . These a r e t r u e o f the a l g o r i t h m o f E s t a b r o o k a l s o . Howeve r , h i s 
c o m p u t a t i o n a l r e s u l t s i n d i c a t e t h a t the use o f t he s p e c i a l s t r u c t u r e o f 
t he GTP b a s i s and t he g roup f o r m u l a t i o n o f the IGTP a r e p o w e r f u l ways o f 
c o n s i d e r i n g t he p r o b l e m . The e x t e n s i o n o f some o f E s t a b r o o k ' s s i m p l i f i ­
c a t i o n s o f the g roup s t r u c t u r e o f the IGTP w i l l be g i v e n i n C h a p t e r V . 
C e r t a i n t e r m i n o l o g y , d e f i n i t i o n s , and c o n c e p t s o f l i n e a r p r o g r a m ­
ming w i l l be used e x t e n s i v e l y i n t h e deve lopment i n l a t e r c h a p t e r s . To 
p r o v i d e a common b a s i s f o r d i s c u s s i o n , a summary o f r e l e v a n t m a t e r i a l f r om 
l i n e a r programming w i l l be g i v e n i n t h i s s e c t i o n . The m a t e r i a l f o l l o w s 
r o u n d i n g a l g o r i t h m o f Gomory [40 ] when a p p l i e d t o t he I G T P . 
1.8 C o n c e p t s o f L i n e a r Programming 
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t h e p r e s e n t a t i o n i n L a s d o n [66] w h i c h was c o n d e n s e d f rom the d e f i n i t i v e 
wo rk o f D a n t z i g [ 1 5 ] . S i m i l a r m a t e r i a l i s c o v e r e d i n many books i n c l u d ­
i n g S imonnard [85] and H a d l e y [ 5 l ] among o t h e r s . 
I n m a t r i x f o rm an upper bounded l i n e a r p rogramming p r o b l e m (P) 
can be s t a t e d a s : 
(P) 
M i n i m i z e c x (21) 
S u b j e c t t o : Ax = b (22) 
0 < x . <: M. i = l , . . . ,n (23) 
1 1 
A i s an m X n m a t r i x , x i s an n X 1 co lumn v e c t o r , and the r e m a i n i n g 
v e c t o r s a r e c o n f o r m a b l e . 
I t w i l l be assumed t h a t the r a n k o f A i s m. A f e a s i b l e s o l u t i o n 
t o P i s a v e c t o r x = ( x ^ , . . . . . , x ) w h i c h s a t i s f i e s e q u a t i o n s (22) and 
( 2 3 ) . A b a s i s i s an m x n n o n s i n g u l a r m a t r i x , B, fo rmed by some m co lumns 
o f the c o n s t r a i n t m a t r i x A . ( S i n c e the r a n k o f A i s m, i t c o n t a i n s a t 
l e a s t one b a s i s . ) The v a r i a b l e s x . , , x a s s o c i a t e d w i t h the co lumns 
1 m 
o f t h e b a s i s B a r e c a l l e d b a s i c v a r i a b l e s . The r e m a i n i n g v a r i a b l e s a r e 
c a l l e d n o n b a s i c . T h u s , i f t he n o n b a s i c v a r i a b l e s a r e a s s i g n e d v a l u e s a t 
t h e i r upper o r l o w e r b o u n d s , the r e m a i n i n g b a s i c v a r i a b l e s a r e d e t e r m i n e d 
u n i q u e l y by s o l v i n g the r e s u l t i n g s e t o f e q u a t i o n s . Such a s o l u t i o n i s 
c a l l e d a b a s i c s o l u t i o n . 
A b a s i c f e a s i b l e s o l u t i o n i s a b a s i c s o l u t i o n w h i c h s a t i s f i e s E q . 
( 2 3 ) . I t f o l l o w s t h a t a b a s i c f e a s i b l e s o l u t i o n may have a most m com­
p o n e n t s s t r i c t l y be tween z e r o and the upper bounds ( M ^ . A n o n d e g e n e r a t e 
b a s i c f e a s i b l e s o l u t i o n i s one w i t h e x a c t l y m components s t r i c t l y be tween 
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t h e upper and l owe r b o u n d s . The c a n n o n l c a l fo rm o f a l i n e a r programming 
p r o b l e m i s the sys tem o f e q u a t i o n s o b t a i n e d when e q u a t i o n (22) has been 
r e a r r a n g e d o r t r a n s f o r m e d so t h a t the f i r s t m co lumns o f A fo rm an i d e n ­
t i t y m a t r i x . 
To i n t r o d u c e c e r t a i n t e r m i n o l o g y c o n s i d e r p r o b l e m P w i t h o u t the 
uppe r bound x^ £ ML. I f t he o b j e c t i v e f u n c t i o n E q . (21) i s e x p r e s s e d i n 
terms o f t h e c u r r e n t n o n b a s i c v a r i a b l e s , t he c o e f f i c i e n t f o r e a c h n o n b a s i c 
v a r i a b l e i s c a l l e d i t s r e l a t i v e c o s t f a c t o r o r c u r r e n t c o s t . F o r a g i v e n 
b a s i s B t h e row v e c t o r TT i s d e f i n e d by the e q u a t i o n : 
TTB = c f i (24) 
The v e c t o r c i s the v e c t o r o f c o s t c o e f f i c i e n t s a s s o c i a t e d w i t h t h e b a s i c 
v a r i a b l e s . The components o f t he v e c t o r n a r e c a l l e d the s i m p l e x m u l t i ­
p l i e r s a s s o c i a t e d w i t h the b a s i s B. I t f o l l o w s d i r e c t l y t h a t the r e l a t i v e 
c o s t f a c t o r (c" ) f o r a n o n b a s i c v a r i a b l e x^ may be c a l c u l a t e d b y : 
c . = c . - TTA. (25) 
J J J 
The v e c t o r A^ i s the c o r r e s p o n d i n g co lumn f rom the o r i g i n a l s e t o f e q u a ­
t i o n s (22) , and we must have "c ^ 0 f o r o p t i m a l i t y . 
The o p t i m a l i t y c o n d i t i o n s f o r t he bounded v a r i a b l e s p r o b l e m P a r e 
r e a d i l y r e l a t e d t o the s i m p l e x m u l t i p l i e r s and r e l a t i v e c o s t f a c t o r s d e ­
s c r i b e d a b o v e . 
C o r r e s p o n d i n g t o t he p r o b l e m P ( c a l l e d the p r i m a l p rob lem) i s 
a n o t h e r l i n e a r programming p r o b l e m c a l l e d the d u a l p r o b l e m ( D ) . The fo rm 
o f t he d u a l p r o b l e m i s : 
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(D) M 
M a x i m i z e ub - / v . M . (26) 
L., 1 1 ' 
i = l 
S u b j e c t t o : 
uA - v ^ c (27) 
v ^ 0 , u u n r e s t r i c t e d . (28) 
The u v a r i a b l e s a r e a s s o c i a t e d w i t h the p r i m a l c o n s t r a i n t s E q . (22) and 
the v v a r i a b l e s a r e a s s o c i a t e d w i t h upper bound c o n s t r a i n t s c o n t a i n e d i n 
E q . ( 2 3 ) . 
The w e l l known comp lementa ry s l a c k n e s s c o n d i t i o n s o f l i n e a r p r o ­
gramming f o r t h i s p r i m a l - d u a l p a i r o f p rograms a r e : 
x . ( c . - u A . + v . ) = 0 (29) 
3 3 3 3 
v . ( x . - M . ) = 0 (30) 
J J J 
I f 0 < x . < M . , then by E q . (30) v . = 0 a n d : 
J J J 
c . - u A . = 0 . (31) 
3 3 
Now l e t B be the co lumns o f A c o r r e s p o n d i n g to t h e b a s i s , i . e . , f o r t he 
v a r i a b l e s 0 < x , < M . i f t he p r o b l e m i s n o t d e g e n e r a t e . L e t v „ and c_ be 
J J B B 
t h e components o f v and c c o r r e s p o n d i n g to t he b a s i c v a r i a b l e s . T h e n , 
f rom E q a . (29) and ( 3 0 ) , 
v B = 0 
c_ - uB = 0 o r uB = c_ (32) 
a a 
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E q u a t i o n (32) i s t he same as E q . (24) w i t h t t = u . When x = 0 , t hen a g a i n 
f rom E q . (30) v^ = 0 and t h e r e l a t i v e c o s t f a c t o r E q , (25) becomes : 
( c . - u A . + v . ) = ( c . - u A . ) = c . > 0 . (33) 
J J J J J J 
When x . = M . , f rom E q . (29) we ge t c , = u A . + v . = 0 w h i c h can be s a t i s -
J J J J J 
f i e d by l e t t i n g v . — - ( c . - u A . ) . The n o n n e g a t i v i t y r e s t r i c t i o n on v . 
J J J J 
t hen y i e l d s t he o p t i m a l i t y c o n d i t i o n a s : 
c . = ( c . - u A . ) £ 0 when x . = M . . (34) 
J J J J J 
T h i s d i s c u s s i o n r e l a t i n g the p r i m a l and d u a l p rob lems i s r e l e v a n t 
t o t he p r e s e n t a t i o n i n l a t e r c h a p t e r s . D e t a i l e d r e s u l t s i n t h i s a r e a may 
be f o u n d i n t h e p r e v i o u s l y c i t e d r e f e r e n c e s . 
1.9 Rev iew o f I n t e g e r Programming Me thods 
T h i s s e c t i o n w i l l b r i e f l y d e s c r i b e t h e v a r i o u s s t r a t e g i e s f o r 
s o l v i n g g e n e r a l i n t e g e r programming p rob lems w h i c h a r e d i s c u s s e d i n r e l a ­
t i o n t o t he I G F P i n l a t e r c h a p t e r s . The t e r m i n o l o g y n e c e s s a r y t o s u b s e ­
quen t s e c t i o n s w i l l be d e f i n e d h e r e . T h e r e a r e s e v e r a l e x c e l l e n t s u r v e y 
a r t i c l e s on i n t e g e r programming n o t a b l y t h o s e o f B a l i n s k i and S p i e l b e r g 
[7] and G e o f f r i o n and M a r s t e n [ 2 6 ] . T h i s s e c t i o n i s n o t i n t e n d e d t o s u p ­
p l a n t t h o s e a r t i c l e s bu t t o p r e s e n t t h e i d e a s n e c e s s a r y t o the u n d e r s t a n d ­
i n g o f l a t e r t o p i c s . F o l l o w i n g the manner i n [7], t h e methods o f i n t e g e r 
p rogramming a r e s e p a r a t e d i n t o ( i ) c o m b i n a t o r i a l , ( i i ) a l g e b r a i c , and 
( i i i ) e n u m e r a t i v e . A f o u r t h c a t e g o r y may be a d d e d , namely ( i v ) a p p r o x i ­
mate o r h e u r i s t i c methods w h i c h a t tempt to o b t a i n a s o - c a l l e d " g o o d " 
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i n t e g e r s o l u t i o n , bu t do n o t v a l i d a t e i t s o p t i m a l i t y . 
1 .9 .1 C o m b i n a t o r i a l Me thods 
C o m b i n a t o r i a l methods encompass a l g o r i t h m s w h i c h c o n s i d e r a s p e ­
c i f i c c o m b i n a t i o n o f v a l u e s and d i r e c t l y d e t e r m i n e o p t i m a l i t y o r l e a d to 
a new c o m b i n a t i o n . I n p a r t i c u l a r , t h e s e methods a r e c h a r a c t e r i z e d by an 
a l g e b r a i c bound on the number o f i t e r a t i o n s as a f u n c t i o n o f a p r o b l e m 
p a r a m e t e r r a t h e r t han an e x p o n e n t i a l bound as i n t h e g e n e r a l c a s e . S o l u ­
t i o n methods f o r the a s s i g n m e n t and o r d i n a r y t r a n s p o r t a t i o n p rob lems have 
been d e v e l o p e d w h i c h come i n t o t h i s c a t e g o r y . Howeve r , t h e s e a r e n o t 
c o n s i d e r e d as i n t e g e r programming p rob lems s i n c e t h e i n t e g e r r e q u i r e m e n t 
i s r e d u n d a n t b e c a u s e o f t h e s p e c i a l n a t u r e o f t he c o n s t r a i n t s e t . Few 
a c t u a l i n t e g e r p rogramming a l g o r i t h m s a r e i n the c o m b i n a t o r i a l c l a s s . 
The n o t a b l e e x c e p t i o n i s t he m a t c h i n g p r o b l e m and i t s v a r i a t i o n s s t u d i e d 
p r i n c i p a l l y by Edmonds and J o h n s o n [ l 8 ] and B a l i n s k i [ 8 ] . F o r t h o s e p r o b ­
lems a p a r t i c u l a r l y e f f e c t i v e way o f e n f o r c i n g t h e i n t e g r a l i t y r e q u i r e ­
ments has been d e v e l o p e d w h i c h l e a d s t o e f f i c i e n t a l g o r i t h m s . Howeve r , 
P a d b e r g [78] h as r e c e n t l y shown t h a t the p r o b l e m o f edge c o v e r i n g by n o d e s , 
s e e m i n g l y n e x t i n d e g r e e o f d i f f i c u l t y a f t e r the m a t c h i n g p r o b l e m , i s 
much more d i f f i c u l t t o a t t a c k w i t h a c o m b i n a t o r i a l a p p r o a c h . T h a t l e a d s 
one to e x p e c t t h a t c o m b i n a t o r i a l methods a r e e x t r e m e l y l i m i t e d i n t he 
scope o f t h e i r a p p l i c a b i l i t y . 
1 . 9 . 2 E n u m e r a t i v e M e t h o d s 
The methods w h i c h have p r o v e n c o m p u t a t i o n a l l y most s u c c e s s f u l t o 
d a t e a r e i n the c l a s s c a l l e d e n u m e r a t i v e . The f u n d a m e n t a l s t r a t e g y o f 
t he e n u m e r a t i v e a p p r o a c h i s t o d e v e l o p a t r e e h i e r a r c h y o f nodes r e p r e ­
s e n t i n g c a n d i d a t e p rob lems whose s o l u t i o n may p r o v i d e a s o l u t i o n t o t h e 
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i n t e g e r programming p r o b l e m . The s e a r c h adds nodes t o t h e t r e e u n t i l a 
s o l u t i o n i s f o u n d w h i c h i s shown to be the b e s t o v e r a l l o t h e r s w h i c h 
have been f o u n d o r w h i c h may be f o u n d as a r e s u l t o f s e a r c h i n g t h e r e ­
m a i n i n g c a n d i d a t e p r o b l e m s . The c h a r a c t e r i s t i c s o f an e f f e c t i v e enumera-
t i v e method a r e ( i ) scheme f o r r e c o r d i n g t he s t a t e o f nodes c o n s i d e r e d 
and k e e p i n g t r a c k o f t h o s e t o be c o n s i d e r e d , ( i i ) means f o r i d e n t i f y i n g 
a s o l u t i o n when i t has been f o u n d , ( i i i ) r u l e to c h o o s e t h e n e x t c a n d i ­
d a t e p r o b l e m (node) f o r c o n s i d e r a t i o n , and ( i v ) s t r a t e g y f o r d i r e c t i n g 
t h e s e a r c h o f the t r e e . 
The e n u m e r a t i o n methods a r e c a t e g o r i z e d as i m p l i c i t e n u m e r a t i o n o r 
b r a n c h and bound a c c o r d i n g t o the method u s e d to d i r e c t the t r e e s e a r c h . 
The b r a n c h and bound method e v o l v e d f rom the i n i t i a l wo rk o f L a n d 
and D o i g [65] as improved by D a k i n Cl4]. These a r e , i n f a c t , t he b a s i s 
f o r most c o m m e r c i a l l y a v a i l a b l e g e n e r a l I P c o d e s such as U M P I R E , O P H E L I E , 
and M P S - M I P . The s t r a t e g y a t a node i s t o s o l v e the a s s o c i a t e d l i n e a r 
programming p r o b l e m , i . e . , t he I P p r o b l e m w i t h i n t e g r a l i t y r e l a x e d . I f 
t he s o l u t i o n i s a l l i n t e g e r , t hen i t becomes a c a n d i d a t e s o l u t i o n . I f 
one o r more v a r i a b l e s a r e n o t i n t e g e r , one i s c h o s e n (x^) and two new 
nodes a r e c r e a t e d i n the t r e e w i t h t he r e s t r i c t i o n t h a t : 
x . £ [ x . ] + 1 o r x . £ [ x . ] . (35) 
i i i i 
x \ i s t he v a l u e o f the f r a c t i o n a l v a r i a b l e i n t he LP s o l u t i o n and [y ] i s 
t he g r e a t e s t i n t e g e r l e s s than o r e q u a l t o y . 
I f a c a n d i d a t e s o l u t i o n i s f o u n d , i t i s compared t o t he b e s t s o l u ­
t i o n f o u n d so f a r ( c a l l e d the incumben t s o l u t i o n ) . I f i t i s b e t t e r , i t 
r e p l a c e s the i n c u m b e n t . T h a t b r a n c h o f the t r e e i s t e r m i n a t e d s i n c e any 
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f u r t h e r r e s t r i c t i o n o f t h i s p r o b l e m can r e s u l t i n o n l y wo rse s o l u t i o n s . 
To g e n e r a t e two d e s c e n d a n t nodes f r om a g i v e n node r e q u i r e s the 
c h o i c e o f a b r a n c h i n g v a r i a b l e . A c c o r d i n g t o J o h n s o n [ 6 l ] t h i s c h o i c e i s 
c r u c i a l i n d e t e r m i n i n g the e f f e c t i v e n e s s o f the s e a r c h . Suppose the v a l u e 
o f the o b j e c t i v e f u n c t i o n a t t he c u r r e n t node i s Z ^ . I t i s e a s i l y shown 
i 
t h a t Z T _ fo rms a l o w e r bound on the o b j e c t i v e f u n c t i o n v a l u e f o r a l l L P . J 
1 
nodes b e l o w the c u r r e n t n o d e . A g r e a t d e a l o f wo rk has been done by 
D r i e b e c k [ 1 7 ] , D a k i n [ 1 4 ] , T o m l i n [ 9 3 ] , J o h n s o n and S p i e l b e r g [ 6 0 ] , and 
o t h e r s t o d e v e l o p a p e n a l t y (P^ ) s u c h t h a t Z^p + P^ can be u s e d as a 
i 
l o w e r bound i n s t e a d o f Z . Once an incumben t s o l u t i o n i s o b t a i n e d , t h e 
L i e . 
1 
e f f e c t i v e u s e o f p e n a l t i e s a l l o w s r a p i d c u r t a i l m e n t o f t he s e a r c h . T h a t 
i s , i f a p e n a l t y i s l a r g e enough so t h a t Z T _ + P . > Z. , t he c o s t o f * J e. & L P . i i n c * 
l 
t he i n c u m b e n t , t hen t h a t b r a n c h may be t e r m i n a t e d o r f a t h o m e d ; s i n c e no 
b e t t e r s o l u t i o n may be f o u n d . L i k e w i s e a b r a n c h i s fa thomed i f t he a s s o ­
c i a t e d L P i s i n f e a s i b l e , s i n c e o b v i o u s l y t h e r e c a n n o t be any f e a s i b l e 
i n t e g e r s o l u t i o n s a l o n g t h a t b r a n c h . 
A f t e r e i t h e r f i n d i n g a c a n d i d a t e s o l u t i o n o r c r e a t i n g two nodes to 
be added t o t h e l i s t o f c a n d i d a t e p r o b l e m s , the node t o be c o n s i d e r e d 
n e x t must be s e l e c t e d . V a r i o u s h e u r i s t i c r u l e s have been u s e d t o make 
t h i s c h o i c e . A t r a d e - o f f must be made between f l e x i b i l i t y o f c h o i c e and 
t he d i f f i c u l t y i n s o l v i n g t h e l i n e a r p rog ram a t e a c h new n o d e . The use 
o f the s o l u t i o n o f t he L P a t one node i n s o l v i n g the L P a t a n e a r b y node 
i s h i g h l y d e s i r a b l e . T h i s a l s o p o i n t s o u t the need f o r an e f f i c i e n t L P 
s o l u t i o n p r o c e d u r e ; p a r t i c u l a r l y one w h i c h t a k e s advan tage o f p r o b l e m 
s t r u c t u r e , i f t h a t i s p o s s i b l e . The node c h o i c e i s a l s o r e l a t e d t o the 
r e q u i r e m e n t t o s t o r e i n f o r m a t i o n f o r each node t o c h a r a c t e r i z e i t s c a n d i -
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d a t e p r o b l e m and p e r h a p s t o f a c i l i t a t e i t s s o l u t i o n . 
I n summary, t h e d e v i c e s i m p o r t a n t t o t he deve lopment o f an e f f e c ­
t i v e b r a n c h and bound scheme i n c l u d e e f f e c t i v e c h o i c e o f b r a n c h i n g v a r i ­
a b l e s , good s t r a t e g y f o r c h o i c e o f node t o be s o l v e d , e f f i c i e n t L P s o l u ­
t i o n p r o c e d u r e s , means t o s t o r e t he c a n d i d a t e p r o b l e m f o r e a c h n o d e , and 
c a l c u l a t i o n o f p e n a l t i e s w h i c h r e d u c e the number o f nodes w h i c h must be 
e x p l i c i t l y c o n s i d e r e d . An a d d i t i o n a l d e v i c e w h i c h m i g h t be c o n s i d e r e d i s 
a means t o d e t e r m i n e a " g o o d " i n t e g e r s o l u t i o n e a r l y i n t he s e a r c h so 
t h a t the d e p t h o f the t r e e ( i n terms o f L P o b j e c t i v e v a l u e ) may be 
l i m i t e d . 
The i m p l i c i t e n u m e r a t i o n s t r a t e g y ( e . g . , B a l a s [ 5 ] , G l o v e r [ 2 7 ] , 
G e o f f r i o n [ 2 5 ] , and T r o t t e r [95 ] ) s a c r i f i c e s the f l e x i b i l i t y o f t h e t r e e 
s e a r c h o f b r a n c h and bound f o r e f f i c i e n t means o f s t o r i n g t h e t r e e and 
i d e n t i f y i n g t h a t p o r t i o n w h i c h has y e t t o be s e a r c h e d . A s s o c i a t e d w i t h 
e a c h node o f the i m p l i c i t e n u m e r a t i o n t r e e w i l l be a s e t o f f i x e d v a r i ­
a b l e s and a s e t o f f r e e v a r i a b l e s . The f i x e d v a r i a b l e s have been f i x e d 
a t s p e c i f i c v a l u e s a t nodes h i g h e r i n the t r e e . The f r e e v a r i a b l e s a r e 
examined i n hopes o f f i n d i n g a new incumben t s o l u t i o n o r d e t e r m i n i n g t h a t 
s e a r c h i n g a l o n g t h a t b r a n c h i s no l o n g e r f r u i t f u l . T h i s i s done by c o n ­
s i d e r i n g the l o g i c a l i m p l i c a t i o n s o f t he c o n s t r a i n t s o f t h e a s s o c i a t e d L P 
one a t a t i m e . The i n f o r m a t i o n c o n t a i n e d i n t he s o l u t i o n o f t he L P has 
n o t been u s e d e x t e n s i v e l y i n i m p l i c i t e n u m e r a t i o n schemes w i t h t h e n o t a b l e 
e x c e p t i o n o f t h e s u r r o g a t e c o n s t r a i n t c o n c e p t o f G l o v e r [28] and G e o f ­
f r i o n [ 2 5 ] . The c h o i c e o f the b r a n c h i n g v a r i a b l e ( i . e . , t he f r e e v a r i a b l e 
t o be f i x e d ) i s done p r i m a r i l y on l o g i c a l c o n s i d e r a t i o n s and p e n a l t i e s 
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h a v e n o t been u s e d . ( G e o f f r i o n and M a r s t e n [26] m e n t i o n the use o f 
p e n a l t i e s w i t h G e o f f r i o n ' s 0-1 code RIP30C bu t no r e p o r t o f t h e i r r e s u l t s 
h a s been p u b l i s h e d . ) The r i g i d i t y o f t he s e a r c h i s compensa ted by the 
s i m p l i c i t y i n m a i n t a i n i n g t he t r e e . The c l e v e r d e v i c e s u s e d f o r t h i s a r e 
r e p o r t e d i n G e o f f r i o n [25] f o r the 0-1 p r o b l e m and by Z i o n t s [96] and 
T r o t t e r [95] f o r the g e n e r a l i n t e g e r p r o b l e m . The ma in c o n s i d e r a t i o n f o r 
i m p l e m e n t i n g an i m p l i c i t e n u m e r a t i o n a l g o r i t h m i s an e f f e c t i v e means f o r 
u t i l i z i n g t he l o g i c a l i n f o r m a t i o n i n the l i n e a r p rogramming c o n s t r a i n t s . 
I n f o r m a t i o n d e r i v e d f rom s o l v i n g t he a s s o c i a t e d L P may a l s o be u s e d ( e . g . , 
v i a t he s u r r o g a t e c o n s t r a i n t s ) , 
1 . 9 . 3 A l g e b r a i c Me thods 
The s o - c a l l e d a l g e b r a i c a p p r o a c h has emanated f rom the e x t e n s i v e 
t h e o r e t i c a l work o f R a l p h Gomory [ 4 1 , 4 2 , 4 3 , 4 4 ] . They a r e d i v i d e d i n t o 
c u t t i n g p l a n e methods and g roup t h e o r e t i c m e t h o d s , a l t h o u g h t h e two a r e 
c l o s e l y r e l a t e d . The i n t u i t i v e i d e a o f the c u t t i n g p l a n e method i s t o 
use t he o r i g i n a l L P c o n s t r a i n t s and t he i n t e g e r r e q u i r e m e n t s t o d e v e l o p 
a d d i t i o n a l l i n e a r c o n s t r a i n t s o r c u t t i n g p l a n e s w h i c h r e d u c e t he l i n e a r 
p rogramming s o l u t i o n s p a c e . I f the added c o n s t r a i n t s s u f f i c i e n t l y r e d u c e 
t he L P s o l u t i o n s p a c e , the o p t i m a l i n t e g e r s o l u t i o n may be f o u n d by o r d i ­
n a r y l i n e a r programming t e c h n i q u e s . U n f o r t u n a t e l y , t he i n f o r m a t i o n u s e d 
f o r c o n s t r u c t i n g t h e s e a d d i t i o n a l c o n s t r a i n t s has no t l e d to a r a p i d l y 
c o n v e r g i n g a l g o r i t h m w i t h t he n o t a b l e e x c e p t i o n o f M a r t i n ' s w o r k [70] 
w i t h t h e s e t c o v e r i n g p r o b l e m . R e c e n t l y , work by s e v e r a l a u t h o r s , p r i n ­
c i p a l l y B a l a s [ 6 ] , G l o v e r [ 3 9 ] , and B u r d e t [ l 0 ] , has f o c u s e d on g e o m e t r i ­
c a l i d e a s to d e r i v e c u t t i n g p l a n e s . B u r d e t [ l l ] does much t o r e l a t e t h e s e 
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g e o m e t r i c a l l y m o t i v a t e d i d e a s t o t h e a l g e b r a i c n o t i o n s o f Gomory. U n ­
f o r t u n a t e l y , e x c e p t f o r t h e u n i q u e c a s e o f t he m a t c h i n g p r o b l e m m e n t i o n e d 
p r e v i o u s l y , t he d e r i v e d c u t s a r e u n r e l a t e d to t he s t r u c t u r e o f t he o r i g i ­
n a l l i n e a r programming p r o b l e m . Thus t he power o f s p e c i a l p u r p o s e L P 
a l g o r i t h m s i s l o s t when one u s e s a c u t t i n g p l a n e m e t h o d . I n f a c t , the 
c o n c e p t o f e x p l o i t i n g s p e c i a l s t r u c t u r e s t o s o l v e i n t e g e r p rogramming 
p r o b l e m s does n o t seem t o be d i r e c t l y c o m p a t i b l e w i t h t he u s u a l methods 
o f a d d i n g a d d i t i o n a l l i n e a r c o n s t r a i n t s . T h i s s e v e r e l y l i m i t s t he use o f 
c u t t i n g p l a n e s when d e v e l o p i n g an a l g o r i t h m p a r t i c u l a r i z e d t o t a k e a d ­
v a n t a g e o f t he s p e c i a l s t r u c t u r e o f t he a s s o c i a t e d l i n e a r p r o g r a m . 
The g roup t h e o r e t i c method i s an e x t e n s i o n o f t h e methods o f Gomory 
f o r c o n s t r u c t i n g c u t t i n g p l a n e s . The ma in t h e o r e t i c a l i d e a s i n G o m o r y ' s 
p a p e r s have been e x t e n d e d by S h a p i r o [ 8 1 , 8 2 , 8 3 ] . The d e s c r i p t i o n b e l o w 
f o l l o w s t h a t p r e s e n t e d i n [ ? ] . More d e t a i l e d d e s c r i p t i o n s a r e f o u n d i n 
t h e t e x t s o f Hu [54] and G a r f i n k e l and Nemhauser [24] among o t h e r s . 
C o n s i d e r t h e f o l l o w i n g l i n e a r programming p r o b l e m i n c a n n o n i c a l 
f o rm a s s o c i a t e d w i t h an i n t e g e r p r o b l e m . 
(PD 
M i n i m i z e c x (36) 
S u b j e c t t o : Ax + I s = b (37) 
x , s £ 0 (38) 
Suppose t h a t the o p t i m a l b a s i s i s B and t he v a r i a b l e s x and s a r e d i v i d e d 
i n t o t h e L P opt imum b a s i c v a r i a b l e s x_ and c o r r e s p o n d i n g n o n b a s i c v a r i -
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Subject to: 
X B
 + B _ 1 V N = B " L B ( 4 0 ) 
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ĉ  and are the original costs and constraint columns associated with 
the nonbasic variables. 
The integer programming problem can be restated as: find an 
integer vector x^ s 0 such that x^ 2: 0 and integer where: 
X B 
and Eq. (39) is minimized. Shapiro [84] calls the vector -B the 
correction to the LP solution = B H> which makes i t integer. Using 
group theory of abstract algebra, Gomory, Shapiro, and others have for­
malized these ideas into a unified theory and developed various prop­
erties of this formulation in the references cited earlier. Much of 
recent research in integer programming has been devoted to using the 
theory of Gomory to develop algorithms for solving the general integer 
problem. To date there has been only limited success with general I P 
algorithms derived from group theory. The best reported results are 
those of Gorry and Shapiro [48], The amount of effort required with the 
group algorithms reported so far is proportional to the determinant of 
the optimal LP basis B. This, in general, may be very large. 
Some applications of group theory, to specially structured problems, 
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have produced s e e m i n g l y e f f i c i e n t a l g o r i t h m s . T h i e r e z [90] deve loped an 
a l g o r i t h m based on group theory which s u c c e s s f u l l y s o l v e d l a r g e s e t 
c o v e r i n g problems . This i s n o t s u r p r i s i n g c o n s i d e r i n g t h e r e l a t i o n s h i p 
between group methods and c u t t i n g p l a n e s and t h e f a c t t h a t Martin [ 7 0 ] 
has s o l v e d s e t c o v e r i n g problems w i t h c u t t i n g p lane methods s i n c e 1965. 
Tompkins c h a r a c t e r i z e d t h e s t r u c t u r e of the group problem f o r the 
f i x e d charge t r a n s p o r t a t i o n problem i n h i s d o c t o r a l d i s s e r t a t i o n . He 
deve loped an a l g o r i t h m from t h i s c h a r a c t e r i z a t i o n , but r e p o r t e d no com­
p u t a t i o n a l r e s u l t s . 
Estabrook a p p l i e d Gomory 1s group t h e o r e t i c rounding a l g o r i t h m 
[40] to the g e n e r a l i z e d t r a n s p o r t a t i o n problem i n h i s d o c t o r a l d i s s e r t a ­
t i o n [20] w i t h good computa t iona l s u c c e s s . His development w i l l be d i s ­
c u s s e d i n Chapter V. 
R e c e n t l y , r e s u l t s from group theory have been used t o enhance 
o t h e r IP methods , p r i n c i p a l l y branch and bound p r o c e d u r e s . Gomory and 
Johnson [ 4 6 , 4 7 ] have shown how u s e f u l c u t t i n g p l a n e s may be d e v e l o p e d by 
a p p l y i n g group t h e o r e t i c a l i d e a s t o a s i n g l e row of an opt imal LP t a b ­
l e a u . Johnson [62] has deve loped an a l g o r i t h m t o c o n s t r u c t t h e s e c o n ­
s t r a i n t s . These c o n s t r a i n t s may be used t o o b t a i n a p e n a l t y a s s o c i a t e d 
w i t h i n t e g e r i z i n g a p a r t i c u l a r f r a c t i o n a l b a s i c v a r i a b l e . These p e n a l ­
t i e s can be used t o a i d s e l e c t i o n of a branching v a r i a b l e and t o p r o v i d e 
improved bounds as d e s c r i b e d i n the d e s c r i p t i o n of branch and bound 
methods . Johnson and S p i e l b e r g [60] have r e p o r t e d promis ing e x p e r i m e n t a l 
r e s u l t s when t h e s e p e n a l t i e s were used i n s o l v i n g knapsack prob lems . Ken-
n i n g t o n [63] has used the group t h e o r e t i c c h a r a c t e r i z a t i o n of Tompkins 
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and t he p e n a l t y i d e a s o f J o h n s o n t o d e r i v e a p o w e r f u l b r a n c h and bound 
a l g o r i t h m f o r t h e f i x e d c h a r g e t r a n s p o r t a t i o n p r o b l e m . 
The g roup c h a r a c t e r i z a t i o n o f t h e i n t e g e r p rogramming p r o b l e m 
f o c u s e s on t h e u n d e r l y i n g m a t h e m a t i c a l s t r u c t u r e o f t h e p r o b l e m . A p p l y ­
i n g t he r e s u l t s d i r e c t l y t o a p r o b l e m h a s n o t p r o d u c e d c o m p u t a t i o n a l l y 
s u c c e s s f u l a l g o r i t h m s . I t does seem t h a t b y u s i n g t h e g r o u p t h e o r y t o 
i d e n t i f y t h e s t r u c t u r e o f t h e p r o b l e m one i s a b l e t o c o n s t r u c t a l g o ­
r i t h m s t o b e s t e x p l o i t t h e s p e c i a l s t r u c t u r e o f a p a r t i c u l a r p r o b l e m . 
T h i s i s t h e m a i n t h r u s t o f C h a p t e r V where t h e IGFP w i l l be f o r m u l a t e d 
as a g r o u p p r o b l e m . 
1.10 Summary 
I n t h i s c h a p t e r we have g i v e n t he g e n e r a l b a c k g r o u n d f o r t he s t u d y 
o f t h e IGFP a l o n g w i t h a s u r v e y o f s o l u t i o n p r o c e d u r e s a v a i l a b l e f o r 
s o l v i n g t h e G F P . A b r i e f s u r v e y o f l i n e a r p rogramming and i n t e g e r p r o ­
gramming h a s been g i v e n t o p r o v i d e a common t e r m i n o l o g y f o r d i s c u s s i o n 
i n l a t e r c h a p t e r s . 
C h a p t e r I I c o n t a i n s t h e c h a r a c t e r i z a t i o n o f t h e G F P . The methods 
e m a n a t i n g f r o m t h i s c h a r a c t e r i z a t i o n f o r n e t w o r k p rogramming a r e p r e ­
s e n t e d i n C h a p t e r I I I . I n C h a p t e r IV t h e s e methods a r e o r g a n i z e d i n t o 
a l g o r i t h m s f o r t h e GFP and two i m p o r t a n t s p e c i a l c a s e s ; t h e i m p l e m e n t a ­
t i o n o f t h e s e a l g o r i t h m s on a compute r i s a l s o d i s c u s s e d and c o m p u t a ­
t i o n a l r e s u l t s r e p o r t e d . I n C h a p t e r V t h e c h a r a c t e r i z a t i o n o f t h e IGFP 
i s g i v e n i n te rms o f i t s g r o u p r e p r e s e n t a t i o n and some r e s u l t s o f E s t a ­
b r o o k a r e e x t e n d e d t o t h e I G F P . I n C h a p t e r V I t h e m o t i v a t i o n f o r s e l e c t ­
i n g a b r a n c h and bound p r o c e d u r e i s g i v e n and t h e a l g o r i t h m and c o m p u t a -
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t i o n a l r e s u l t s p r e s e n t e d . A d d i t i o n a l means o f e n h a n c i n g t h e p e r f o r m a n c e 
o f t h e a l g o r i t h m a r e d i s c u s s e d . I n C h a p t e r V I I t h e r e s u l t s a r e summar­
i z e d and recommenda t ions f o r f u t u r e r e s e a r c h a r e made. 
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CHAPTER I I 
BASIS CHARACTERIZATION FOR THE GFP 
2 . 1 I n t r o d u c t i o n 
I n t h i s c h a p t e r t h e d e f i n i t i o n s and c o r r e s p o n d e n c e s n e c e s s a r y f o r 
d e s c r i b i n g t h e GFP i n te rms o f a g r a p h a r e g i v e n . The s i m p l e x p r o c e d u r e 
i s a p p l i e d t o a n example p r o b l e m and t h e o p e r a t i o n s p e r f o r m e d i n t h e 
s t a n d a r d s i m p l e x t a b l e a u a r e c o n t r a s t e d w i t h t he ones w h i c h r e s u l t when 
t h e i n f o r m a t i o n s t r u c t u r e d e p i c t e d b y t h e g r a p h i s u s e d . The s p e c i a l 
s t r u c t u r e o f t he b a s i s f o r t he GFP w h i c h r e s u l t s i n t h e s i m p l i f i c a t i o n s 
i n d i c a t e d i n the example i s f o r m a l l y c h a r a c t e r i z e d . The d e f i n i t i o n s and 
b a s i s c h a r a c t e r i z a t i o n g i v e n h e r e a r e s i m i l a r t o t h o s e o f D a n t z i g [15] 
and J o h n s o n [ 5 8 ] . 
2 . 2 B a s i c G raph T e r m i n o l o g y 
A g r a p h G ( N , A ) i s a f i n i t e s e t o f nodes N ( v e r t i c e s ) and a f i n i t e 
s e t o f a r c s A ( e d g e s ) c o n n e c t i n g t h e n o d e s . The s e t o f a r c s may be p a r ­
t i t i o n e d i n t o two d i s j o i n t s e t s , A and A , d e f i n e d s u c h t h a t e a c h a r c 
r s 
a ^ i n t h e s e t A ^ i s a s s o c i a t e d w i t h a p a r t i c u l a r node p a i r ( n ^ , n ^ ) and 
e a c h a r c a i n t h e s e t A i s a s s o c i a t e d w i t h a node s i n g l e t o n ( n . ) . A r c 
s s 1 
a 
r 
e A i s c a l l e d a r e g u l a r a r c i n c i d e n t on nodes n . and n . and a r c 
r — a l j 
a e A i s c a l l e d a s l a c k a r c i n c i d e n t on node n . . Thus A i s c a l l e d t he 
s s l r 
s e t o f s t a n d a r d o r r e g u l a r a r c s , and s e t A g i s c a l l e d t h e s e t o f s l a c k 
a r c s . A g r a p h i s shown i n F i g u r e 1 ( a ) . 
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(b) A S p a n n i n g Subgraph 
F i g u r e 1. Examples o f G r a p h i c a l S t r u c t u r e s 
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(d) A C y c l e ( a ~ , a . , a ) 
F i g u r e 1. ( C o n c l u d e d ) 
A s u b g r a p h G 1 o f G i s a g r a p h whose node s e t N* i s c o n t a i n e d i n 
t h e node s e t N ( i . e . , N 1 C N) and whose a r c s e t A 1 i s c o n t a i n e d i n t he 
a r c s e t A o f G ( i . e . , A 1 C A , see F i g . 1 ( b ) ) . A s p a n n i n g s u b g r a p h i s a 
s u b g r a p h whose node s e t i s t h e same as t h a t o f t he g r a p h ( i . e . , N 1 = N ) . 
C o n s i d e r a sequence o f nodes and c o n n e c t i n g a r c s s u c h as ( n ^ , a ^ , 
n 2 ' a 2 ' " " " , a m - l , n m ^ * T * 1 * - s sequence w i l l be c a l l e d a p a t h b e t w e e n node n ^ 
and node n ^ . T h i s s e q u e n c e i s c a l l e d a s i m p l e p a t h i s no node i s r e ­
p e a t e d . A p a t h may be d e n o t e d b y t h e sequence o f a r c s o n l y s i n c e b y 
d e f i n i t i o n a n a r c goes b e t w e e n two u n i q u e n o d e s . I n a p a t h i f a node i s 
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r e p e a t e d ( i . e . , - i u f o r some i and j ) , t h e n t h e p o r t i o n o f t he p a t h 
s t a r t i n g w i t h n ^ and e n d i n g w i t h n . i s c a l l e d a c y c l e . I f no o t h e r node 
b e t w e e n n^ and n.. i s r e p e a t e d , t h e n i t i s c a l l e d a s i m p l e c y c l e . 
2 . 3 G r a p h i c a l R e p r e s e n t a t i o n o f t he GFP 
The s t r u c t u r e o f t h e GFP l e n d s i t s e l f t o a g r a p h i c a l r e p r e s e n t a t i o n . 
T h i s r e p r e s e n t a t i o n f o c u s e s a t t e n t i o n on t h e r e l a t i o n s h i p among t h e v a r i ­
a b l e s and e q u a t i o n s and p r o v i d e s i n s i g h t i n t o how t h e o p e r a t i o n o f v a r i o u s 
s o l u t i o n p r o c e d u r e s c a n b e e f f i c i e n t l y c a r r i e d o u t . Suppose the e q u a t i o n s 
o f a GFP a r e numbered ( l , . . . , m ) , t h e v a r i a b l e s w h i c h have n o n z e r o c o e f f i ­
c i e n t s i n two e q u a t i o n s a r e x ^ , . . . , x n , and t h e v a r i a b l e s w h i c h have a 
n o n z e r o c o e f f i c i e n t i n one e q u a t i o n a r e x n ^ > • * • > x n4-s • ^ ° d i s p l a y t h i s 
p r o b l e m as a g r a p h , d e f i n e a s e t o f nodes N = ( n ^ , . , , , ^ ) , F o r e a c h 
x . e X « f x . : i = n + l , . . . , n + s ] , i f x . has i t s n o n z e r o c o e f f i c i e n t i n 1 s ^ i 9 » J a 1 
e q u a t i o n p ^ , draw a l i n e a t t a c h e d to node p^ and c a l l i t s l a c k a r c a ^ . 
F o r a p a r t i c u l a r x , e = {x ,̂ : i = l , . . . , n } , suppose a n o n z e r o c o e f f i c i e n t 
a ^ i s i n e q u a t i o n p^ and a n o n z e r o c o e f f i c i e n t a ^ ^ a p p e a r s i n e q u a t i o n q i » 
C o n n e c t nodes n and n and c a l l t h e c o n n e c t i n g l i n e a r c a . . L a b e l the 
Pj_ ^ 1 
a r c a . w i t h a . , a t t he node n and a 0 . a t t he node n as f o l l o w s : 
i l i p. 2 i q . 
a l i a 2 i > 
r . — 
1 
F u r t h e r , on t h e g r a p h b y p l a c i n g a n a r r o w h e a d on t he e n d o f a r c i n c i ­
d e n t on node n we mean t h e c o e f f i c i e n t n e a r node n i s t h e s e c o n d n o n -
z e r o c o e f f i c i e n t o f t h e v a r i a b l e x ^ . I n t r a c i n g a p a t h , t o t r a v e r s e a 
f o r w a r d a r c a ^ we mean t h a t t h e n o d e ( e q u a t i o n ) a s s o c i a t e d w i t h a ^ i s 
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e n c o u n t e r e d b e f o r e t h e n o d e ( e q u a t i o n ) a s s o c i a t e d w i t h &2±' ^° t r a v e r s e 
a r e v e r s e a r c we mean t h a t t h e n o d e ( e q u a t i o n ) a s s o c i a t e d w i t h a ^ i s e n ­
c o u n t e r e d b e f o r e t h e one a s s o c i a t e d w i t h G r a p h i c a l l y , i n a p a t h a 
f o r w a r d a r c i s t r a v e r s e d t a i l t o h e a d and a r e v e r s e a r c i s t r a v e r s e d h e a d 
t o t a i l . 
F o r t h e methods u s e d t o s o l v e t h e g e n e r a l i z e d f l o w p r o b l e m i n t h i s 
d i s s e r t a t i o n t h e s e a r b i t r a r y d e f i n i t i o n s do n o t mean as much a s f o r o t h e r 
m e t h o d s . I f t h e s i g n s o f a ^ and a ^ a r e o p p o s i t e f o r a l l i , t h e n t h e 
u s u a l i n t e r p r e t a t i o n on t h e g r a p h i s o f f l o w f r o m t h e node w i t h p o s i t i v e 
c o e f f i c i e n t t o t h e node w i t h n e g a t i v e c o e f f i c i e n t . T h e s e c o n v e n t i o n s 
a r e c o n s i s t e n t w i t h t h o s e f o r o r d i n a r y f l o w p r o b l e m s u s e d b y F o r d and 
F u l k e r s o n [21] w i t h a ^ = +1 and a ^ « -1 f o r a l l r e g u l a r a r c s . 
A c o n v e n t i o n s i m i l a r t o t h a t above c a n be a d o p t e d f o r s l a c k a r c s . 
U s u a l l y s l a c k a r c s w i l l c o r r e s p o n d t o s l a c k o r a r t i f i c i a l v a r i a b l e s w h i c h 
a p p e a r w i t h a p l u s o r m inus one i n a s i n g l e e q u a t i o n . F o r s l a c k a r c s i n 
g e n e r a l , t h e c o n v e n t i o n w i l l be i f t h e v a r i a b l e x ^ a p p e a r s w i t h a p o s i ­
t i v e c o e f f i c i e n t i n e u q a t i o n p ^ , t h e n t h e c o r r e s p o n d i n g a r c a ^ w i l l h a v e 
a n a r r o w h e a d on t he end n o t a t t a c h e d t o node p . . On t h e o t h e r h a n d , i f 
l 
x ^ a p p e a r s w i t h a minus s i g n i n e q u a t i o n p ^ , t h e a r r o w h e a d i s o n t h e end 
o f a r c a ^ i n c i d e n t on node p ^ . F i g u r e 2 i s an examp le o f a g e n e r a l i z e d 
f l o w p r o b l e m and t h e c o r r e s p o n d i n g g r a p h . The s l a c k v a r i a b l e s x ^ and X g 
and t h e a r t i f i c i a l s t o x ^ have b e e n added t o t he p r o b l e m and a r e 
shown as s l a c k a r c s on t h e g r a p h . The c o e f f i c i e n t s a r e shown a t t h e 
r e s p e c t i v e ends o f e a c h a r c and t h e c o s t s and bounds a r e shown i n p a r e n ­
t h e s e s o n e a c h a r c as ( c . , M . ) . No d i s t i n c t i o n i s made b e t w e e n s l a c k and 
a r t i f i c i a l v a r i a b l e s on t h e g r a p h as b o t h a r e r e p r e s e n t e d as s l a c k a r c s . 
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M i n i m i z e 3x^ + 2 x 0 + 2x„ + 3x , + x_ + 2 x , 
1 2 3 4 5 6 
S u b j e c t t o : 
x t + x 2 + x ? = 20 
- x - x „ + 2x , + x = 0 
1 3 4 9 
- x „ + 2x~ + 2 x c + x n _ = 0 2 3 5 10 
x . - x c + x , + x . , = 0 4 5 6 11 
+ x 6 x 8 + x 1 2 = 5 
0 ^ x x <; 10 0 ^ x 2 ^ 5 0 ^ x 3 ^ 5 
0 <. x . <, 8 0 <• x c <• 15 0 £ xr <. 25 4- 5 o 
(a ) A G e n e r a l i z e d F l o w P r o b l e m 
(b) G r a p h i c a l R e p r e s e n t a t i o n o f a GFP 
F i g u r e 2 . G e n e r a l i z e d F l o w Example 
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T h e r e i s a one t o one c o r r e s p o n d e n c e b e t w e e n e q u a t i o n s and n o d e s , 
and v a r i a b l e s and a r c s . N o r m a l l y when r e f e r r i n g t o the g r a p h , t h e terms 
nodes and a r c s w i l l be u s e d , b u t on o c c a s i o n t o f a c i l i t a t e the p r e s e n t a ­
t i o n , some l i b e r t y w i l l be t a k e n i n u s i n g t h e s e te rms i n t e r c h a n g e a b l y . 
The a p p r o a c h t a k e n t h r o u g h o u t t h i s r e s e a r c h i s t o u t i l i z e t h e 
i n f o r m a t i o n s t r u c t u r e o f t h e GFP as d i s p l a y e d i n i t s c o r r e s p o n d i n g g r a p h 
t o d e v e l o p s o l u t i o n t e c h n i q u e s f o r t h e GFP and r e l a t e d s p e c i a l c a s e s o f 
t h e GFP as l i n e a r p rogramming p r o b l e m s . T h i s i s i n s h a r p c o n t r a s t t o t h e 
a p p r o a c h o f J e w e l l [56] and F o r d and F u l k e r s o n [21] where p r o p e r t i e s o f 
t h e a s s o c i a t e d g r a p h a r e u s e d as t h e b a s i s o f t h e s o l u t i o n t e c h n i q u e . 
2 . 4 GFP Example P r o b l e m 
A n example o f a GFP p r o b l e m i s g i v e n i n F i g u r e 2 a l o n g w i t h i t s 
c o r r e s p o n d i n g g r a p h i c a l r e p r e s e n t a t i o n . S l a c k and a r t i f i c i a l v a r i a b l e s 
have b e e n added i n F i g u r e 2 ( b ) . The a p p l i c a t i o n o f t h e u p p e r bounded 
s i m p l e x method t o t h e p r o b l e m g e n e r a t e s t h e sequence o f t a b l e a u x i n T a b l e 
1. The b i g M method was u s e d , and t h e f i r s t n o n b a s i c v a r i a b l e e n c o u n t e r e d 
whose c u r r e n t c o s t i n d i c a t e d improvement o f t he o b j e c t i v e f u n c t i o n was 
c h o s e n as t h e e n t e r i n g v a r i a b l e . The sequence o f subg raphs i n F i g u r e 3 
shows t h e b a s i c v a r i a b l e s a t e a c h i t e r a t i o n o f t h e s i m p l e x and t h e e n t e r ­
i n g n o n b a s i c v a r i a b l e i s shown i n d a s h e d l i n e s . 
T o h i g h l i g h t t h e u s e o f t h e g r a p h f o r c h a r a c t e r i z i n g t h e GFP and 
i t s u s e i n p r o v i d i n g t h e n e c e s s a r y i n f o r m a t i o n t o s o l v e t h e p r o b l e m w i t h 
a s i m p l e x p r o c e d u r e , s e v e r a l o b s e r v a t i o n s w i l l be made on t h e s o l u t i o n o f 
t h e example p r o b l e m . T h i s i s done t o h i g h l i g h t a r e a s where t h e g r a p h i c a l 
r e p r e s e n t a t i o n p r o v i d e s i n f o r m a t i o n f o r s o l v i n g t h e p r o b l e m more e f f e c -
Table 1, Simplex I t e r a t i o n s f o r GFP Example 
c . 
3 
3 2 2 3 1 2 0 0 100 100 100 100 
10 5 5 8 15 25 o o 0 0 0 0 0 0 0 0 CO 
Basic 
Var. V b x l X2 X ? \ *5 x 6 X7 x 8 X? ^ 0 x l l X12 TT 
*7 o o 20 1 1 1 0 
x 9 0 0 0 -1 -1 2 1 100 
x 1 Q o o 0 -1 2 2 1 100 
X i l 0 0 0 -1 -1 1 1 100 
x 1 2 0 0 5 






x i n leaves, enters . Rows 3 and 4, n c«, c . , and change. 
Table 1. (Cont inued) 
B a s i c 
B 
Var, b» b X l X 2 x ? X 4 X 5 X 6 *7 x 8 X 9 X 1 0
 X l l X 1 2 tt 
x ? oo 20 1 1 1 0 
x
9
 0 0 0 -1 -1 2 1 100 
x 5 15 0 
-1 





X„ „ CO 0 - i 1 -1 1 100 
11 2 2 
X 1 2 0 0 5 1 -1 1 100 
103 102 2 1 -97 2 100 
l e a v e s , x^ e n t e r s . Rows 2 and 4, , c^, and c :^ change . 
X 00 20 1 1 1 0 
f 
x, 8 0 -1 -1 1 1 1(2 
if 2 2 2 2 
x 5 15 0 
-1 





0 -1 -1 1 1 1 100 X,, CO 1 =r 1 11 2 2 2 2 2 
X 1 2 0 0 5 1 -1 1 100 
109 •89 2 100 
2 2 2 
x ^ l e a v e s , x^ e n t e r s . Rows 2 ,3 , 
and ht TTg , tt^, and C 3 * c l * c^i and 
u> 
Table 1, (Cont inued) 
B a s i c 
Var, V b 
X l 
X2 x ? \ x 5 x 6 x 7 x 8 x 9 X10 X l l X12 TT 
x^ oo 20 1 1 l 0 
x 4 8 0 -1 -1 2 1 1 1 
1 
2 1 
x 5 15 0 1 
1 




x , 5 0 -1 -1 1 2 1 1 2 5 
x12 0 0 5 1 -1 1 100 
"7 5 -103 100 
x^ l e a v e s • x 6 e n t e r s . Rows 3, 4. and 5» ^ ^, and and C g cl 
X ? CO 20 1 1 1 0 
( 
x 6 25 0 -1 -1 2 1 1 1 
1 
2 1 -99 





x 3 5 0 1 1 • -2 -1 -98 
x 1 2 CO 5 1 1 2 -1 -1 1 100 
-96 =22. z 103 100 
l e a v e s 
» X l 
e n t e r s . Rows 1, 2, 3, and 4, c^ and change , 
Table 1. (Continued) 
Basic 
Var. V b x l X2 x2 
x4 x5 x6 X ? Xg x9 x10 x l l X12 TT 
00 
x 6 25 
20 1 - l 2 1 0 
0 -1 
2 l -1 1 1 -3 
0 -1 
2 
i 1 \ i -97 
2 
x 10 0 1 l -2 1 2 -98 








-1 1 100 
x 1 2 leaves, x^ enters. Rows 1,2,4, and 5, and TT 5 , C 2 , C 3 , and Cg cl 
Xr. otf 10 1 1 2 2 -2 0 
x 6 20 5 1 -1 1 -3 
x 5 15 0 
-1 
2 
1 1 1 i -4 
x„ 0 1 10 1 1 -1 -2 -2 1 2 
2 -9 






-1 1 11 
Xg enters at upper bound. No changes except in right hand side. 
0 0 
Table 1, (Continued) 
Basic 
Var. V b x̂  X2 x^ x4 x5 x6 x7 x8 xQ X10 x l l x12 n 
10 1 1 2 2 -2 0 
x 6 20 5 1 -1 1 1 -3 
x„ 12^ -1 1 ' l 
5 2 2 2 2 
x x 5 5 1 1 -1 -2 -2 1 2 -9 
x^ 5g 1 2 -1 1 -1 -1 1 11 
-2 7 11 
u 
1 1 
The optimal solution is x̂  *= 5* x ^ ~ 5i x^ = 0, = 2 ^ X ^ = 2-^, - 5, 
X p » 10, and X g « 0, 

F i g u r e 3 . ( C o n c l u d e d ) 
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t i v e l y t han t he s t r a i g h t f o r w a r d a p p l i c a t i o n o f t he s i m p l e x m e t h o d . C e r ­
t a i n a s s e r t i o n s w i l l be made w i t h o u t p r o o f a t t h i s s t a g e . Howeve r , t h e s e 
w i l l be p r o v e d l a t e r i n C h a p t e r s I I and I I I when t h e p r o b l e m s t r u c t u r e and 
s o l u t i o n p r o c e d u r e a r e f o r m a l l y c h a r a c t e r i z e d . 
From e i t h e r end o f a n o n b a s i c v a r i a b l e a s i m p l e p a t h c o n t a i n i n g 
o n l y b a s i c a r c s may be t r a c e d to e i t h e r ( i ) a b a s i c s l a c k a r c o r ( i i ) a 
s i m p l e c y c l e o f o n l y b a s i c a r c s . I n d i a g r a m F o f F i g u r e 3 n o n b a s i c a r c 
a ^ goes be tween nodes 2 and 4 . From node 2 t h e p a t h ( 2 , a ^ , 1) l e a d s t o 
b a s i c s l a c k a r c a ^ . From node 4 the p a t h ( 4 , a ^ , 5) l e a d s to b a s i c s l a c k 
a r c a_. . I n d i a g r a m D n o n b a s i c a r c a, goes between node 4 and node 5 . 
9 o 
Node 4 i s c o n t a i n e d i n t he s i m p l e c y c l e ( 4 , a , . , 3 , a ^ , 2 , a ^ , 4) and t h e 
p a t h (5) c o n t a i n i n g a s i n g l e node l e a d s to the b a s i c s l a c k a r c a^2' T h i - S 
r e l a t i o n s h i p be tween n o n b a s i c and b a s i c v a r i a b l e s l e a d s to t he deve lopmen t 
o f e f f i c i e n t s o l u t i o n p r o c e d u r e s f o r n e t w o r k t ype p r o b l e m s ( o r d i n a r y f l o w , 
t r a n s p o r t a t i o n , e t c . ) and i s a d i r e c t r e s u l t o f t he b a s i s s t r u c t u r e o f 
t h e s e p r o b l e m s . T h i s n o n b a s i c - b a s i c v a r i a b l e r e l a t i o n s h i p l e a d s to an 
e f f i c i e n t p r o c e d u r e f o r d e t e r m i n i n g the c u r r e n t co lumn r e p r e s e n t a t i o n o f 
a n o n b a s i c v a r i a b l e . I n t he s i m p l e x method t h i s i s r e q u i r e d to d e t e r m i n e 
the v a r i a b l e l e a v i n g the b a s i s . 
I n the p r i m a l s i m p l e x method the s i m p l e x m u l t i p l i e r s ( d u a l v a r i ­
a b l e s ) c o r r e s p o n d t o t he nodes and a r e u s e d t o d e t e r m i n e when a n o n b a s i c 
v a r i a b l e i s t o e n t e r the b a s i s . No te t h a t , i n the example p r o b l e m , 
u s u a l l y n o t a l l o f t he s i m p l e x m u l t i p l i e r s change f r o m one t a b l e a u t o t h e 
n e x t . The f a c t t h a t the s i m p l e x m u l t i p l i e r s w h i c h change can be i d e n t i ­
f i e d d i r e c t l y l e a d s t o an e f f i c i e n t p r o c e d u r e f o r t h e p r i c i n g o p e r a t i o n 
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i n t he s i m p l e x c a l c u l a t i o n s . The s t r u c t u r e o f t he GFP can be e x p l o i t e d 
t o p e r f o r m t h e two p r i m a r y o p e r a t i o n s o f the s i m p l e x : d e t e r m i n a t i o n o f 
an e n t e r i n g n o n b a s i c v a r i a b l e and d e t e r m i n a t i o n o f t he l e a v i n g b a s i c 
v a r i a b l e . 
2 . 5 B a s i s C h a r a c t e r i z a t i o n 
The c o n c e p t o f a b a s i c s o l u t i o n i s f u n d a m e n t a l to t he s i m p l e x p r o ­
c e d u r e . A b a s i s , b a s i c s o l u t i o n , and r e l a t e d i d e a s were summar ized i n 
S e c t i o n 1 . 8 . A n o t h e r c h a r a c t e r i z a t i o n o f a b a s i s i s g i v e n by t he s t a t e ­
ment t h a t B i s a b a s i s o f A , i f and o n l y i f each co lumn o f A can be r e p r e ­
s e n t e d as a u n i q u e l i n e a r c o m b i n a t i o n o f the co lumns o f B . The p r o o f o f 
t h i s may be f o u n d i n any book on l i n e a r a l g e b r a ( e . g . , H i l d e b r a n d [ 5 2 ] ) . 
I n t he GFP the b a s i s has a s p e c i a l s t r u c t u r e . To d i s c u s s t h i s 
we need the f o l l o w i n g t e r m i n o l o g y . A m a t r i x a r r a n g e d as i n F i g u r e 4 w i t h 
i d e n t i f i a b l e squa re b l o c k s w h i c h have no n o n z e r o e n t r i e s i n common rows 
o r co lumns i s c a l l e d a b l o c k d i a g o n a l m a t r i x . A s l a c k a r c whose a s s o c i ­
a t e d v a r i a b l e i s b a s i c w i l l be c a l l e d a r o o t and t h e node on w h i c h i t i s 
i n c i d e n t w i l l be c a l l e d the r o o t n o d e . I f a l l t he v a r i a b l e s c o r r e s p o n d i n g 
t o t he a r c s c o n t a i n e d i n a s i m p l e c y c l e a r e b a s i c , t he c y c l e w i l l be c a l l e 
a p s e u d o r o o t . Assume t h a t t h e m a t r i x i n F i g u r e 4 i s t h e b a s i s f o r a GFP 
p r o b l e m . B l o c k B^ c o n t a i n s t he r o o t a ^ shown i n the subg raph c o r r e s p o n d ­
i n g t o B^ i n F i g u r e 5 ( a ) . B l o c k JZ^ c o n t a i n s t he p s e u d o r o o t ( a ^ , a ^ , a g , 
a<p shown g r a p h i c a l l y i n F i g u r e 5 ( b ) . 
We w i l l now s t a t e s e v e r a l lemmas and a theorem r e l a t e d t o t h e s t r u c 
t u r e o f the b a s i s . Theorem 2 .1 b e l o w i s e s s e n t i a l l y J o h n s o n ' s r e s u l t i n 
[ 5 8 ] . However , we have a d o p t e d a c o n s t r u c t i v e p r o o f w h i c h fo rms t h e n u -
r o o t 
~k5 
a k « 4 
ak»5 a k 3 
a k 4 a k ' 3 a k ' 2 
a k 2 a k l 
« 0 - - -
0 
0 - , . 
o - - -
o - - - B, 
k ' 1 2 
I a k l 2 \ l l 
k l O 
10 ' - -
l o - - -
l 0 - - -
k' 11 
V i o ! 
I a k 9 
1 a k ' 9 a k 8 
\ ' 8 V / 
a k 6 » 








p s e u d o r o o t 
0 0 0 
10 - - -
, B ,0 " - -





F i g u r e 4 . B l o c k D i a g o n a l M a t r i x 
6 <D 
( a ) R o o t e d Component 
"11 
12 
( b ) P s e u d o r o o t e d Component 
F i g u r e 5 . B a s i s Components 
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c l e u s o f t he s o l u t i o n p r o c e d u r e d i s c u s s e d i n C h a p t e r s I I I and I V . B e f o r e 
t h e s t a t e m e n t o f t he lemmas and t h e t h e o r e m , we w i l l d e f i n e some n o t a t i o n 
and t e r m i n o l o g y w h i c h a r e u s e d t h r o u g h o u t t h e r e m a i n d e r o f t he p r e s e n t a ­
t i o n . 
When g o i n g f rom node p^ t o node q^ a l o n g t h e a r c f o r t he v a r i a b l e 
x ,̂ , t he f i r s t c o e f f i c i e n t e n c o u n t e r e d , w h i c h i s i n e q u a t i o n p ^ , w i l l be 
d e n o t e d a . . and the s e c o n d c o e f f i c i e n t w i l l be d e n o t e d a, . . and i s i n 
k i k ' l 
e q u a t i o n q ^ . An example i s : 
C o n s i d e r an a r c a and the sequence o f a r c s ( a 0 , . . . , a ) f o l l o w -1 c. r+1 
i n g a ^ i n a s i m p l e p a t h . The o r d e r e d s e t o f c o e f f i c i e n t p a i r s f o r t h e 
sequence o f a r c s (a , a 2 , . . . , a ) i s ( \ i > \ n ^ » ^ a k 2 , a k ' 2 ^ ' " " ' 
(a, , , a , . .,) i n the n o t a t i o n d e f i n e d a b o v e . A s s o c i a t e w i t h e a c h a r c 
N k r + 1 ' k ' r + l 
a . , a f t e r t h e d e s i g n a t e d a r c a n t he w e i g h t d . d e f i n e d i n the f o l l o w i n g i + l 1 a— I 
manner : 
V l A d l a k ' 2 . d r - l a k ' r 
1 a k 2 1 a k 3 r \ r + l 
o r 
k a 
i=i V a k i + i ; 
d k = ( - i ) k _ i n ( ^ - ) CD 
We w i l l now p r o c e e d t o the 
L e t B. be a s e t o f co lumns 
I 
f o l l o w i n g p r o p e r t y . The o r i g i n a l 
lemmas and t h e o r e m . 
o f a b a s i s B f o r t he GFP w i t h t he 
rows o f B c o r r e s p o n d i n g t o B. c o n t a i n 
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no n o n z e r o e n t r i e s o t h e r than i n the co lumns o f . A l s o , any n o n z e r o 
e n t r y i n B^ can be r e a c h e d f r om any o t h e r n o n z e r o e n t r y i n B. by a s e r i e s 
o f a l t e r n a t i n g row and co lumn moves t h r o u g h o t h e r n o n z e r o e n t r i e s . 
Lemma 2 .1 
I f B. i s d e f i n e d as a b o v e , then i t c a n n o t c o n t a i n two co lumns w h i c h 
l 
c o r r e s p o n d t o s l a c k a r c s ( r o o t s ) . 
P r o o f : 
Assume t o t he c o n t r a r y . T h a t i s , l e t B. c o n t a i n co lumns b , and 
i 1 
b .. w h i c h c o n t a i n the s i n g l e n o n z e r o e n t r i e s a , and a , , , r e s p e c t i v e l y . 
r+1 k 1 kr+1 r J 
The n o n z e r o e n t r y a - ^ r + ^ c a n he r e a c h e d f rom a^t± by a s e r i e s o f a l t e r ­
n a t i n g row and co lumn moves . L e t the co lumns e n c o u n t e r e d i n such a t r a c e 
be u s e d to d e f i n e a p a t h . Remove the a p p r o p r i a t e a r c s (and co lumns) f r o m 
t h e p a t h t o make i t a s i m p l e p a t h . L e t the p a t h now be ( a ^ , a ^ t . . . >ar+-^) 
w i t h a , and a , as the s l a c k a r c s . C o n s i d e r the l i n e a r c o m b i n a t i o n o f 
1 r+1 
the a s s o c i a t e d co lumns b 0 , . . . , b . o b t a i n e d u s i n g t he a r c w e i g h t s p r e -
v i o u s l y d e f i n e d : 
r 
g = ) d . b . . 6 L i i+1 
i = l 
C o n s i d e r i n g o n l y the rows o f t he B^ w i t h n o n z e r o e l e m e n t s i n t h e 
p a t h : 
d l \ 2 
d l a k ' 2 + d ~ a 2 k3 
d ' a . , + d a . ^jr-1 k ' r r kr+1 
(2) 
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The v e c t o r g 1 i s d e n o t e d as g ' = ( g ' , . . . , g ' r ) 
The f i r s t e l emen t i s : 
/ V r \ _ 
s i ~ a k 2 Va, - ; ~ V l 
k2 
(3) 
F o r any o t h e r e n t r y g ^ , i = 2 , . . . , r 
g ' = d . . a, . . + d . a. . , °i l- l k'i i ki+1 
B u t : 
d . = -
l 
l - l k ' i - 1 
\ i + l 
T h u s : 
i . / " i - l ° k ' i \ 
>i = d i - l a k ' l " l a , . , ; k i+1 \ i + l =
 0 (4) 
The v e c t o r g i s t h u s : 
V i 
o 
= b. (5) 
The co lumn b^ has been r e p r e s e n t e d as a l i n e a r c o m b i n a t i o n o f o t h e r 
co lumns o f t he b a s i s . T h i s c o n t r a d i c t s the d e f i n i t i o n o f a b a s i s and the 
lemma i s p r o v e d . 
An example i l l u s t r a t i n g t he lemma i s g i v e n b e l o w . 
L e t B b e : 
B = 
V L \ 2 
k ' 2 \ 3 
a k ' 3 a k 6 




The s u b g r a p h c o r r e s p o n d i n g t o B i s : 




V L \ 2 
a k ' 2 a k 3 
A K ' 3 A K F L 
The two s l a c k a r c s a r e a . and a , . The s e t o f a r c s c o n t a i n i n g t h e s e two 
1 o 
a r c s and t he p a t h be tween them i s ( a ^ , a^, a ^ , a ^ ) . The w e i g h t s d ^ a r e 
V L . V L A K ' 2 . a k , l a k , 2 a k , 3 / t d . - d 9 - - d = + (i 
1 a k 2 1 a k 2 a k 3 5 a k 2 a k 3 a k 6 




V 2 k2 
a k 2 a k 3 
V 1 V 2 
a k2 a k3 k 3 






w h i c h , w i t h a d d i t i o n a l z e r o e n t r i e s , i s the co lumn f o r a ^ . 
Lemma 2 . 2 
L e t B. be d e f i n e d as b e f o r e , t hen B. c a n n o t have a s e t o f co lumns 
i l 
c o r r e s p o n d i n g to a s i m p l e c y c l e ( p s e u d o r o o t ) and a co lumn c o r r e s p o n d i n g 
to a s l a c k a r c ( r o o t ) . 
P r o o f : 
Assume t o t he c o n t r a r y , t h a t i s , assume B^ has a s i m p l e c y c l e and 
a s l a c k a r c . As i n Lemma 2 .1 a s e r i e s o f row and co lumn moves c a n be 
made t o d e f i n e a s i m p l e p a t h be tween the s l a c k a r c and an a r c i n t he 
c y c l e . Choose a co lumn f rom the c y c l e . 
0 
l k p 
0 
(10) 
T h i s co lumn c a n be r e p r e s e n t e d as t he sum o f two co lumns e a c h w i t h one 
n o n z e r o e n t r y : 
r* — 
0 
b = b + b = + • 
- - t - s kp • 
0 





T a k i n g t he r o o t and b f c as the two s l a c k a r c s i n Lemma 2 . 1 , t h e r e 
e x i s t m u l t i p l i e r s d^ a s s o c i a t e d w i t h t h e a r c s i n t he p a t h f rom t h e r o o t 
t o t> t s u c h t h a t 
alb! (12) 
i = l 
L i k e w i s e , t h e r e e x i s t m u l t i p l i e r s d j 1 a s s o c i a t e d w i t h a r c s i n t h e p a t h f rom 
the r o o t t o b such t h a t : 
s 
b = y dv 
s Li i i i = l 
A d d i n g : 
b = b + b 
t s I
 d i b i 
(13) 
i = l 
The components b , i = l , . . . , r c o r r e s p o n d to the a r c s i n t he two p a t h s c o n ­
s i d e r e d , and d . = d j + d ! ' f o r a r c s c o n t a i n e d i n b o t h p a t h s and d . = d ! o r 
' i i i r i i 
d^' i f t h e y a r e i n o n l y one o f the p a t h s . An example o f t he s i t u a t i o n 
c o v e r e d i n t h i s lemma i s : 
B. = 
l 
a k l a k ' 2 
k2 k f 3 
l k 3 V4 l k4 " k 5 
(14) 
The a s s o c i a t e d subg raph i s : 
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Choose t he co lumn f o r as the co lumn f rom the c y c l e to s e p a r a t e 
"o "o ~ 
0 0 0 
b = 
a k ' 4 
a k 4 
= b + b = 
t s 




The p a t h f o r b t i s ( a ^ , a ^ , a^) and f o r b g ( a , . , a ^ f a ^ ) . The m u l t i p l i e r s 
a r e : 
d i =-1 a 
k ' 4 
k3 
\ , 4 a k , 3 _ f V4V3V2 d ' = - — — d ; = 
2 a, 0 a , 3 a , ^ a , rta, k3 k2 k3 k2 k l 
(16) 
d " = ~ -
1 \ 5 
d " = . a k 4 a k f 5 
2 a k 5 a k 2 
a k 4 a k , 5 a k , 2 
d - • 
* a k 5 a k 2 a k l 
The l i n e a r c o m b i n a t i o n i s 
b = (d{ + d | ' ) b 1 + (d£ + d 2 ' ) b 2 + d^b + d^b (17) 
Hence b has been e x p r e s s e d as a l i n e a r c o m b i n a t i o n o f o t h e r b a s i c v e c t o r s 
w h i c h i s i m p o s s i b l e . 
Lemma 2 . 3 
W i t h B. d e f i n e d as b e f o r e , B. c a n n o t have a s e t o f co lumns c o r r e s -
l l 
p o n d i n g t o two s i m p l e c y c l e s ( p s e u d o r o o t s ) . 
P r o o f : 
A g a i n by c o n t r a d i c t i o n assume t h a t B^ c o n t a i n s co lumns c o r r e s p o n d ­
i n g t o t h e two c y c l e s . D e f i n e t he p a t h be tween the two c y c l e s as b e f o r e . 
Choose a co lumn c o r r e s p o n d i n g to an a r c i n one o f the c y c l e s and s e p a r a t e 
i t i n t o two co lumns c o n t a i n i n g o n l y one n o n z e r o e n t r y . 
53 
But i n the p r o o f o f Lemma 2 . 2 we have shown t h a t e a c h o f t h e s e can 
be e x p r e s s e d as a l i n e a r c o m b i n a t i o n o f b a s i c a r c s . A d d i n g , the a r c we 
s e p a r a t e d can t hen be r e p r e s e n t e d as a l i n e a r c o m b i n a t i o n o f b a s i c a r c s . 
T h i s c o n t r a d i c t s t h e a s s u m p t i o n t h a t B i s a b a s i s and t h e lemma i s p r o v e d . 
Lemma 2 .4 
F o r a s e t o f k c o l u m n s , B̂ , , as c o n s i d a r e d i n t he p r e v i o u s lemmas, 
t h e r e a r e e x a c t l y k rows w i t h n o n z e r o e n t r i e s . 
P r o o f : 
Assume t h a t t h e r e a r e n o n z e r o e n t r i e s i n l e s s t han k r o w s . O f t he 
k co lumns o f B^ e i t h e r two co lumns have a s i n g l e n o n z e r o e n t r y , o r one 
co lumn has one n o n z e r o e n t r y and a s u b s e t o f t he co lumns fo rms a c y c l e , 
o r two d i s t i n c t s u b s e t s o f t he co lumns fo rm c y c l e s . But by Lemmas 2 . 1 , 
2 . 2 , and 2 . 3 none o f t h e s e c o n d i t i o n s a r e p o s s i b l e and hence a t l e a s t k 
rows o f B. must c o n t a i n n o n z e r o e n t r i e s . 
i 
Now assume t h a t more than k rows o f B. c o n t a i n n o n z e r o e n t r i e s . 
l 
By d e f i n i t i o n o f B^ t h i s can o n l y happen i f e a c h o f t he co lumns o f B^ 
c o n t a i n s two n o n z e r o e n t r i e s and no s u b s e t o f t h e co lumns forms a c y c l e 
( t he s e t o f co lumns c o n t a i n s no r o o t o r p s e u d o r o o t ) , Thus t h e r e can be 
a t most k+1 rows o f B. w i t h n o n z e r o e n t r i e s . L e t t h e r e m a i n i n g co lumns 
i 
o f t h e b a s i s B be a r r a n g e d i n t o s e t s i n t he same manner as B . . S i n c e 
l 
no s e t o f co lumns has n o n z e r o e n t r i e s i n rows where a n o t h e r s e t h a s n o n ­
z e r o e n t r i e s , and s i n c e t he t o t a l number o f rows e q u a l s t h e t o t a l number 
o f c o l u m n s , then a t l e a s t one o f the s e t s o f co lumns must have n o n z e r o 
e n t r i e s i n one f ewe r rows than i t h a s c o l u m n s . Bu t we have shown t h i s t o 
be i m p o s s i b l e i n the f i r s t p a r t o f t he p r o o f . Hence B^ must have n o n z e r o 
e n t r i e s i n k r o w s , where k i s t h e number o f co lumns i n B . . 
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A c h a r a c t e r i z a t i o n o f the b a s i s f o r the GFP can now be g i v e n u s i n g 
t h e lemmas. The f o l l o w i n g theorem i s f u n d a m e n t a l t o the r e m a i n d e r o f t he 
p r e s e n t a t i o n . 
Theorem 2 .1 
A b a s i s f o r the g e n e r a l i z e d f l o w p r o b l e m i s b l o c k d i a g o n a l w i t h 
e a c h b l o c k c o n t a i n i n g e i t h e r one co lumn c o r r e s p o n d i n g to a s l a c k a r c i n 
t h e a s s o c i a t e d subg raph o r a s e t o f co lumns c o r r e s p o n d i n g t o a s i n g l e 
c y c l e i n t h e subg raph bu t n o t b o t h . T h a t i s , no b l o c k c o n t a i n s co lumns 
f o r two r o o t s , two p s e u d o r o o t s , o r a r o o t and a p s e u d o r o o t . 
P r o o f : 
We w i l l f i r s t e s t a b l i s h c o n s t r u c t i v e l y t h a t the b a s i s i s b l o c k 
d i a g o n a l . A b a s i s c o n s i s t s o f m l i n e a r l y i n d e p e n d e n t co lumns o f A . 
Choose one o f t h e s e c o l u m n s . E i t h e r i t has one o r two e n t r i e s : 
0 0 
( i ) 
lk | 
0 o r ( i i ) 0 (19) 
0 
S e l e c t a l l o t h e r co lumns w i t h e n t r i e s i n the row c o n t a i n i n g a . , i n c a s e 
i k 
( i ) o r i n t h e rows c o n t a i n i n g a . , and a . , . i n c a s e ( i i ) . F o r each co lumn \ • ° i k i k 
so s e l e c t e d r e p e a t the p r o c e s s . C o n t i n u e u n t i l e i t h e r a l l t he m co lumns 
have been s e l e c t e d o r u n t i l no co lumns have e n t r i e s i n the p r e v i o u s l y 
s e l e c t e d c o l u m n s . I f m co lumns have been s e l e c t e d , then t h e r e i s one 
s e t o f c o l u m n s . O t h e r w i s e r e p e a t t he p r o c e d u r e t o d e f i n e s e t s 2 , . . . , R . 
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The maximum number o f s e t s i s o b v i o u s l y m w i t h a co lumn f o r a s l a c k a r c 
i n e a c h s e t . 
By t he c o n s t r u c t i v e p r o c e d u r e u s e d t o d e f i n e t he s e t s , e a c h s e t o f 
co lumns i s o f t he f o rm o f B^ i n Lemmas 2 .1 t h r o u g h 2 . 4 . L e t t he s e t o f 
rows w i t h n o n z e r o e n t r i e s i n e a c h s e t d e f i n e t he b l o c k f o r e a c h s e t o f 
c o l u m n s . By Lemmas 2 .1 t h r o u g h 2 . 3 , no b l o c k c o n t a i n s two r o o t s , a r o o t 
and a p s e u d o r o o t , o r two p s e u d o r o o t s . A l s o by the p r o o f o f Lemma 2 , 4 e a c h 
b l o c k must c o n t a i n a r o o t o r a p s e u d o r o o t . The theo rem i s t h u s p r o v e d . 
S e v e r a l d e f i n i t i o n s can now be made w h i c h a r e u s e f u l i n d e s c r i b i n g 
t he a l g e b r a i c o p e r a t i o n s o f an a l g o r i t h m i n terms o f t h e c o r r e s p o n d i n g 
g r a p h . The c o n n e c t e d subg raph c o r r e s p o n d i n g t o a b l o c k B^ o f t h e b a s i s i s 
c a l l e d a t r e e . I f t he b l o c k B. c o n t a i n s a s l a c k c o l u m n , t h e t r e e i s a 
x 
r o o t e d t r e e . I f t he b l o c k c o n t a i n s a s e t o f co lumns c o r r e s p o n d i n g t o a 
s i m p l e c y c l e , t hen t he t r e e i s a p s e u d o r o o t e d t r e e . The s e t o f c o n n e c t e d 
s u b g r a p h s , one f o r e a c h b l o c k o f t he b a s i s , i s c a l l e d the b a s i s f o r e s t . 
E a c h t r e e ( r o o t e d o r p s e u d o r o o t e d ) w i l l be c a l l e d a component o f t he b a s i s 
f o r e s t and i t s c o r r e s p o n d i n g b l o c k w i l l be c a l l e d a component o f t h e b a s i s 
m a t r i x B . 
To f a c i l i t a t e t he p r e s e n t a t i o n t h e s e d e f i n i t i o n s d i f f e r s l i g h t l y 
f r om t h e u s u a l d e f i n i t i o n s o f a t r e e and f o r e s t ( e . g . , J o h n s o n [58 ] ) i n 
t h a t t he s l a c k co lumn o r r o o t and the c y c l e o r p s e u d o r o o t a r e i n c o r p o r a t e d 
i n t o t he d e f i n i t i o n s i n s t e a d o f b e i n g c o n s i d e r e d s e p a r a t e l y . 
Two u s e f u l c o r o l l a r i e s f o l l o w d i r e c t l y f r om Theorem 2 . 1 . 
C o r o l l a r y : T h e r e i s a u n i q u e p a t h o f b a s i c a r c s f r o m e a c h node i n a t r e e 
to t he r o o t o r p s e u d o r o o t . 
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P r o o f : 
Assume to t he c o n t r a r y . T h a t i s , suppose t h a t t h e r e a r e two p a t h s 
f r o m node n^ to the r o o t o r the p s e u d o r o o t . Deno te t h e s e p a t h s as 
P x = ( a . , . . . , a . ) (20) 
1 P 
P 9 = (a , . . . , a ) 
C o n s i d e r two c a s e s . F i r s t assume t h e t r e e i s r o o t e d . Then a r c s 
a . and a . a r e i n c i d e n t on t he same node t o w h i c h t he r o o t i s a t t a c h e d , 
l 1 
p J q 
A l s o , a . and a . a r e b o t h i n c i d e n t on node n, . Then ( a . , . . , , a . , 
a . , . . . , a . ) d e f i n e s a c y c l e o f b a s i c a r c s i n t he t r e e . But by Theorem 
J q J l 
2 .1 a t r e e canno t c o n t a i n a c y c l e and a r o o t , t h u s f o r a r o o t e d t r e e t he 
c o r o l l a r y i s p r o v e d . 
F o r t h e c a s e o f a p s e u d o r o o t e d t r e e , i f P ^ and a r e i n c i d e n t on 
t he same node o f t he p s e u d o r o o t , t he p r o o f i s t he same as i f t he t r e e we re 
r o o t e d . O t h e r w i s e , l e t n and n be t h e nodes o f t h e p s e u d o r o o t a t w h i c h 
p q v 
q 
P and P 9 e n d . L e t a , . . . , a be t h e a r c s i n t he p a t h be tween n and n 
1 r ^ 
i n an a r b i t r a r y d i r e c t i o n a r o u n d the p s e u d o r o o t . S i n c e a . and a . a r e 
L l h 
b o t h i n c i d e n t on node n. and P . ^ P _ , then ( a . , . . . , a . , a , . . . , a , , 
1 p i r 
a . , . . . , a . ) d e f i n e s a c y c l e o f b a s i c a r c s , d i f f e r e n t f rom t h e p s e u d o r o o t . 
Thus the b a s i s t r e e c o n t a i n s two c y c l e s w h i c h c o n t r a d i c t s Theorem 2 .1 and 
the c o r o l l a r y i s p r o v e d . 
C o r o l l a r y : L e t b^ be a co lumn o f a component B^ o f t he b a s i s . T h e n , 
d e l e t i n g b^ w i l l p a r t i t i o n B^ i n t o two subcomponents B^ and B^ (one o f 
them p o s s i b l y empty) such t h a t t he c o r r e s p o n d i n g two s u b b l o c k s o f the 
m a t r i x have no n o n z e r o e n t r i e s i n t he i n t e r s e c t i o n o f t h e i r rows and 
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c o l u m n s . I f i s n o t the r o o t o r p a r t o f t he p s e u d o r o o t , t h e n one o f 
the subcomponents c o n t a i n s the r o o t o r the p s e u d o r o o t o f B ^ . 
P r o o f : 
Assume b. has n o n z e r o e n t r i e s i n two r o w s . S e l e c t the row c o n -1 
t a i n i n g one o f t h e s e n o n z e r o e n t r i e s and p r o c e e d as i n t h e p r o o f o f 
Theorem 2 .1 f o r c o n s t r u c t i n g components by s e l e c t i n g a l l co lumns w i t h 
n o n z e r o e n t r i e s i n the r o w , t hen c o n s i d e r i n g the rows where t h e s e have 
o t h e r n o n z e r o e n t r i e s , e t c . I n t h i s manner B," i s c o n s t r u c t e d and t h e r e -
k 
m a i n i n g co lumns o f B^ c o n s t i t u t e B^ ( p o s s i b l y B^ i s e m p t y ) . F o r the 
same r e a s o n t h a t no two components i n Theorem 2 .1 have n o n z e r o e n t r i e s 
i n common, n e i t h e r w i l l B^ and B^'. The c o r o l l a r y i s p r o v e d . 
I t may be n o t e d t h a t , i f b. c o r r e s p o n d s t o t he r o o t o r an a r c i n 
t he c y c l e d e n o t i n g t he p s e u d o r o o t , t hen d e l e t i o n o f b^ w i l l n o t y i e l d two 
s e p a r a t e b l o c k s , i . e . , we w i l l have B ' = 0 and B " = B, w i t h o u t co lumn b . . 
T h u s , i n a l l c a s e s r emova l o f co lumn b^ y i e l d s a subcomponent B^f 
w h i c h does n o t con t a i n the r o o t o r the c o m p l e t e p s e u d o r o o t o f B^ . We w i l l 
have f r e q u e n t o c c a s i o n s to r e f e r t o t h i s b l o c k i n l a t e r c h a p t e r s . We 
w i l l c a l l B." t he p o r t i o n o f B. above b. o r above x . , t he v a r i a b l e a s s o c i -
k r k i i 
a t e d w i t h b ^ . The t e r m i n o l o g y i s more m e a n i n g f u l i n terms o f the g raph 
o f B, . B " w i l l c o r r e s p o n d to t h a t p a r t o f t he t r e e above the a r c f o r x . 
( i . e . , away f rom the r o o t ) and the u n i q u e p a t h f r om any node i n B^ t o t he 
r o o t w i l l c o n t a i n the a r c f o r x . . 
l 






a 1 3 a 2 4 3 1 5 
a 2 2 a 2 3 
x25 
(21) 
Choose b = b^ w h i c h has n o n z e r o e n t r i e s i n rows two and f o u r . S e l e c t i n g 
the e n t r y i n row two p l a c e s b^ i n w h i c h , i n t u r n , p l a c e s b^ i n B ^ . 
a l l a l 6 
a 2 1 0 
(22) 
~0 0 
a 1 2 
a 1 3 a l 5 
0 
a 2 3 
0 a 2 2 
0 
-
a 2 5 
0 





a 1 5 a 1 3 a,. 24 
14 "21 








The g r a p h i c a l r e p r e s e n t a t i o n w i t h nodes c o r r e s p o n d i n g t o t he o r i g i n a l row 
o r d e r : 
Node f o u r i s d i r e c t l y above x^ and nodes ( 4 , 5 , 6 , 3) and a r c s 
a^) c o m p r i s e t h e p o r t i o n o f the g raph above x ^ . 
60 
CHAPTER I I I 
NETWORK PROGRAMMING BY ROW AND COLUMN GENERATION 
3.1 I n t r o d u c t i o n 
I n C h a p t e r I I a c o n s t r u c t i v e method was used t o e x h i b i t t he 
s t r u c t u r e o f a b a s i s o f t he g e n e r a l i z e d f l o w p r o b l e m . T h i s c o n s t r u c t i v e 
c h a r a c t e r i z a t i o n can be u s e d t o d e v e l o p e f f i c i e n t a l g o r i t h m s f o r t h e G F P . 
A l l o f t he a l g o r i t h m s p r e s e n t e d i n t h i s pape r a r e d e r i v e d by a p p l y i n g 
t h e s i m p l e x method t o t he GFP o r a s p e c i a l c a s e o f t he G F P . The s i m p l i ­
f i c a t i o n s w h i c h r e s u l t f rom the s p e c i a l n a t u r e o f t he GFP b a s i s s t r u c t u r e 
p e r m i t i d e n t i f i c a t i o n and u t i l i z a t i o n o f o n l y t h a t i n f o r m a t i o n n e c e s s a r y 
t o make d e c i s i o n s a t e a c h s t e p o f a s i m p l e x a l g o r i t h m . When o r g a n i z e d 
f o r use on a c o m p u t e r , t h e s e s i m p l i f i c a t i o n s g r e a t l y r e d u c e the amount o f 
s t o r a g e r e q u i r e d o v e r t h a t o f t he s t a n d a r d s i m p l e x t e c h n i q u e s o r one o f 
i t s e f f i c i e n t i m p l e m e n t a t i o n s . The e x t e n t o f t h i s improvement i s i n d i ­
c a t e d by t he r e s u l t s o f M u r r a s [ 1 7 ] . 
I n t h i s c h a p t e r i t i s shown how the o p e r a t i o n s r e q u i r e d i n a s i m ­
p l e x p r o c e d u r e ( p r i m a l , d u a l , e t c . ) can be s i m p l i f i e d by u s i n g t h e i n f o r ­
m a t i o n s t r u c t u r e o f t he GFP as d e p i c t e d i n g r a p h i c a l f o r m . The ma in 
t h e s i s i s t h a t the i n v e r s e o f the c u r r e n t b a s i s does no t have t o be known 
e x p l i c i t l y bu t may be e f f e c t i v e l y computed as n e e d e d . T h i s l e a d s t o e f ­
f i c i e n t p r o c e d u r e s f o r g e n e r a t i n g a row o r co lumn o f t h e c u r r e n t t a b l e a u 
as r e q u i r e d . A method f o r r e c o m p u t i n g the s i m p l e x m u l t i p l i e r s i s g i v e n 
i n S e c t i o n 3 .5 w h i c h s i g n i f i c a n t l y r e d u c e s t he e f f o r t r e q u i r e d t o u p d a t e 
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t h e m u l t i p l i e r s a t each b a s i s c h a n g e . A method f o r i d e n t i f y i n g t h e c u r r e n t 
b a s i s i s d e r i v e d by e x t e n d i n g the t r i p l e l a b e l i n g method o f J o h n s o n [59] 
f o r the o r d i n a r y f l o w p r o b l e m . The way t h i s scheme i s used i n c a r r y i n g 
o u t t he s i m p l e x o p e r a t i o n i s e x h i b i t e d and p r o c e d u r e s to change the l a b e l s 
t o r e f l e c t a change o f b a s i s a r e g i v e n i n S e c t i o n 3 . 6 . 
3 .2 S i m p l e x M u l t i p l i e r C a l c u l a t i o n 
The two d e c i s i o n s t o be made i n the p r i m a l s i m p l e x method a r e , i n 
o r d e r , ( i ) choose a n o n b a s i c v a r i a b l e to e n t e r the b a s i s and ( i i ) c h o o s e 
a b a s i c v a r i a b l e to l e a v e t he b a s i s . U s u a l l y , a n o n b a s i c v a r i a b l e i s 
c h o s e n t o e n t e r f rom the s e t whose c u r r e n t c o s t (c\.) i n d i c a t e s a r e d u c ­
t i o n ( f o r m i n i m i z a t i o n ) i n the o b j e c t i v e f u n c t i o n i f t he v a r i a b l e i s 
b r o u g h t i n t o the b a s i s . T h a t i s , i f the n o n b a s i c v a r i a b l e x^ i s a t i t s 
upper bound and c" > 0 , r e d u c i n g x^ w i l l l o w e r the o b j e c t i v e v a l u e , and 
l i k e w i s e , i f x . i s 0 , then i f c . < 0 i n c r e a s i n g x . w i l l r e d u c e t he o b i e c -
J J J 
t i v e v a l u e . C o n s i d e r the c o m p u t a t i o n o f the c u r r e n t c o s t s f o r a g e n e r ­
a l i z e d f l o w p r o b l e m . L e t t he co lumn a s s o c i a t e d w i t h x . have n o n z e r o 
r l 
c o e f f i c i e n t s a, . and a. . . i n e q u a t i o n s p. and q . , r e s p e c t i v e l y . L e t t h e 
k i k ' l i i 
s i m p l e x m u l t i p l i e r s a s s o c i a t e d w i t h e q u a t i o n s p. and q . be rr and t t 
1 1 ^ i ^ i 
The o p t i m a l i t y c o n d i t i o n s a r e : 
x . = 0 i m p l i e s c . - c . - t t a. . - t t a , , . ^ 0 (1) 
i r l l p. k i q . k ' l r i l 
x . = M. i m p l i e s c . — c . - t t a, . - t t a , . . ^ 0 (2) 
l l l l p. k i q . k ' i 
r i l 
S i n c e c^ = 0 f o r a l l b a s i c v a r i a b l e s , the r e l a t i v e c o s t s a re computed f o r 
n o n b a s i c v a r i a b l e s and i f t he c o n d i t i o n s o f E q s . (1) and (2) do n o t h o l d , 
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a v a r i a b l e i s chosen t o e n t e r t he b a s i s . The u s u a l r u l e i s t o c h o o s e i * 
such t h a t : 
c = min (cp (3) 
where c? = c . i f x . = 0 and c".' = - c . i f x . = M. . F o r ne two rk p rob lems 
i i i 1 1 1 1 
t h e r e i s some r e a s o n t o b e l i e v e c o m p u t a t i o n a l advan tage can be g a i n e d by 
c h o o s i n g some o t h e r c a n d i d a t e f o r e n t r y w h i c h w o u l d n o t n e c e s s i t a t e the 
c a l c u l a t i o n o f a l l c^ as r e q u i r e d when the minimum r u l e i s u s e d . The 
s i m p l e x m u l t i p l i e r s (TT) a r e f o u n d by s o l v i n g the e q u a t i o n : 
T T B = c B (4) 
where c i s the v e c t o r o f c o s t c o e f f i c i e n t s o f t he b a s i c v a r i a b l e s cor res> 
p o n d i n g to the co lumns o f B . S i n c e B i s b l o c k d i a g o n a l , t h i s s e p a r a t e s 
i n t o t he s o l u t i o n o f R s e t s o f e q u a t i o n : 
n 1 B 1 = c n 2 B 2 = c . . . . T T R B r = c (5) 
1 Z is. 
C o n s i d e r the s o l u t i o n f o r one o f the b l o c k s 
n A = c (6) 
k 
Assume t h a t the n, x n, m a t r i x B , c o n t a i n s a s l a c k co lumn and h a s 
k k k 
been a r r a n g e d i n l owe r t r i a n g u l a r fo rm w i t h the e q u a t i o n s and v a r i a b l e s 





l k 4 V 3 * 
l k 3 
V 2 




The a s s o c i a t e d g raph i s : 
T h i s sys tem o f e q u a t i o n s (6) i s s o l v e d by s t a r t i n g a t the r o o t node (n^) 
and p r o g r e s s i n g ou t t he t r e e a l o n g b a s i c a r c s s u c c e s s i v e l y s o l v i n g f o r 
t he s i m p l e x m u l t i p l i e r s as e a c h node i s e n c o u n t e r e d i n t u r n . F o r the 
p a r t o f t he g r a p h shown: 
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n l a l l = c l ' 1 = c l / a l l (9) 
a 1 2 T T l H" a 2 2 n 2 " ° 2 ' n 2 ~ a 
C 2 " n l a l 2 
22 
_ c 3 ' V i a 
^ l + a 2 3 n 3 " ° 3 ' n 3 " 
I n g e n e r a l f o r nodes p. and q . a s s o c i a t e d w i t h v a r i a b l e x . : 
i i l 
TT 
c . - a 0 . r r i 2 i q , 
" l i 
o r t t 
c . - a , . t t 
l l i p 
L 2 i 
(10) 
The e q u a t i o n u s e d depends on w h e t h e r node p^ o r q^ i s e n c o u n t e r e d f i r s t . 
To compute t h e s e v a l u e s a d e v i c e i s needed to i d e n t i f y r o o t nodes and to 
t r a c e a t r e e o u t w a r d l y f r om the r o o t . I n t h i s manner the s i m p l e x m u l t i ­
p l i e r s a r e computed so t h a t the c u r r e n t c o s t s f o r e a c h n o n b a s i c a r c can 
be f o u n d t o d e t e r m i n e o p t i m a l i t y . 
Because o f the n a t u r e o f t he b a s i s and b a s i s e x c h a n g e s a l l s i m p l e x 
m u l t i p l i e r s a r e c a l c u l a t e d i n i t i a l l y and a s u b s e t i s r e c a l c u l a t e d a t e a c h 
b a s i s c h a n g e . The method f o r d o i n g t h i s i s p r e s e n t e d l a t e r i n t h i s c h a p t e r , 
I f B_£ c o n t a i n s a c y c l e t h e s i m p l e x m u l t i p l i e r s o f t h e c y c l e a r e 
d e t e r m i n e d and t hen e a c h node i n the c y c l e i s t r e a t e d as a r o o t node and 
t he s i m p l e x m u l t i p l i e r s above i t a r e d e t e r m i n e d as b e f o r e . F o r e x a m p l e , 
suppose 
15 
a 0 / i 
24, i . 25 l a 23 12 
a 2 2 a 2 ] J 
L14 « a 1 3 
(11) 
The s e t o f e q u a t i o n s to be s o l v e d i s : 
S o l v i n g f o r T T ^ : 
I n t u r n : 
a l l T T l + a 2 1 T r 2 = °1 ^ 1 2 ^ 
a 2 2 T T 2 + a i 2 n 3 = C 2 
A 2 3 T T 3 + A 1 3 T T 1 = c 3 
a 1 4 n l + a 2 4 n 4 = C 4 
a 2 5 r r 3 + a 1 5 T T 5 = c 5 
C 3 a 2 3 ° 2 a 2 3 a 2 2 
c. 
a l 3 a l 3 a 1 2 a 1 3 a 1 2 a 2 1 1 
TT = ~ — (13) 
1 / a__v , a _ _ N , a . . ( _ 2 3 V _ 0 2 2 V _ 1 1 \ 
\ a , _A a, _A a 0 1 / 13 12' 21 ' 
C l " - C 2 " a 2 2 n 2 C 4 " a 1 4 n l 
TT 0 = , TT 0 — , T T , = , 
2 a n 3 a 1 2 ' 4 * 2 4 ' 
C 5 " a 2 5 n 3 
TT = 
5 a 1 5 
I n g e n e r a l , t o d e t e r m i n e the d u a l v a r i a b l e s c o r r e s p o n d i n g t o a c y c l e , 
assume t h a t t h e nodes i n t h e c y c l e a r e numbered l , 2 , . . . , r . Thus the 
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number ing a s s i g n s a d i r e c t i o n a round the c y c l e . Assume t h a t t he c o r r e s ­
p o n d i n g c o e f f i c i e n t s on the b a s i c v a r i a b l e s a r o u n d t h e c y c l e a r e > 
a, , . ) as e n c o u n t e r e d and the c o s t s a r e c , i = l . . . . , r . D e f i n e the s e t 
k ' i 1 
o f c o n s t a n t s 
P . = 
' k i 
1 a k ' i - l 
(14) 
Then t he f o r m u l a f o r rr^ i s : 
1 7 , = — 
1 a 
. [c - p c - pj? c 0 , . . . , .n 0 p.c.] 
1 r r r -1 r r r -1 r - 2 i=2 l 1 
k ' r (1 - ( - 1 ) " p . ) 
(15) 
r 
The q u a n t i t y (1 - ( -1) II p . ) ^ 0 b e c a u s e o t h e r w i s e B c o u l d n o t be a 
i = l 1 k 
p a r t o f t he b a s i s . T h i s i s shown b e l o w . 
The c y c l e c o r r e s p o n d s to the s q u a r e s u b m a t r i x B ' w h e r e : 
B. ! 0*" 
A | _ _ j 
B » 
u J k 
(16) 
Bu t D e t ( B k ) = Det (B A )Det(Bp . Thus Det(Bp ^ 0 s i n c e B f e i s p a r t 
o f the b a s i s . T h e n : 
Det(B') - n a. . - ( - l ) r n a, , 
=1 k i i = l k ' i 
(17) 
S u p p o s e : 
1 - ( -1) n p. = 0 
i = l 1 
(18) 
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T h e n : 
r r 
i - ( - i ) r .n 
a. k i = 0 (19) 
k ' i 
(20) 
But 
( - l ) - r - ( - l ) r f o r r an i n t e g e r (21) 
Thus 
(22) 
w h i c h c o n t r a d i c t s D e t ( B ^ ) ^ 0 . 
To c a l c u l a t e t he s i m p l e x m u l t i p l i e r s f o r a c y c l e r e q u i r e s t r a c i n g 
a r o u n d t h e c y c l e f rom a node i n the c y c l e . Then by t r a c i n g ou t f r o m e a c h 
node i n t h e c y c l e , t he s i m p l e x m u l t i p l i e r s c o r r e s p o n d i n g t o t h e r e m a i n i n g 
nodes can be d e t e r m i n e d . S i n c e a l l components o f t he b a s i s a r e e i t h e r 
r o o t e d o r p s e u d o r o o t e d , t he c o m p l e t e s e t o f s i m p l e x m u l t i p l i e r s can be 
c a l c u l a t e d by t he methods shown. The c u r r e n t c o s t s c". can then be c a l -
J l 
c u l a t e d and an e n t e r i n g v a r i a b l e c h o s e n by an a p p r o p r i a t e r u l e . 
Once a n o n b a s i c v a r i a b l e has been s e l e c t e d to e n t e r t he b a s i s , 
i t s r e p r e s e n t a t i o n i n te rms o f t h e c u r r e n t b a s i c v a r i a b l e s must be f o u n d 
so t h a t the v a r i a b l e t o l e a v e t h e b a s i s may be d e t e r m i n e d . F o r the p r i m a l 
s i m p l e x m e t h o d , the l e a v i n g o r b l o c k i n g v a r i a b l e i s t h e one w h i c h a l l o w s 
the maximum change i n t he e n t e r i n g v a r i a b l e c o n s i s t e n t w i t h m a i n t a i n i n g 
p r i m a l f e a s i b i l i t y . The g e n e r a t i o n o f t he r e q u i r e d c o l u m n , t h e d e t e r m i n a -
3 . 3 Column G e n e r a t i o n 
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t i o n o f the b l o c k i n g v a r i a b l e , and the change i n t he v a l u e s o f the b a s i c 
v a r i a b l e s can be done e f f i c i e n t l y u s i n g a p r o c e d u r e d e r i v e d f r o m t h e c o n ­
s t r u c t i v e p r o o f o f Lemmas 2.1 - 2 . 3 i n C h a p t e r I I . 
F i r s t c o n s i d e r the v a r i o u s r e l a t i o n s h i p s an e n t e r i n g n o n b a s i c 
v a r i a b l e can have t o t he b a s i c v a r i a b l e s as shown i n F i g u r e 6 . F i r s t an 
e n t e r i n g v a r i a b l e can have a n o n z e r o c o e f f i c i e n t i n one ( F i g u r e 6 ( a , b ) o r 
two e q u a t i o n s ( F i g u r e 6 ( c , d , e , f , g , h ) ) . I f i t has a n o n z e r o e n t r y i n one 
e q u a t i o n , the t r e e c o n t a i n i n g t he c o r r e s p o n d i n g node can be r o o t e d o r 
p s e u d o r o o t e d (see Theorem 2.1 o f C h a p t e r I I ) . 
I f t he e n t e r i n g v a r i a b l e has n o n z e r o c o e f f i c i e n t s i n two e q u a t i o n s , 
t he c o r r e s p o n d i n g nodes can be i n the same t r e e ( F i g u r e 6 ( g , h ) ) o r d i f ­
f e r e n t t r e e s ( F i g u r e 6 ( c , d , e , f ) ) . I f t h e y a r e i n the same t r e e , i t can 
be a r o o t e d t r e e ( F i g u r e 6 ( g ) ) o r p s e u d o r o o t e d t r e e ( F i g u r e 6 ( g , h ) ) . 
I f t he two ends o f t he a r c c o r r e s p o n d i n g t o t he e n t e r i n g v a r i a b l e s a r e 
i n d i f f e r e n t t r e e s , e i t h e r b o t h t r e e s a r e r o o t e d ( F i g u r e 6 ( c ) ) , b o t h t r e e s 
a r e p s e u d o r o o t e d ( F i g u r e 6 ( e ) ) , o r one t r e e i s r o o t e d and t he o t h e r i s 
p s e u d o r o o t e d ( F i g u r e 6 ( e , f ) ) . I n t he c a s e t h a t one i s r o o t e d and t h e 
o t h e r p s e u d o r o o t e d , w i t h o u t l o s s o f g e n e r a l i t y , d e n o t e t he t r e e c o n t a i n i n g 
node p. as t h e l e f t t r e e and q . the r i g h t t r e e . Then e i t h e r t h e l e f t 
i l 
t r e e i s r o o t e d and t he r i g h t t r e e p s e u d o r o o t e d o r v i c e v e r s a . T h i s e x ­
h a u s t s the p o s s i b l e c o m b i n a t i o n s o f an e n t e r i n g v a r i a b l e and t he a s s o c i ­
a t e d b a s i s componen t . 
F o r a l l o f t he s i t u a t i o n s d e p i c t e d i n F i g u r e 6 , t he same o p e r a t i o n 
must be a c c o m p l i s h e d ; t h a t i s , t h e n o n b a s i c co lumn c o r r e s p o n d i n g t o t h e 
e n t e r i n g v a r i a b l e must be c o n s t r u c t e d and t he b l o c k i n g v a r i a b l e d e t e r m i n e d . 
The b reakdown i n t o the v a r i o u s c a s e s i s u s e f u l s i n c e t he co lumn c o n s t r u e -
o — o — o — 
(a) S l a c k A r c I n c i d e n t on 
a R o o t e d T r e e 
(b) S l a c k A r c I n c i d e n t on a 
P s e u d o r o o t e d T r e e 
N o n b a s i c A r c 
B a s i c A r c 
—c^—a-—b— 
(c) R e g u l a r A r c Between Two 
R o o t e d T r e e s 
(d) R e g u l a r A r c Between Two 
P s e u d o r o o t e d T r e e s 
F i g u r e 6 . E n t e r i n g A r c C o n f i g u r a t i o n s 
VO 
F i g u r e 6 . 
<>~T~~ 
( f ) R e g u l a r A r c w i t h L e f t T r e e 
P s e u d o r o o t e d and R i g h t T r e e 
R o o t e d 
(h) R e g u l a r A r c w i t h B o t h Ends i n 
t h e Same P s e u d o r o o t e d T r e e 
( C o n c l u d e d ) ^ 
o 
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t i o n p r o c e d u r e w i l l be s l i g h t l y d i f f e r e n t f o r e a c h c a s e . The co lumn 
g e n e r a t i o n p r o c e d u r e s f o r c a s e s (a) t h r o u g h (h) i n F i g u r e 6 a r e p r e s e n t e d 
n e x t . 
F i r s t c o n s i d e r c a s e ( a ) . L e t x^ be the e n t e r i n g n o n b a s i c v a r i a b l e 
w i t h i t s n o n z e r o c o e f f i c i e n t i n e q u a t i o n p ^ . The b a s i s B can be p a r t i ­
t i o n e d i n t o B and B 1 where B i s a s s o c i a t e d w i t h the co lumns i n the 
P P P 
u n i q u e p a t h f r om node p^ t o the r o o t ( i n c l u d i n g t he s l a c k co lumn f o r the 
r o o t ) and B^ i s a s s o c i a t e d w i t h the r e m a i n i n g co lumns (see c o r o l l a r y to 
Theorem 2 . 1 ) . The p a t h i s : 
, X- X X - X 
H O * O — 2 ~ 0 - O r - ^ - O r a. a, a. , 1 w w ^a. . a, , y a i k ' l k l k ' l k r - 1 k ' r - 1 k r 




~ k l 
a k ' l a k 2 
a k ' 2 
°kr-l 
V r - l \ r 
(23) 
Suppose the co lumn f o r x^ i s : 
b . 
l 
V i i 
o 
(24) 
L e t the r e p r e s e n t a t i o n o f b i n terms o f the c u r r e n t b a s i s be t he v e c t o r 
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d w i t h components d ^ . T h e n : 















The v e c t o r d has been p a r t i t i o n e d i n t o 
2 . 1 , t h e r e e x i s t s a s o l u t i o n d * 
P 
t o B d 
P p ~~ 
( V : 
(25) 
s o l v e s the above sys tem and i s t he u n i q u e r e p r e s e n t a t i o n o f t he co lumn o f 
x . i n te rms o f the c u r r e n t b a s i s v e c t o r s . L e t ( x , , . . . . x ) be t he b a s i c 
l 1 r 
v a r i a b l e s i n the p a t h f r o m node p. to t h e r o o t , w i t h x as the s l a c k v a r i -
a b l e a t the r o o t . From Lemma 2 .1 the components o f d * a r e : 
V i . " V r - 1 . 
l a , , ' ' r a , r-1 r = 2 , . (26) 
k l *kr 
These a r e p r e c i s e l y the w e i g h t s d e f i n e d i n E q . (1) o f C h a p t e r I I . 
Now c o n s i d e r the i n v e r s e o f the b a s i s B. L e t d d e n o t e t h e j 
. t h 
co lumn c o r r e s p o n d i n g to e q u a t i o n p . . I f e i s a co lumn v e c t o r w i t h a 
J P j 











<- row p . 
J 
(27) 
Compar i ng t h i s w i t h E q . ( 2 5 ) , we r e a d i l y have the s o l u t i o n : 




w i t h n o n z e r o e n t r i e s d . o n l y f o r i = l , . . . , r . 
1 
The g r a p h i c a l r e p r e s e n t a t i o n o f t he b a s i s i d e n t i f i e s the n o n z e r o 
e l e m e n t s i n the b a s i s i n v e r s e and p r o v i d e s a means f o r c a l c u l a t i n g them. 
I f the b a s i c p a t h f r om node p^ ends i n a p s e u d o r o o t as i n c a s e 
6 ( b ) , co lumn c o n s t r u c t i o n i s s i m i l a r w i t h a d d i t i o n a l c o n s i d e r a t i o n f o r 
t he b a s i c v a r i a b l e s i n the p s e u d o r o o t . The f o l l o w i n g example i l l u s t r a t e s 
the d i f f e r e n c e s . 
x . 
B = • V * \ 3 
V 2 







The e q u a t i o n t o be s o l v e d i s : b g = B^d . F o r the p a t h to t he p s e u d o -
r o o t : d„ — 
l k5 
1 a 
k ' l 
F o r the c y c l e d e f i n e t he c o n s t a n t q : 
q = 
a k » 4 - a 
k4 
Y . k'3Y"k' 
A a, _ A a, « 
k3 k2 
(31) 
The r e m a i n i n g c o e f f i c i e n t s a r e : 
D 2 = 
k l 
k ' 2 
- a k i q ; d i 
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V 4 
l k 3 
The c u r r e n t r e p r e s e n t a t i o n o f t he co lumn f o r c o n t a i n s the n o n ­
z e r o e n t r i e s d ^ , . . . , d ^ c o r r e s p o n d i n g t o t he b a s i c v a r i a b l e x^ i n t he pa 
to t he p s e u d o r o o t and t he b a s i c v a r i a b l e s X£, x ^ , and x^ i n the p s e u d o -
t h 
r o o t . F o r t h i s e x a m p l e , t he n o n z e r o e n t r i e s i n the f o u r t h co lumn o f B 
-1 
a r e : 
di \5 " k ' l (32) 
d 2 l k 5 a k ' l X \ ' 2 
- q 
d 3 \5 
\ ' 2 a k l 




a k ' 2 a k l a k 
a k 3 a k 4 a k 2 v " k » 2 n ^1,10 ' 
Suppose the co lumn c o r r e s p o n d i n g to the e n t e r i n g v a r i a b l e x^ has 










T h e n , as i n the p r o o f o f Lemma 2 . 2 , b^ can be e x p r e s s e d a s the sum o f two 












The method f o r d e t e r m i n i n g t he c u r r e n t r e p r e s e n t a t i o n o f b^ and 
b j | h a s a l r e a d y been shown. Suppose nodes p^ and c o r r e s p o n d i n g t o t he 
n o n z e r o e n t r i e s a, . and a, a r e i n d i f f e r e n t t r e e s as i n c a s e s ( c , d , e , 
k i k ' i 
o r f ) . Then t he r e p r e s e n t a t i o n i s p r e c i s e l y as b e f o r e w i t h the two 
co lumns o f t he i n v e r s e m a t r i c e s i n v o l v e d , b e i n g computed f o r two d i f f e r ­
en t b l o c k s B. and B. . 
J k 
I f b o t h nodes p. and q . a r e i n t he same t r e e , t hen the o r d e r o f 
l l 
d e t e r m i n i n g t h e r e p r e s e n t a t i o n i s s l i g h t l y d i f f e r e n t . F o r a r o o t e d t r e e 
( F i g u r e 6 ( g ) ) , f r om b o t h node p^ and q ^ , t h e r e i s a u n i q u e s i m p l e p a t h o f 
b a s i c a r c s to t he r o o t . S i n c e t he p a t h s b o t h end a t t h e r o o t n o d e , t hey 
must j o i n , a t some n o d e , s , w h i c h must be t h e r o o t node or some node above 
i t . Deno te t he p a t h s t a r t i n g a t p . t he l e f t p a t h (P ) and a t q . t h e r i g h t 
X Li X 
p a t h ( P R ) . 
L e t the v a r i a b l e c o r r e s p o n d i n g t o t h e a r c i n P T i n c i d e n t on node 
Li 
s be x T w i t h a s s o c i a t e d co lumn b and the v a r i a b l e x w i t h co lumn b c o r -
i-i Li K R 
r e s p o n d t o t he a r c i n P ^ i n c i d e n t on s . As i n the c o r o l l a r y t o Theorem 
2 . 1 , p a r t i t i o n B i n t o B , B , and B 1 where B c o r r e s p o n d s t o the p a t h 
K Lt is. tC Li 
above x T and B D t o the p a t h above x „ . The r o o t i s c o n t a i n e d i n B, 1 . The 
L K is. k 




P R . X R 
8 
k ' r 
l k r 
K 
(35) 






«- a row i n B, 
<- a row i n B 
R 
(36) 
The c o e f f i c i e n t a i s i n a row c o r r e s p o n d i n g t o B and a , . i s 
K L Li R 1 
i n a row c o r r e s p o n d i n g t o B_. The g r a p h i c a l r e p r e s e n t a t i o n i s : 
K 
1 I r o o t 
F o r the b a s i c v a r i a b l e s i n P T and i n P _ , the w e i g h t s ( n o n z e r o e n t r i e s ) 
a r e c a l c u l a t e d as b e f o r e . I f the c y c l e fo rmed by t he two p a t h s t o s and 
t h e e n t e r i n g a r c c o r r e s p o n d to a s e t o f l i n e a r l y dependen t v a r i a b l e s , t h e 
r e p r e s e n t a t i o n i s c o m p l e t e and t he v a r i a b l e s i n t h e p a t h t o the r o o t and 
t he s l a c k v a r i a b l e a t t he r o o t do n o t have t o be c o n s i d e r e d . One w o u l d 
l i k e t o d e t e c t t h i s l i n e a r dependence b e f o r e c a l c u l a t i n g the w e i g h t s and 









f o r d o i n g t h i s . 
L e t t h e w e i g h t f o r t h e v a r i a b l e b e d ^ a n d t h e w e i g h t f o r x ^ b e 
Lemma 3 . 1 
I f b o t h ends o f a n a r c c o r r e s p o n d i n g t o a n o n b a s i c v a r i a b l e x ^ a r e 
i n t h e same r o o t e d t r e e , t h e n t h e s e t o f c o l u m n s c o r r e s p o n d i n g t o t h e 
c y c l e f o r m e d b y t h e e n t e r i n g a r c a n d t h e p o r t i o n s o f t h e p a t h s t o t h e 
r o o t f r o m b o t h ends o f t h e n o n b a s i c a r c u n t i l t h e y j o i n i s l i n e a r l y d e -
penden t i f Vk ' L + Vk'R " ° ' 
P r o o f : 
By t h e c o n s t r u c t i v e p r o o f i n Lemma 2 . 2 , t h e w e i g h t f o r t h e v a r i ­
a b l e X j c o r r e s p o n d i n g t o t h e a r c b e l o w s i n t h e p a t h t o t h e r o o t i s : 
d < = ^J^J± + - i i l l . J ± ( d a . 1 T + c L a . I D ) ( 3 7 ) 
j a, . a. . a . . L k ' L R k ' r K ' 
J k j k j k j 
B u t t h e q u a n t i t y i n p a r e n t h e s i s on t h e r i g h t h a n d s i d e o f E q . ( 3 7 ) i s 
p r e c i s e l y t h e q u a n t i t y i n t h e l emma. T h u s , i f d ^ a ^ f ^ + d R a ^ l R = 0 , t h e n 
d . = 0 . B u t i f d . i s e q u a l t o z e r o , t h e n a l l o f t h e w e i g h t s i n t h e r e -
J J 
m a i n d e r o f t h e p a t h i n c l u d i n g t h e r o o t a r e z e r o . T h e c o l u m n f o r t h e n o n -
b a s i c v a r i a b l e x ^ c a n t h u s b e e x p r e s s e d as a l i n e a r c o m b i n a t i o n o f t h e 
c o l u m n s c o r r e s p o n d i n g t o P_ a n d P „ , h e n c e t h e s e t o f c o l u m n s i s l i n e a r l y 
d e p e n d e n t . 
T h e lemma s u g g e s t s t h e f o l l o w i n g m e t h o d f o r d e t e r m i n i n g t h e c u r ­
r e n t r e p r e s e n t a t i o n f o r t h e c o l u m n f o r x ^ . 
1 . Compute t h e w e i g h t s f o r t h e v a r i a b l e s i n P t o s . 
Li 
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2 . Compute t h e w e i g h t s f o r t h e v a r i a b l e s i n t o s , 
3 . Check t h e l i n e a r dependence c o n d i t i o n i n t h e lemma, i . e . , 
d ^ a ^ L + ^ j ^ k ' R = ^ s o » then t h e r e p r e s e n t a t i o n i s c o m p l e t e . 
4 . I f n o t , compute t h e w e i g h t f o r x ^ : 
d j * a 7 7 ( V k ' L + d R a k ' R } 
5 . C o n t i n u e t o t h e r o o t c o m p u t i n g t h e w e i g h t s i t e r a t i v e l y as 
b e f o r e . 
The l a s t c a s e t o be c o n s i d e r e d i s c a s e (h) when b o t h ends o f a 
n o n b a s i c a r c a r e i n t h e same p s e u d o r o o t e d t r e e . I f t h e l e f t p a t h and 
r i g h t p a t h j o i n a t a node above t h e p s e u d o r o o t o r a t t h e same node i n t h e 
p s e u d o r o o t , t h e d i f f e r e n c e b e t w e e n c a s e (g ) and c a s e (h ) i s t h e same as 
t h e d i f f e r e n c e b e t w e e n c a s e s (a ) and ( b ) . I f t h e l e f t and r i g h t p a t h s 
meet t h e p s e u d o r o o t a t d i f f e r e n t n o d e s , a s l i g h t l y d i f f e r e n t method i s 
u s e d . C o n s i d e r the example shown b e l o w . 
A s b e f o r e , t h e e n t r i e s a r e computed down the l e f t p a t h t o L and down t h e 
r i g h t p a t h t o R. A n a r b i t r a r y d i r e c t i o n i s c h o s e n a r o u n d t h e c y c l e and 
the v a r i a b l e s numbered as e n c o u n t e r e d , s t a r t i n g w i t h t he f i r s t one a f t e r 
node L , as x ^ , . . . , x ^ , X u + i » * * * > x r n o n z e r o e n t r i e s ( a ^ ^ > a ^ t ^ ) > • • • > 
(a, 1 . , a . 1 . ) . x 1 i s t he b a s i c v a r i a b l e b e f o r e node R and x 1 ... i s t h e 
v K r ' ' k f r u u+1 
79 
v a r i a b l e a f t e r node R i n t h e c y c l e . 
D e f i n e : 
g i = - T^1 (38> 
1 3 -1 a k « j 
go - / n 1 . - (39) 
j=u+ l a k ? j 
L e t d!^ c o r r e s p o n d t o t h e w e i g h t f o r x!^ i n t h e c y c l e . T h e n : 
i A a ' k ' L d L a ' k i i + l \ 
a k f R a R ' a" g 9 / 
d l - ~ ^ a ' a ' V ( 4 0 > 
V g l " a ' k ' v g 2 ; 
k J 
( d V A ^ l A 
l f _ W L L - V U 8 L J 
^ g 2 " a k ' u g 2 ^ 
(42) 
a 1 
d i = . d i —MZM j = u + 2 , . . . , v (43) 
j j - l a ' k j ' 
T h i s method o f o b t a i n i n g t h e e n t r i e s f o r t h e b a s i c v a r i a b l e s i n 
t h e c y c l e i s more c o m p l i c a t e d t h a n c o n s i d e r i n g t h e e n t e r i n g v a r i a b l e a s 
t h e sum o f two s l a c k v a r i a b l e s , g e t t i n g t h e r e p r e s e n t a t i o n s s e p a r a t e l y , 
and a d d i n g t h e co lumns t o g e t h e r . Howeve r , t h i s method r e q u i r e s t r a c i n g 
a r o u n d t h e c y c l e t w i c e , w h i l e t h e o t h e r method w o u l d r e q u i r e t r a c i n g 
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a r o u n d t h e c y c l e f o u r t i m e s . The d e n o m i n a t o r s i n E q s . (40) and (41) c a n 
be shown t o be n o n z e r o i n t h e c a s e t h a t t h e v a r i a b l e s c o r r e s p o n d i n g t o 
t h e c y c l e s fo rmed by x , P , P , and t he p a t h f r o m node R t o node L a r e 
1 LI K 
l i n e a r l y i n d e p e n d e n t . C a l c u l a t i n g t h e s e q u a n t i t i e s p r o v i d e s a t e s t o f 
where t h e b l o c k i n g v a r i a b l e m i g h t b e . 
We h a v e d i s c u s s e d a b o v e , f o r a l l t h e d i f f e r e n t c a s e s , t h e methods 
f o r g e n e r a t i n g t h e c u r r e n t r e p r e s e n t a t i o n f o r a n o n b a s i c v a r i a b l e i n 
terms o f t h e c u r r e n t b a s i c v a r i a b l e s . 
3 . 4 Row G e n e r a t i o n 
The d i s c u s s i o n i n t h e p r e v i o u s two s e c t i o n s r e l a t e d t o t h e o p e r a ­
t i o n s i n v o l v e d i n a p r i m a l s i m p l e x n e t w o r k a l g o r i t h m f o r t he g e n e r a l i z e d 
f l o w p r o b l e m . F o r a d u a l a l g o r i t h m a n o t h e r s i m i l a r c o n c e p t i s n e e d e d . 
I n g e n e r a l , a d u a l s i m p l e x method c h o o s e s as a d e p a r t i n g v a r i a b l e a b a s i c 
v a r i a b l e v i o l a t i n g t h e p r i m a l c o n s t r a i n t s . Once t h i s v a r i a b l e i s c h o s e n , 
i t s c o r r e s p o n d i n g row o f n o n b a s i c e n t r i e s i s n e e d e d , a n d t h e e n t e r i n g 
v a r i a b l e i s c h o s e n as t h e one a l l o w i n g t h e maximum change c o n s i s t e n t w i t h 
m a i n t a i n i n g d u a l f e a s i b i l i t y . A d u a l a l g o r i t h m r e q u i r e s t h e g e n e r a t i o n 
o f t h e r o w a s s o c i a t e d w i t h a s p e c i f i e d b a s i c v a r i a b l e . The method f o r 
d o i n g t h i s i s e s s e n t i a l l y t h e same as t h a t f o r d e t e r m i n i n g t h e s i m p l e x 
m u l t i p l i e r s and u p d a t e d c o s t s f o r n o n b a s i c a r c s i n t he p r i m a l m e t h o d . 
T h i s c l o s e c o n n e c t i o n i s e v i d e n t s i n c e i n t he p r i m a l c a s e t h e c u r r e n t 
c o s t s a r e i n f a c t t h e row a s s o c i a t e d w i t h t h e o b j e c t i v e f u n c t i o n . 
Suppose t h e c u r r e n t r ow a s s o c i a t e d w i t h a b a s i c v a r i a b l e x_. whose 
a s s o c i a t e d co lumn has i t s n o n z e r o e n t r i e s i n b l o c k k i s t o be g e n e r a t e d . 
F o r b a s i c v a r i a b l e x . t h i s row ( a \ ) i s o b t a i n e d b y m u l t i p l y i n g t h e c o r r e s -
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ponding row of the b a s i s i n v e r s e ( b ! ) and the o r i g i n a l columns f o r the 
n o n b a s i c columns 
(44) 
The c a l c u l a t i o n of the r e q u i r e d row of the i n v e r s e can be accom­
p l i s h e d i n the f o l l o w i n g manner. F i r s t , n o t e t h a t the i n v e r s e of a b l o c k 
d i a g o n a l m a t r i x i s a b l o c k d i a g o n a l m a t r i x o f the i n v e r s e s of the o r i g i n a l 
b l o c k s . Thus the row w i l l c o n t a i n zero e n t r i e s f o r a l l columns no t a s s o ­
c i a t e d w i t h B^. Next p a r t i t i o n i n t o B^ and B£ u s i n g column b^ f o r the 
b a s i s v a r i a b l e x . a s the 
J 
l a r y a f t e r Theorem 2 . 1 ) . 
^ t  p a r t i t i o n i n g column ( s e e the p a r t i t i o n i n g c o r o l -
0 I 0] 
I * 
. r k 
(45) 
The b l o c k Bj*] c o n t a i n s the r o o t or p s e u d o r o o t . The r e q u i r e d row of B^ 
i s the s o l u t i o n t o : 
- 1 
b * B - e J = ( 0 , . . . , 1 , 0 , . . . , 0 ) 
. t h • 
j p o s i t i o n 
(46) 
For c o n v e n i e n c e , the s u b s c r i p t j w i l l be dropped when r e f e r r i n g t o b * and 
3 
b * , . . . , b * w i l l be t h e components of b * . Let b * , . . . , b * be the e l e m e n t s of 
b* which m u l t i p l y B£ and B * + I J * m u l t i p l y BĴ . A l s o l e t b * m u l t i p l y 
a ^ . j and h * + ^ m u l t i p l y a ^ , Then Eq. (46) can be r e w r i t t e n : 
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[bf, ,b*] k » - [0—1] (47) 
Cb?+1> ,b*] ' r 
B k 
= [0 0] (48) 
The solution to Eq. (48) is obviously: 
b* - 0 i = v+1,...,r 
i 
(49) 
Equation (47) has the same form as Eq. (32) in Chapter I for deter­
mining the simplex multipliers, i.e., 
uB = c B (50) 
If b*.... ,b* are identified with elements of u and i f the vector 1' ' r 
(0,...,1) is identified with the vector c , Eqs. (50) and (47) are identi-
cal. But in Section 3.2 an iterative method was presented for solving 
the system of equations (50). Thus Eq. (47) can be solved in the same 
iterative manner, tracing out from the node above the arc for x_.. The 
entry for this node is calculated by noting that: 
a. , .b* - 1 
k'j v 
thus b* = -
v a. 
(51) 
Let two nodes p̂  and q^ correspond to any two rows of [B£ b ]̂ and let 
p. and q. be connected by the arc for the basic variable x . Let node r i i J u 
p. be nearer the root. 
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t o r o o t ^ u V u 
L e t b * be a s s o c i a t e d w i t h node p . and b * be a s s o c i a t e d w i t h node 
s * i t 
q . and assume b * h a s b e e n c a l c u l a t e d . Then b * i s c a l c u l a t e d u s i n g t h e 
^ 1 s t ° 
r e l a t i o n s h i p : 
a, b * + a. 
K U s k ' u t 
(52) 
I . E . , 
I - J ^ c u , . 
b * = b * 
t a t . s k f u 
T h i s i s t h e r e l a t i o n s h i p u s e d t o i t e r a t i v e l y c a l c u l a t e t h e n o n z e r o 
e l e m e n t s b j , . . . , b * _ ^ i n b * . The above deve lopmen t h a s shown t h a t t h e 
o n l y n o n z e r o e l e m e n t s o f t h e row o f t h e i n v e r s e c o r r e s p o n d i n g t o x^ a r e 
t h e ones a s s o c i a t e d w i t h t h e rows o f B.1 and h e n c e t h e nodes above t h e 
k 
a r c f o r x^ i n t h e a s s o c i a t e d g r a p h . M o r e o v e r , e a c h o f t h e s e e l e m e n t s 
w i l l i n f a c t be n o n z e r o . Once t h e s e n o n z e r o e l e m e n t s have b e e n c a l c u ­
l a t e d , t h e c u r r e n t r ow f o r x^ c a n be o b t a i n e d u s i n g E q . ( 4 4 ) . 
A n examp le o f t h e c o n s t r u c t i o n o f a r ow o f t h e i n v e r s e and t h e 
c u r r e n t row f o r a b a s i c v a r i a b l e i s now g i v e n u s i n g t h e samp le p r o b l e m 
f r o m C h a p t e r I I . 
The a r c s c o r r e s p o n d i n g t o b a s i c v a r i a b l e s a r e i n h e a v y l i n e s and f o r n o n -
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b a s i c v a r i a b l e s i n broken l i n e s . To g e n e r a t e the row a s s o c i a t e d w i t h x^_, 
t h e f o u r t h row of B ^ must be c a l c u l a t e d s i n c e the column f o r x_ i s the 
P 5 
f o u r t h column. 
x ? X 2 X 3 X 5 x 6 
1 1 0 0 0 
0 0 - 1 0 0 
0 - 1 2 2 0 
0 0 0 - 1 1 
0 0 0 0 L 
(53 ) 
To g e n e r a t e t h e row for x , p a r t i t i o n B about the column for x , 
T 0 0 0 0 
I - l 0 0 0 
0 2 2 - 1 0 
0 0 
r-l 0 0 
0 0 0 1 1 
(54 ) 
The row of the i n v e r s e t o be computed i s : 
b * - ( b * , . . . , b * ) (55 ) 
But by Eq. ( 4 9 ) : 
And by Eq. ( 5 1 ) : 
And by Eq. ( 5 2 ) : 
b * = b£ = b * = 0 
-D)B* 
BF = - A R = 1 
The f o u r t h row of B ^ i s : 
^ = [ 0 0 0 - 1 1 ] (56 ) 
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T o d e t e r m i n e t h e e n t r i e s f o r t h e n o n b a s i c v a r i a b l e s - x . , and x o S t h e 
1 4 8 
a p p r o p r i a t e o r i g i n a l co lumns a r e m u l t i p l i e d b y t h e c o n s t r u c t e d r o w . 
a . = b\ 
—l 
= [ 0 0 0 - 1 1 ] 
"~1 0 0 
-1 2 0 
0 0 0 
0 -1 0 
_ 0 0 - i l 
= [0 1 - 1 ] (57) 
F o r t he c a s e o f a p s e u d o r o o t e d component c o n s i d e r : 
x . 
T o g e n e r a t e the r o w a s s o c i a t e d w i t h x ^ , the t h i r d r o w o f 
c a l c u l a t e d : 
L i s 
X 3 X 4 X 5 
-1 2 0 
2 0 2 1 
0 -1 -1 
(58) 
•lbj_ + 2b£ 
2b- - b-
2 b 2 " b 3 
(59) 
S o l v i n g : 
b 3 
= " I 
_ 1 
2" 
= - 2 
(60) 
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The e n t r i e s i n t h e g e n e r a t e d row c o r r e s p o n d i n g t o x ^ , X £ , and x ^ 
a r e c a l c u l a t e d u s i n g E q . ( 4 4 ) . 
a t - ( - D ( - l ) = 1 (61) 
a2 = -1(4) = J 
a 6 = 1(2) = -2 
U s i n g t h e s e methods any row o f t h e i n v e r s e m a t r i x c o r r e s p o n d i n g t o 
a s p e c i f i c b a s i c v a r i a b l e and t h e c o r r e s p o n d i n g e n t r i e s f o r t h e n o n b a s i c 
v a r i a b l e s i n t he u p d a t e d r e p r e s e n t a t i o n o f t h a t r ow may be g e n e r a t e d 
d i r e c t l y f r o m t h e t r e e s t r u c t u r e o f t h e b a s i s and t h e o r i g i n a l c o e f f i ­
c i e n t m a t r i x . 
A n i n t e r p r e t a t i o n o f t h e n o n z e r o e n t r i e s i n a n u p d a t e d row may 
a l s o be g i v e n i n terms o f t h e c u r r e n t b a s i s g r a p h . C o n s i d e r t h e nodes 
i n t h e t r e e c o n t a i n i n g t h e b a s i c a r c ( v a r i a b l e ) whose row i s b e i n g 
g e n e r a t e d . Then o n l y n o n b a s i c a r c s i n c i d e n t on t h e s e nodes c a n have n o n ­
z e r o e n t r i e s . F u r t h e r , o n l y n o n b a s i c a r c s w h i c h a r e i n c i d e n t on t h e t r e e 
above t h e g e n e r a t i n g a r c c a n have n o n z e r o e n t r i e s . T h i s i s e v i d e n t f r o m 
t h e c o n s t r u c t i o n o f t h e c o r r e s p o n d i n g r o w o f t h e b a s i s i n v e r s e a l r e a d y 
g i v e n . N o n b a s i c a r c s w h i c h have b o t h ends i n t h e t r e e above t h e g e n e r a t ­
i n g a r c w i l l h a v e a n o n z e r o e n t r y o n l y i f t h e s i m p l e c y c l e o f b a s i c a r c s 
and t h e p a r t i c u l a r n o n b a s i c a r c f o r m a s e t o f l i n e a r l y i n d e p e n d e n t v e c ­
t o r s . 
T h e s e c h a r a c t e r i s t i c s may be s t a t e d as a t heo rem. 
Theorem 3.1 
The r o w i n t h e c u r r e n t t a b l e a u f o r b a s i c v a r i a b l e x . w i l l c o n t a i n 
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n o n z e r o e n t r i e s f o r o n l y t h e n o n b a s i c v a r i a b l e s c o r r e s p o n d i n g t o : 
1) A r c s w h i c h a r e i n c i d e n t on e x a c t l y one node i n t h e b a s i c t r e e 
above t h e a r c f o r x . . 
1 
2) A r c s w h i c h a r e i n c i d e n t on two nodes i n t h e b a s i s t r e e above 
x ^ s u c h t h a t t h e c y c l e fo rmed b y t h e a r c f o r t h e n o n b a s i c v a r i a b l e and 
a r c s f o r b a s i c v a r i a b l e s above x . c o n s t i t u t e t o a s e t o f l i n e a r l y i n d e -
p e n d e n t v e c t o r s . 
P r o o f : 
I f a n a r c c o r r e s p o n d i n g t o t h e n o n b a s i c v a r i a b l e x^ i s n o t i n c i d e n t 
on t h e t r e e above t he v a r i a b l e x ^ , t h e n x^. w i l l h a v e a z e r o e n t r y i n t h e 
c u r r e n t r o w f o r x . . T h i s i s s e e n s i n c e t h e e n t r y f o r x . i n t h e row f o r 
x . i s c a l c u l a t e d : 
l 
a . . = b ! b . (62) 
L J 1 J 
where b | i s t h e c o m p l e t e r o w o f t h e i n v e r s e f o r x . and b . i s t he o r i g i n a l 
i i J 
co lumn f o r x . . Bu t i t h a s i u s t b e e n shown t h a t a l l o f t he e l e m e n t s o f 
J 
bj, n o t c o r r e s p o n d i n g t o nodes above x ^ a r e z e r o . T h u s , s i n c e t h e n o n z e r o 
e l e m e n t ( s ) o f b . o c c u r i n rows where t h e e l e m e n t s o f b ! a r e z e r o a , . must 
J l i j 
e q u a l z e r o . 
I f t h e a r c c o r r e s p o n d i n g t o x^. has b o t h ends i n t h e t r e e above x ^ 
t h e n t h e p a t h s f r o m b o t h ends o f x^ t o t h e r o o t o r p s e u d o r o o t must i n ­
c l u d e x . . Hence x . and some s e t o f b a s i c v a r i a b l e s a s s o c i a t e d w i t h a r c s 
i J 
above x ^ must f o r m a c y c l e . Suppose t h a t t he co lumns c o r r e s p o n d i n g t o 
t h e c y c l e a r e l i n e a r l y d e p e n d e n t , b u t t h a t x^. h a s a n o n z e r o e n t r y ( a ^ j ) 
i n t h e c u r r e n t row f o r t h e b a s i c v a r i a b l e x_£. T h e n , d i s r e g a r d i n g p r i m a l 
f e a s i b i l i t y , a s i m p l e x p i v o t c o u l d be made on a . . mak ing x . b a s i c and x . 
i j ° j i 
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n o n b a s i c . I n te rms o f t he g r a p h t h i s w o u l d mean t h a t t h e t r e e w h i c h 
c o n t a i n e d x ^ w o u l d b r e a k i n t o two componen ts , one t r e e c o n s i s t i n g o f t h e 
nodes and a r c s n o t above x ^ , w h i c h w o u l d r e t a i n t h e r o o t o r p s e u d o r o o t , 
a n d a n o t h e r t r e e c o n s i s t i n g o f t h e nodes and a r c s above x . . The l a t t e r 
1 
t r e e w o u l d h a v e a p s e u d o r o o t fo rmed b y t h e c y c l e c o n t a i n i n g x ^ d e s c r i b e d 
p r e v i o u s l y . Bu t i t was assumed t h a t t h e co lumns o f t h e c y c l e we re 
l i n e a r l y dependen t and h e n c e t h e d e f i n i t i o n o f a b a s i s i s v i o l a t e d . 
T h i s c o n t r a d i c t i o n p r o v e s t h e l a s t p a r t o f t h e t h e o r e m . 
T h i s i n t e r p r e t a t i o n h a s a s p e c i a l s i g n i f i c a n c e f o r o r d i n a r y f l o w 
p r o b l e m s where i n e a c h co lumn f o r a r e g u l a r v a r i a b l e one n o n z e r o e n t r y 
i s a p l u s one and one i s a minus o n e . The s i n g l e n o n z e r o e n t r y f o r t h e 
co lumns o f t h e s l a c k o r a r t i f i c i a l v a r i a b l e s i s a p l u s o r minus o n e . 
I t i s w e l l known t h a t a b a s i s f o r t h e s e o r d i n a r y f l o w p r o b l e m s c a n 
c o n t a i n no p s e u d o r o o t s ( c y c l e s ) ( D a n t z i g [ 1 5 ] , J o h n s o n [ 5 8 ] ) . T h i s i s 
e a s i l y s e e n by c o n s i d e r i n g t he p X p m a t r i x o f s u c h a c y c l e : 
B = 
c 
V l a k 2 
\ ' 2 (63 ) 
a k ' p - l \ p 
The d e t e r m i n a n t o f s u c h a m a t r i x i s : 
<v - Jiaki - ^ ii vi (64) 
The c o e f f i c i e n t s f o r e a c h v a r i a b l e x . a r e g i v e n b y : 
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a. . = ± 1 and a, , . = - a , . 
k i k T 1 k i 
S i n c e B c i s a c y c l e , t h e n t h e r e a r e p r e c i s e l y p p l u s one and p minus one 
e n t r i e s i n B . Suppose r o f t he a , . a r e e q u a l t o p l u s o n e . T h e n ( p - r ) 
o f t h e a , , . a r e a l s o e q u a l t o p l u s o n e . S i m i l a r l y , ( p - r ) o f t he a , . and 
r o f t h e a ^ t ^ a r e e q u a l t o m inus o n e . The n o t a t i o n a ^ and a k » i i m p l i e s 
a d i r e c t i o n a r o u n d t h e c y c l e . I n t h i s d i r e c t i o n t h e above d i s c u s s i o n 
i m p l i e s we w i l l have r f o r w a r d a r c s and ( p - r ) r e v e r s e a r c s . The c a l c u l a ­
t i o n o f t h e d e t e r m i n a n t o f B i s : 
c 
& \ ± - ( - D P " R ( D R - < - D P 
- r ( 6 5 ) 
° - V I = ( - D R ( D P " R = ( " D R ( 6 6 ) 
i = l 
Bu t 
Thus 
D e t ( B J - ( - l ) P " r - ( - l ) P ( - l ) r ( 6 7 ) 
( _ l ) r s ( „ i ) - r ( 6 8 ) 
D e t ( B J - ( - l ) P ~ r - ( - l ) P ( - l ) " r = 0 ( 6 9 ) 
S i n c e r was c h o s e n a r b i t r a r i l y , no c y c l e may be i n t h e b a s i s f o r t h e o r d i ­
n a r y f l o w p r o b l e m . T h i s l e a d s t o a c o r o l l a r y t o Theorem 3 . 1 . 
C o r o l l a r y : F o r t h e o r d i n a r y f l o w p r o b l e m , t h e o n l y n o n z e r o e n t r i e s i n 
t h e c u r r e n t row f o r b a s i c v a r i a b l e x . a r e f o r n o n b a s i c v a r i a b l e s x . whose 
c o r r e s p o n d i n g a r c s a r e i n c i d e n t on one node o f the t r e e above t h e a r c 
f o r v a r i a b l e x . . 
x 
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P r o o f : 
I f t h e a r c f o r n o n b a s i c v a r i a b l e x . i s i n c i d e n t on two nodes above 
J 
x . , t h e n i t i s c o n t a i n e d i n a c y c l e w i t h a s e t o f b a s i c a r c s above x . 
and t h e c y c l e c o r r e s p o n d s t o a s e t o f l i n e a r l y dependen t c o l u m n s . H e n c e , 
b y Theorem 3 . 1 t he c o r o l l a r y i s t r u e . 
I t c a n a l s o be n o t e d t h a t , f o r t h e m a t c h i n g p r o b l e m , where a ^ = 
a ^ , ^ « 1 f o r a l l i , no e v e n c y c l e s c a n be i n t h e b a s i s . I f t h e y w e r e , 
t h e n t h e d e t e r m i n a n t o f t h e s u b m a t r i x o f t h e c y c l e w o u l d be g i v e n b y 
E q . (64) a s : 
D e t ( B c > - & \ i - ( ^ > P L V i 
(70) 
b u t 
a ^ = a ^ i ^ " 1 f ° r a l l i and p i s e v e n . 
D e t ( B c ) - (1 ) - ( - 1 ) P 1 - 1 - 1 - 0 (71) 
w h i c h i s n o t p o s s i b l e . T h i s r e s u l t i s w e l l known and h a s b e e n p r o v e d b y 
J o h n s o n [58] and o t h e r s . 
3 . 5 B a s i s Change and U p d a t i n g S i m p l e x M u l t i p l i e r s 
Row g e n e r a t i o n h a s a c l o s e r e l a t i o n s h i p t o t h e u p d a t i n g o f s i m p l e x 
m u l t i p l i e r s and n o n b a s i c e v a l u a t o r s a f t e r a b a s i s c h a n g e . C o n s i d e r t h e 
p r i m a l s i m p l e x o p e r a t i o n s p e r f o r m e d i n u p d a t i n g t h e o b j e c t i v e r o w i n a 
t a b l e a u . The p i v o t e l e m e n t i s i n t h e co lumn o f t h e e n t e r i n g n o n b a s i c 
v a r i a b l e x,. and i n t h e row o f t he d e p a r t i n g b a s i c v a r i a b l e x ^ . T o u p d a t e 
t h e o b j e c t i v e f u n c t i o n r o w t h e r a t i o c^/a^^ i s m u l t i p l i e d b y t h e row c o r -
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r e s p o n d i n g t o and s u b t r a c t e d f r o m t h e c u r r e n t u p d a t e d c o s t r o w . Hence 
o n l y t h e s i m p l e x m u l t i p l i e r s and c u r r e n t c o s t s w i t h n o n z e r o e n t r i e s i n 
t h e r o w c o r r e s p o n d i n g t o t h e b a s i c v a r i a b l e a r e c h a n g e d . T h i s p r o p e r t y 
i s t h e b a s i s f o r t h e t heo rem o f G l o v e r , K l i n g m a n , and K e a r n y [34] f o r u p ­
d a t i n g t h e o b j e c t i v e f u n c t i o n r o w fo r t h e o r d i n a r y t r a n s p o r t a t i o n p r o b l e m . 
By o b s e r v i n g t h e s t r u c t u r e o f t h e b a s i s b e f o r e and a f t e r a b a s i s 
change i s made, t h e s i m p l e x m u l t i p l i e r s w h i c h must be r e c a l c u l a t e d c a n 
be s p e c i f i e d e x a c t l y . The n a t u r e o f t h e change i n t h e s t r u c t u r e o f t h e 
b a s i s i s d e t a i l e d i n t h e two lemmas and a c o r o l l a r y w h i c h f o l l o w . S e v e r a l 
examp les a r e g i v e n i n F i g u r e 7 . 
F i r s t d e n o t e two d i s t i n c t components o f t h e b a s i s as B^ and B 2 » 
L e t x . be t h e e n t e r i n g n o n b a s i c v a r i a b l e w i t h a s s o c i a t e d co lumn b . and x . 
i 1 J 
b e t h e l e a v i n g b a s i c v a r i a b l e w i t h a s s o c i a t e d co lumn b . w h i c h i s a co lumn 
J 
o f B 2 » By t h e s e c o n d c o r o l l a r y t o Theorem 2 . 1 , l e t B 2 be p a r t i t i o n e d 
i n t o two b l o c k s b y b^ so t h a t B 2 c o n t a i n s t h e r o o t o r p s e u d o r o o t o f B 2 
and BJJ i s above b ^ . I f b^ i s a s l a c k co lumn o r i n a c y c l e t h e n BJJ = B 2 
and B 2 i s empty b y d e f i n i t i o n . 
Lemma 3 . 2 
L e t b . r e p l a c e b . i n t h e b a s i s . I f b . has i t s n o n z e r o e n t r i e s i n 
rows c o r r e s p o n d i n g t o t h e two d i s t i n c t b l o c k s B^ and B 2 > t h e n a f t e r t h e 
b a s i s change B 2 i s a d i s t i n c t b l o c k and B^ t o g e t h e r w i t h b ^ and B' 2 i s a 
d i s t i n c t b l o c k . A t r a c e f r o m a n o n z e r o e l e m e n t o f B^ t o a n o n z e r o e l e ­
ment o f B' 2 i n a s e r i e s o f a l t e r n a t i n g r o w a n d co lumn move o n n o n z e r o 
e l e m e n t must c o n t a i n t h e n o n z e r o e l e m e n t s o f b . . 
i 
(a ) A r c e n t e r s , 
R o o t l e a v e s . 
(b) A r c e n t e r s , 
P s e u d o r o o t l e a v e s 
( c ) A r c e n t e r s , 
A r c l e a v e s . 
-*5 e n t e r i n g a r c 
l e a v i n g a r c 
F i g u r e 7 . B a s i s Exchange C o n f i g u r a t i o n s 
ro 
^Q—<) 0 O 
(d) R o o t e n t e r s , (e ) R o o t e n t e r s , ( f ) R o o t e n t e r s , 
R o o t l e a v e s . P s e u d o r o o t l e a v e s . A r c l e a v e s . 
e n t e r i n g a r c 
l e a v i n g a r c 
F i g u r e 7 . ( C o n t i n u e d ) VO 
00 
(g) P s e u d o r o o t e n t e r s , 
R o o t l e a v e s . 
T\> Q;—cr 
(h) P s e u d o r o o t e n t e r s , ( i ) P s e u d o r o o t e n t e r s , 
P s e u d o r o o t l e a v e s . A r c l e a v e s . 
X E 
e n t e r i n g a r c 
*L , . 
l e a v i n g a r c 
F i g u r e 7 . ( C o n c l u d e d ) ^ 
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P r o o f : 
The p o r t i o n o f t h e b a s i s c o r r e s p o n d i n g t o and i s g i v e n i n 
p a r t i t i o n e d fo rm a s : 
B ' = 
E , » 0 I 
R ~ 2 
0 
A f t e r t h e b a s i s change i t becomes : 
(72) 











T h a t B^ r ema ins unchanged i s c l e a r , s i n c e i t s co lumns a r e n o t a f ­
f e c t e d b y t h e e x c h a n g e . S i n c e B£ and BJJ have no n o n z e r o e n t r i e s i n t he 
i n t e r s e c t i o n o f t h e i r rows and c o l u m n s , t h e d e l e t i o n o f b,. l e a v e s B^ as a 
d i s t i n c t b l o c k . 
The e n t e r i n g co lumn b^ has a n o n z e r o e n t r y i n a row c o r r e s p o n d i n g 
t o BJJ b y d e f i n i t i o n o f e n t e r i n g and l e a v i n g v a r i a b l e . T h u s , w i t h t h e 
a d d i t i o n o f b^ t o t h e b a s i s a l l o f B'^ w o u l d become p a r t o f t h e same com­
p o n e n t as B^ u s i n g t h e c o n s t r u c t i v e p r o c e s s f o r d e f i n i n g a b l o c k ( s e e 
Theorem 2 . 1 ) . S i n c e t h e y we re d i s t i n c t b l o c k s , B1^ o r i g i n a l l y h a d no n o n ­
z e r o e n t r i e s i n common w i t h B ^ . T h u s , b^ i s t h e o n l y co lumn w i t h a n o n ­
z e r o e n t r y i n a r o w o f B^ and a n o n z e r o e n t r y i n a r ow o f B ^ , p r o v i n g t h e 
l a s t p a r t o f t h e lemma. 
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The lemma c a n be s t a t e d i n te rms o f t h e a s s o c i a t e d g r a p h . B e f o r e 
t h e b a s i s change B^ and B^ a r e b o t h r o o t e d ( p s e u d o r o o t e d ) t r e e s . B^ 
c o n t a i n s t h e r o o t o r p s e u d o r o o t f o r B2 ( i f i t i s n o t e m p t y ) . B£ i s c o n ­
n e c t e d t o B ' b y t h e a r c f o r x . and i s i n f a c t above t h i s a r c . A f t e r t h e 
2 J 
b a s i s change B^ c o r r e s p o n d s t o a r o o t e d t r e e . B ^ , b ^ , and BJJ f o r m a 
r o o t e d t r e e and BU i s above t h e a r c f o r x . . A n example o f t h i s i s : 
2 i r 
B e f o r e t h e e x c h a n g e : 
B 
T r e e 2 
O t h e r examp les i l l u s t r a t i n g t h e lemma a r e g i v e n i n F i g u r e 7 ( a , b , c ) , 
I f t h e l e a v i n g v a r i a b l e i s a r o o t o r p a r t o f a p s e u d o r o o t , t h e n 
t h e n B1^ = % 2 and t h e b l o c k s B^ and B^ w i l l become one b l o c k a f t e r t h e e x ­
c h a n g e ; o t h e r w i s e , t h e y w i l l r e m a i n as two d i s t i n c t b l o c k s a f t e r t h e e x ­
c h a n g e . I n t h e c a s e t h a t t h e e n t e r i n g co lumn h a s o n l y one n o n z e r o e n t r y 
t h e f o l l o w i n g c o r o l l a r y t o t h e lemma h o l d s . 
L e t t h e co lumn b_̂  a s s o c i a t e d w i t h t he n o n b a s i c e n t e r i n g v a r i a b l e 
x ^ h a v e o n l y one n o n z e r o e n t r y i n a r ow c o r r e s p o n d i n g t o t he b l o c k H>2, 
L e t 1£>2 be p a r t i t i o n e d i n t o B£ and B!J b y t h e co lumn b^ o f t h e l e a v i n g 
v a r i a b l e x . . 
J 
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C o r o l l a r y : A f t e r t h e b a s i s e x c h a n g e i s a d i s t i n c t b l o c k and B^ i s a 
d i s t i n c t b l o c k w i t h b . a s i t s r o o t . 
P r o o f : 
The p r o o f i s t h e same a s f o r t h e lemma w i t h B^ e m p t y . 
E x a m p l e s o f t h e c o r o l l a r y a r e i n F i g u r e 7 ( d , e , f ) . 
On t h e o t h e r h a n d , c o n s i d e r t h e c a s e w h e r e t h e c o l u m n b . f o r t h e 
' i 
n o n b a s i c e n t e r i n g v a r i a b l e x^ h a s b o t h n o n z e r o e n t r i e s i n two r o w s o f 
t h e same c o m p o n e n t B^. L e t x^ and b^ b e d e f i n e d a s b e f o r e . L e t s b e 
t h e n o d e w h e r e t h e p a t h s f r o m t h e r o w s o f t h e n o n z e r o e n t r i e s o f b ^ j o i n 
b e f o r e r e a c h i n g t h e r o o t o r p s e u d o r o o t . L e t t h e n o d e s w h e r e t h e p a t h s 
m e e t t h e p s e u d o r o o t b e n ^ and n ^ , r e s p e c t i v e l y . L e t b^ p a r t i t i o n B^ i n t o 
B^ and B '̂ a s b e f o r e . 
Lemma 3 , 3 
I f b . h a s i t s n o n z e r o e l e m e n t s i n two r o w s o f t h e same b l o c k B - , 
i 1 
t h e n a f t e r t h e b a s i s e x c h a n g e e i t h e r 1 ) a n o n z e r o e n t r y o f B!£ c a n b e 
r e a c h e d f r o m a n o n z e r o e n t r y o f B | t h r o u g h a s e r i e s o f a l t e r n a t i n g row 
and c o l u m n m o v e s o n n o n z e r o e l e m e n t s o n l y b y g o i n g t h r o u g h t h e n o n z e r o 
e l e m e n t s o f b . o r 2 ) B' i s a d i s t i n c t b l o c k and B' 1 i s a d i s t i n c t b l o c k 
l 1 1 
w i t h a p s e u d o r o o t c o m p r i s e d o f t h e c o l u m n b ^ f o r t h e e n t e r i n g v a r i a b l e 
x . and t h e c o l u m n s o f t h e v a r i a b l e s i n t h e p a t h s f rom b o t h e n d s o f x . t o 
t h e j o i n i n g n o d e ( s ) s ( n ^ a n d n ^ ) . 
P r o o f : 
F o r ( 1 ) t h e p r o o f i s e s s e n t i a l l y t h e same a s Lemma 3 . 1 . F o r ( 2 ) 
Bj^ c o n t a i n s a r o o t o r p s e u d o r o o t and h a s n o common n o n z e r o e n t r i e s w i t h 
B^ a f t e r t h e d e l e t i o n o f b^ ; t h u s i t i s a d i s t i n c t c o m p o n e n t . I f B^ 
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c o n t a i n e d a r o o t o r i f s was above t h e r o o t o r p s e u d o r o o t , t h e n B^' h a s as 
i t s p s e u d o r o o t the e n t e r i n g v a r i a b l e and a l l v a r i a b l e s i n t h e p a t h s t o 
s f r o m b o t h ends o f x ^ . I f n ^ and n ^ a r e d i s t i n c t , t h e n t h e p s e u d o r o o t 
o f B!£ i s c o m p r i s e d o f x ^ , t h e v a r i a b l e s i n t h e p a t h s t o n ^ and n ^ , and 
t h e p a r t o f t h e c y c l e b e t w e e n n ^ and n ^ n o t c o n t a i n i n g t h e l e a v i n g v a r i a b l e 
x , . , I f t he l e a v i n g v a r i a b l e i s a r o o t o r i n a p s e u d o r o o t , t h e n B£ i s 
empty . 
Some c a s e s c o v e r e d b y t h e lemma a r e shown i n F i g u r e 7 ( g , h , i ) , 
The f o l l o w i n g t heo rem u s e s t h e s t r u c t u r e o f a b a s i s change e s t a b ­
l i s h e d i n t h e p r e c e d i n g lemmas and c o r o l l a r y t o s p e c i f y t h e r e c a l c u l a t i o n 
o f s i m p l e x m u l t i p l i e r s . 
Theorem 3 , 2 
The o n l y s i m p l e x m u l t i p l i e r s w h i c h n e e d t o be r e c a l c u l a t e d a f t e r a 
b a s i s change a r e t h o s e a s s o c i a t e d w i t h nodes above t h e e n t e r i n g a r c . 
P r o o f : 
The d e f i n i t i o n s and t e r m i n o l o g y u s e d i n t h e lemmas and c o r o l l a r y 
a r e u s e d h e r e . F i r s t c o n s i d e r t h e c a s e where t h e co lumn b . o f t he e n t e r -
i n g v a r i a b l e x ^ h a s i t s two n o n z e r o e n t r i e s i n t h e rows o f two d i s t i n c t 
components B^ and B ^ . L e t t h e co lumn b^ o f t h e l e a v i n g v a r i a b l e x^ p a r ­
t i t i o n B£ i n t o B^ and B1^ as b e f o r e . S i n c e B^ and B^ r e t a i n t h e same f o r m , 
t h e c o r r e s p o n d i n g s i m p l e x m u l t i p l i e r s r e m a i n t h e same. L e t t t ^ b e t h e s i m ­
p l e x m u l t i p l i e r a s s o c i a t e d w i t h t h e r o w o f B^ c o n t a i n i n g t h e n o n z e r o 
e n t r y a ^ o f b ^ . T h e n f o r t h e e q u a t i o n o f BJJ c o n t a i n i n g t h e o t h e r n o n z e r o 
e n t r y , t h e s i m p l e x m u l t i p l i e r (tt ) i s d e t e r m i n e d b y t h e e q u a t i o n : 
V r + V i " s " c i ( 7 4 ) 
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B u t TT does n o t c h a n g e . T h u s : 
r 
c . - TT a , . 
TT = — (75) 
s V i 
S i n c e B^ c o n t a i n s no o t h e r n o n z e r o e n t r i e s i n common w i t h B ^ , t h e r e m a i n ­
i n g s i m p l e x m u l t i p l i e r s a r e d e t e r m i n e d i t e r a t i v e l y as d e m o n s t r a t e d i n 
S e c t i o n 3 . 2 . 
I f t h e e n t e r i n g v a r i a b l e i s a r o o t as i n t he c o r o l l a r y , t h e n t h e 
s i m p l e x m u l t i p l i e r s have t o b e d e t e r m i n e d o n l y f o r BJJ w i t h t h e one a t t he 
r o o t ( n r ) d e t e r m i n e d b y : 
a . .TT = c (76) 
k i r r 
TT = c / a , . 
r r k i 
The c a s e where b o t h n o n z e r o e n t r i e s o f b . a r e i n t h e same t r e e as 
l 
i n Lemma 3 . 3 f o l l o w s t h e same p a t t e r n . I f t h e d r o p p i n g v a r i a b l e i s above 
t h e j o i n i n g node s , t h e n t h e r e c a l c u l a t i o n o f t h e s i m p l e x m u l t i p l i e r s i s 
t he same as t h e f i r s t i n s t a n c e . I f a d i s t i n c t component B^ i s fo rmed 
w i t h a p s e u d o r o o t , t h e n t h e s i m p l e x m u l t i p l i e r s o f t h e c y c l e a r e c a l c u ­
l a t e d and t he r e m a i n d e r c a l c u l a t e d t r a c i n g o u t f r o m e a c h node o f t h e 
c y c l e as b e f o r e . 
The f o l l o w i n g examp les f r o m F i g u r e 3 ( f , g ) o f t h e example o f S e c t i o n 
2 , 4 d e m o n s t r a t e t h e u s e o f t h e t h e o r e m . The g r a p h i c a l r e p r e s e n t a t i o n o f 
t h e p r o b l e m b e f o r e t h e b a s i s c h a n g e , w i t h x , e n t e r i n g and x 9 l e a v i n g i s : 
100 
T r e e 1 
A f t e r t h e b a s i s c h a n g e : 
T r e e 2 




The e q u a t i o n f o r t he s i m p l e x m u l t i p l i e r s b e f o r e the change w a s : 
(77 ) 
n ' B 2 = c 
w i t h : 
'2 0 0 
- 1 1 0 
.0 1 IJ 
t t = [rr^ n 2 ] % - [0 3] 
B l 
n ' » [ n 3 t t 4 t t 6 ] c f i = [1 2 1000] 
U s i n g t h e i t e r a t i v e scheme t r a c i n g o u t f r o m t h e r o o t o f a t r e e , t h e s i m ­
p l e x m u l t i p l i e r s c a n be c a l c u l a t e d . 
F o r T r e e 1: 
( l ) n 1 = 0 TT1 = 0 (78) 
n l " n 2 " 3 n 2 * - 3 
F o r T r e e 2 : 
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( 1 ) T T 5 = 1000 n 5 =* 1000 (79) 
TT j - 4- TT , ~ 2 
5 4 
2rf 0 - TT. = 1 
3 4 
rr4 = -998 
n 3 - - 9 9 7 / 2 
A f t e r t h e b a s i s change t h e r e i s o n l y one t r e e , s i n c e a r o o t l e f t t h e 
b a s i s . 
[TT T T ' ] 
1 ? 




B 2 L B 2 | 
(80) 
[ n l n 2 ^ 3 
T T 4 T T 5 ] 
T 1 0 0 0 Iff 
0 -1 2 0 0 3 
0 0 0 2 0 = 3 
0 0 -1 -1 1 1 
0 0 0 JJ 2 
(81) 
TT and r e m a i n t h e same. The c a l c u l a t i o n s f o r the s i m p l e x m u l ­
t i p l i e r s above x ^ a r e : 
2 n 2 - T T 4 - 3 
2 n 0 - TT , = 1 3 4 
TT. + TT_ = 2 
4 5 
TT. = ~ 9 
4 
n 3 " " 4 
n 5 = 11 
(82) 
A n o t h e r examp le w i t h a p s e u d o r o o t i s t a k e n f r o m t h e i t e r a t i o n s 
shown i n F i g u r e s 3 ( d , e ) . B e f o r e t he c h a n g e , w i t h x ^ e n t e r i n g and x ^ 
l e a v i n g : 
X 
T r e e 2 
T r e e 1 
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A f t e r t he c h a n g e : 
B 2 - ° B 2 1 B l 
(83) 
w i t h 
B t = [1] B 2 = 
- 1 2 0 
2 0 2 
0 -1 -1 
TT = 





The c a l c u l a t i o n s f o r t h e m u l t i p l i e r s b e f o r e t h e change ; 
F o r T r e e 1 
- r r 2 + 2rr 3 = 2 n 2 = 4 (84) 
2rr 2 - n 4 = 3 n 3 = 3 
F o r T r e e 2 
^ 3 " n 4 = 1 n 4 = 5 
^ . n o p . 1 0 0 0 (85) 
A f t e r t he b a s i s c h a n g e , t h e r e i s one component 





, b . 




[TT T T 1 ] = [ T T 5 T T 4 H 3 T T 2 ] ( 8 7 ) 
B = 
P 
J J 1 - f i . -
' l l - l 
! ' 2 




1 0 0 0 
2 
C B " 1 
2 
n - r ema ins t h e same. Nodes 2 , 3 , and 4 a r e above t h e a r c f o r x,,, 
1 ' 6 
T T , = 
T T „ = 
c , - n , = 2 - 1 0 0 0 = - 9 9 8 
6 5 
°5 + T T 5 1 - 9 9 8 - 9 9 7 
( 8 8 ) 
- c 3 + 2 n 3 = - 2 - 9 9 7 = - 9 9 9 
3 . 6 L a b e l i n g the T r e e 
I n the e a r l i e r s e c t i o n s , methods f o r c a r r y i n g ou t t he s i m p l e x 
o p e r a t i o n s f o r t h e GFP have b e e n d e v e l o p e d w h i c h u t i l i z e a g r a p h i c a l 
r e p r e s e n t a t i o n o f t he p r o b l e m . The p r o c e d u r e s n e e d a n e f f i c i e n t means f o r 
i d e n t i f y i n g t h e t r e e s t r u c t u r e and f o r t r a c i n g up and down a r o o t e d o r 
p s e u d o r o o t e d t r e e . The method o f d o i n g t h i s w i l l be d i s c u s s e d now. 
G l o v e r , K l i n g m a n , and K e a r n y [ 3 4 ] have p r e s e n t e d a scheme c a l l e d t h e a u g ­
mented p r e d e c e s s o r i n d e x method f o r m a i n t a i n i n g t h e t r e e f o r o r d i n a r y 
t r a n s p o r t a t i o n p r o b l e m s . T h e y i n d i c a t e t h a t i t i s e s s e n t i a l l y t h e t r i p l e 
l a b e l i n g method o f J o h n s o n [ 5 9 ] . S r i n i v a s a n and Thompson [ 8 7 ] h a v e a l s o 
p r e s e n t e d a s i m i l a r scheme, and M a u r r a s [ 7 1 ] i n d i c a t e s a l a b e l i n g p r o ­
c e d u r e f o r t h e GFP b u t does n o t g i v e the d e t a i l s . The methods g i v e n h e r e 
a r e e x t e n s i o n s o f J o h n s o n ' s t r i p l e l a b e l i n g scheme f o r t he o r d i n a r y f l o w 
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p r o b l e m . 
The r e q u i r e m e n t s f o r a l a b e l i n g scheme a r e : 
1 ) T r a c e f r o m a node i n t h e t r e e t o t h e r o o t . 
2 ) T r a c e a l l n o d e s a b o v e a s p e c i f i e d n o d e . 
3 ) D e t e c t when a r o o t o r p s e u d o r o o t h a s b e e n r e a c h e d i n a t r a c i n g 
down a t r e e . 
4 ) T r a c e t h e n o d e s o f a p s e u d o r o o t . 
5 ) E f f i c i e n t u p d a t i n g o f l a b e l s when a b a s i s c h a n g e i s m a d e . 
The e s s e n c e o f t h e row and co lumn g e n e r a t i o n p r o c e d u r e s i s t o u s e 
t h e l a b e l s t o c a l c u l a t e t h e c u r r e n t r e p r e s e n t a t i o n o f a row o r co lumn 
d i r e c t l y , w i t h o u t t h e n o d e - l a b e l i n g s e a r c h o f an o u t - o f - k i l t e r t y p e a l ­
g o r i t h m . Two schemes w i l l be p r e s e n t e d : one w i t h t h e r e s t r i c t i o n t h a t 
i f t h e r e i s an a r c b e t w e e n two n o d e s i t i s u n i q u e a n d t h e o t h e r w i t h o u t 
t h i s r e s t r i c t i o n . 
F o r t h e f i r s t m e t h o d t h e l a b e l s w i l l be node numbers o f o t h e r 
n o d e s i n t h e same t r e e . C o n s i d e r n o d e i . T h e n , i f node j i s c o n n e c t e d 
t o node i by a b a s i c a r c , a d e v i c e i s n e e d e d t o d e t e r m i n e t h e a r c b e t w e e n 
i a n d j ; t h a t i s , w h i c h v a r i a b l e ( x ^ ) o c c u r s i n e q u a t i o n i and i n e q u a ­
t i o n j . F rom t h i s a ^ and a ^ may be f o u n d . L e t t h e r e be n r e g u l a r 
v a r i a b l e s ( t w o e n d e d a r c s ) a n d s s l a c k a r c s ( s l a c k a n d a r t i f i c i a l v a r i ­
a b l e s ) . D e f i n e t h e f u n c t i o n N . . such t h a t N . . - k i f t h e n o n z e r o c o e f f i -
c i e n t a ^ ° f o c c u r s i n e q u a t i o n i and a ^ o c c u r s i n e q u a t i o n j a n d 
N . . - - k i f a i s i n e q u a t i o n j and a_ i n e q u a t i o n i . 
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N . . = k i f b. 
i j k 
F u r t h e r 
l l k 
0 
l 2 k 
0 
N. . = - k i f b, = 
i j k l 2 k 
0 








I n terms o f d i r e c t i o n o f an a r c as d e f i n e d p r e v i o u s l y = k, i f a r c k 
i s d i r e c t e d away f rom node i t oward node i and N . . — - k i f a r c k i s f rom 
j t o i . L e t t h e r e be m e q u a t i o n s ( n o d e s ) . I f t h e r e i s a s l a c k a r c a t 
e q u a t i o n i a d d r e s s i t by d e f i n i n g ^ m + ^ ^ ~ k. 
A s s o c i a t e d w i t h e a c h node i w i l l be t h r e e l a b e l s : t he down l a b e l 
( D t ) , t he u£ l a b e l (u\) , and the r i g h t l a b e l (EL). The down l a b e l w i l l 
i n d i c a t e the next node c l o s e r t o the r o o t (or p s e u d o r o o t ) c o n n e c t e d t o 
the c u r r e n t node by a b a s i c a r c . The node on w h i c h a b a s i c s l a c k a r c i s 
i n c i d e n t i s c a l l e d t he r o o t node and has a down l a b e l o f z e r o . I f a node 
i s p a r t o f a p s e u d o r o o t , i t s down l a b e l w i l l be n e g a t i v e . 
T h u s , = j i n d i c a t e s t h a t node j i s the n e x t node down the t r e e 
c o n n e c t e d to node i by a r c k = | N . . 1 . I f D. = 0 , node i i s t he r o o t node 
i J i 
and the a s s o c i a t e d b a s i c s l a c k a r c i s k = N , . . I f D. < 0 then node i 
m+1 i l 
i s p a r t o f a c y c l e o f b a s i c a r c s . 
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The up l a b e l U i n d i c a t e s a node c o n n e c t e d t o node i by a b a s i c 
a r c , one a r c f a r t h e r away f r om the r o o t o r p s e u d o r o o t . I f = j , t hen 
a r c k - I N . . i s the b a s i c a r c c o n n e c t i n g nodes i and i and a r c k i s i n 
t he p a t h f r om node j t o t he r o o t o r p s e u d o r o o t . = 0 i n d i c a t e s t h a t 
t h e r e a r e no nodes above node i ; t h a t i s , node i i s a t t he end o f a t r e e . 
S i n c e more than one node may be d i r e c t l y above a p a r t i c u l a r n o d e , the 
r i g h t l a b e l R. i n d i c a t e s a node ( o t h e r t han i ) d i r e c t l y above the node D. 
° 1 l 
T h a t i s , nodes i and R. a r e b o t h above the same node ( D . ) . R. = 0 i n d i -
l i i 
c a t e s t h a t t h e r e a r e no o t h e r nodes above node D. w h i c h have n o t been 
I 
s p e c i f i e d by an up o r r i g h t l a b e l . F o r e x a m p l e : 
map 
<2> 
r o o t 
(a) i D. 
i 
U . i 
R. 
1 
1 0 2 0 
2 1 4 0 
3 2 0 5 
4 2 0 3 






















The l a b e l s i n (a) o r (b) may be u s e d t o r e p r e s e n t the t r e e s t r u c ­
t u r e i n the g raph s h o w i n g t h a t a p a r t i c u l a r s e t o f l a b e l s i s n o t n e c e s ­
s a r i l y the u n i q u e r e p r e s e n t a t i o n . I f < 0 , t hen node i s i s i n a c y c l e , 
and R^ i n d i c a t e s an a d j a c e n t node i n t he c y c l e . 
T h i s l a b e l i n g scheme a l l o w s t r a c i n g up o r down a t r e e as r e q u i r e d 
to c a r r y o u t the s i m p l e x o p e r a t i o n s f o r t he GFP w h i c h have been d e s c r i b e d 
To t r a c e down a t r e e , the p a t h t o t he r o o t o r p s e u d o r o o t i s f o u n d b y : 
n. = D. , 
l + l I 
a . = [N 
I n . , n . n 
i ' l + l 
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T h i s p roceeds u n t i l D. ^ 0 . I f D. = 0 , t hen t h e s l a c k a r c i s a = N . . 
i i s m + l , i 
I f D. < 0 , then l e t p = i , and l e t n . , = R . , a . = j N I u n t i l n . = p 
l l + l i i 1 n . n. ' l r 
i k+1 
i n w h i c h c a s e the c y c l e has been t r a c e d . 
The example b e l o w shows the down t r a c e r e q u i r e d t o o b t a i n the r e p r e 
s e n t a t i o n o f a n o n b a s i c a r c between a r o o t e d and a p s e u d o r o o t e d t r e e . 
















-= - N 
12 
- - N 
31 




= - N 
65 
= - N 
=-- - N 
76 
78 
= - N 
97 








= - N 
1 i D. U . R. — i i i 
2 1 0 2 0 
2 1 0 3 
3 3 1 5 0 
4 3 0 0 
4 5 3 0 4 
6 7 0 0 
5 7 - 1 6 8 
8 - 1 10 9 
6 9 - 1 0 7 
10 8 11 0 
7 11 10 0 12 









To d e t e r m i n e the r e p r e s e n t a t i o n o f n o n b a s i c a r c x , , node f i v e w i l l 
o 
be c a l l e d i t s l e f t end and node s i x i t s r i g h t e n d . T r a c i n g down l a b e l s 
f rom node s i x and f i n d i n g the c o n n e c t i n g a r c s d e f i n e s t he p a t h : 
n 2 = D L = 3 | N 5 3 | = 5 
n 3 = D 3 = _ - ! | N 3 1 | = 3 
D L = 0 | N 1 3 J = 1 ( 5 , a 5 , 3 , a 3 , 1, 
T h i s i s t he p a t h to t h e r o o t and t h e s l a c k a r c a t t he r o o t . From the 
r i g h t s i d e : 
n i = 6 
n 2 = D 6 = 7 !N6?i 
D = -1 n = R ? = 8 |N | = 8 p = 7 
n 4 = R S = 9 IV = 9 
n r — R_ = 7 N__ = 10 T e r m i n a t e s i n c e n_ = p . 5 9 1 97 ' 5 
( 6 , a y , 7 , a g , 8 , a g , 9 , a 1 Q J 7) 
T h i s i s t he p a t h t o t h e p s e u d o r o o t and the p s e u d o r o o t . These s e q u e n c e s 
o f nodes and a r c s a r e u s e d to d e r i v e the co lumn r e p r e s e n t i n g x ^ i n te rms 
o f t he b a s i c v a r i a b l e s . 
To t r a c e a l l o f t he nodes above a s p e c i f i e d n o d e , the f o l l o w i n g 
a l g o r i t h m i s u s e d : 
L e t the o r i g i n a l node be k . 
(1) F o l l o w the up l a b e l s u n t i l u\ = 0 f o r some i . 
(2) I f R. ^ 0 , l e t i - R, and go t o s t e p 1 , o t h e r w i s e go to s t e p 3 . 
(3) L e t i = D^ . I f R 0 , l e t i = EL and go t o s t e p 1, o t h e r w i s e 
go t o s t e p 4 . 
(4) I f ^ k , go t o s t e p 3 o t h e r w i s e t e r m i n a t e . 
To t r a c e a l l nodes above node one i n the s i n g l e t r e e example w i t h 





= 2 i = 2 
= 4 i = 4 
U 4 
= 0 R 4 
= 3 i = 3 
u 
3 
= 0 R 3 
= 5 i - 5 
U 
5 
= 0 R 5 
= 0 D 5 
= 2 i = 2 
R 2 = 0 D 2 = 1 
i = 1 T e r m i n a t e . 
I f t he r o o t node i s used as the s t a r t i n g p o i n t , the a l g o r i t h m 
t r a c e s a l l t he nodes o f a r o o t e d t r e e . F o r a p s e u d o r o o t e d t r e e , a node 
i n t he c y c l e i s c h o s e n as the s t a r t i n g n o d e , t he p r e v i o u s p r o c e d u r e i s 
u s e d t o t r a c e above i t ; t h e node to t he r i g h t o f t he c u r r e n t node i n the 
c y c l e i s o b t a i n e d u s i n g the r i g h t l a b e l ; ;and the p r o c e d u r e i s r e p e a t e d 
u n t i l t he o r i g i n a l node i s r e a c h e d . The upward t r a c e i s used t o c a l c u l a t e 
t he o r i g i n a l s i m p l e x m u l t i p l i e r s , upda te the s i m p l e x m u l t i p l i e r s , and 
g e n e r a t e a row o f the b a s i s i n v e r s e , i f i t i s r e q u i r e d . The l a b e l i n g 
scheme i s t he means f o r s t o r i n g the c u r r e n t b a s i s . The method i s e s s e n ­
t i a l l y an i n d i r e c t a d d r e s s i n g scheme i n w h i c h t he v a r i a b l e s o f t he b a s i s 
( a r c s ) a r e i d e n t i f i e d t h r o u g h know ledge o f t he e q u a t i o n s (nodes) i n w h i c h 
t h e y o c c u r . 
As m e n t i o n e d , t h i s p r o c e d u r e i s l i m i t e d i n t h a t o n l y one v a r i a b l e 
may appear i n t he same two e q u a t i o n s . T h a t i s , t h e r e canno t be two a r c s 
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be tween the same two nodes and o n l y one s l a c k o r a r t i f i c i a l v a r i a b l e can 
appea r i n each e q u a t i o n . C o n s i d e r a s i t u a t i o n where the c o s t f o r a r e g u ­
l a r v a r i a b l e i s a p i e c e w i s e l i n e a r f u n c t i o n . C h a r n e s and Lemke [ l 2 ] have 
shown t h a t t h i s v a r i a b l e may be r e p l a c e d by t h e sum o f a s e t o f v a r i a b l e s , 
one f o r each segment o f t he c o s t f u n c t i o n . F o r the GFP t h i s means t h a t 
s e v e r a l v a r i a b l e s w i l l appea r i n the same two e q u a t i o n s w i t h d i f f e r e n t 
c o s t s and b o u n d s . The l a b e l i n g sys tems must have a mechanism t o i d e n t i f y 
w h i c h b a s i c v a r i a b l e c o r r e s p o n d s to the a r c c o n n e c t i n g two nodes i n a 
t r e e o f the b a s i s . S i m i l a r l y , b o t h a s l a c k v a r i a b l e and an a r t i f i c i a l 
v a r i a b l e i n the same e q u a t i o n may be r e q u i r e d to d e f i n e an i n i t i a l b a s i c 
s o l u t i o n . The f o l l o w i n g l a b e l i n g method w i l l a l l o w t h e s e c o n d i t i o n s 
w h i c h were n o t a l l o w e d i n t he p r e v i o u s scheme. 
I n s t e a d o f u s i n g nodes to d e t e r m i n e a r c s i n t he b a s i s , t h i s scheme 
w i l l use a node and a t t a c h e d a r c to d e t e r m i n e an a d j a c e n t n o d e . I n a 
sense t h i s scheme i s t he o p p o s i t e o f the p r e v i o u s i n d i r e c t a d d r e s s i n g 
scheme. T h r e e l a b e l s , down, u p , and r i g h t , w i l l be a s s o c i a t e d w i t h each 
n o d e . Howeve r , t he l a b e l i s t he number o f t he b a s i c a r c l e a d i n g to the 
a p p r o p r i a t e node i n the p r e v i o u s l a b e l i n g scheme. The end o f a t r e e i s 
s t i l l i n d i c a t e d by the up l a b e l e q u a l i n g z e r o , i . e . , U = 0 . The r i g h t 
l a b e l b e i n g z e r o ( i . e . , = 0 ) and l e s s than z e r o ( i . e . , R^ < 0) have 
t he same m e a n i n g . Suppose t h e r e a r e n two ended a r c s numbered l , . . . , n , 
and s s l a c k a r c s numbered n + l , . . . , n + s . Then i f D. > n , node i i s a r o o t 
i 
node and D. i s t he a s s o c i a t e d s l a c k a r c . 
l 
T r a c i n g down a t r e e f rom node s i s a c c o m p l i s h e d by t he f o l l o w i n g 
a l g o r i t h m . I n i t i a l l y i = s ; t h e r e a r e n two ended a r c s ; and j = 0 . 
I l l 
(1) j = n . = i , k = D . . 
(2) I f k > n , go to s t e p 7 . I f k < 0 , go to s t e p 3 . 
O t h e r w i s e , a . = k. I f p = i , l e t i = q , ; o t h e r w i s e , l e t i = p , go to 
J K K k 
s t e p 1. 
(3) L e t t = i . 
(4) L e t k = R . , a = k , j = j + 1 . 
(5) I f p^ = i , l e t i = q , o t h e r w i s e l e t i = p ^ ; go t o s t e p 6 . 
(6) i k = i . I f i = t , t e r m i n a t e ; o t h e r w i s e , go t o s t e p 4 . 
(7) a = k , r o o t r e a c h e d , t e r m i n a t e . 
The s e t o f l a b e l s and a r c o r i e n t a t i o n s u s i n g t he new seheme f o r 
t he p r e v i o u s example i s : 






1 12 10 1 13 2 0 
2 2 1 2 2 0 3 
3 1 3 3 3 5 0 
4 3 4 4 4 0 0 
5 3 5 5 5 0 4 
6 5 6 6 7 0 0 
7 6 7 7 - 1 7 8 
8 8 7 8 - 1 11 9 
9 9 8 9 - 1 0 10 
10 9 7 10 11 12 0 
11 10 8 11 12 0 1 
12 10 11 12 1 0 0 
13 1 
A p p l y i n g the down t r a c e a l g o r i t h m , f r o m b o t h ends o f a ^ : 
1) i
 r= 
p 6 = 
2) j = 1 , n 
3) k = D 5 = 
0 < k < : Thus a l ~ 5 
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4) p 6 ^ 5 Thus i - p 6 = 3 
5) j = 2 , n 2 = 3 
6) k = D 3 = 3 
0 k < 12 Thus a 2 = 3 
7) p 3 ^ 3 Thus i = p 3 = 1 
8) j - 3 
9) k = D = 13 
k > 12 
a 3 = 13 T e r m i n a t e 
The p a t h t o the r o o t and the s l a c k a r c a t t he r o o t a r e 
( 5 , a ^ , 3 , a 3 , 1, a ^ ) 
From the o t h e r end o f a r : 
6 
1) i = q 6 = 6 
2) j = 1, nl = 6 
3) k = D, = 7 6 
0 <: k ^ 12 Thus a l = 7 
4) = 6 Thus i = - 7 
5) j = 2 , n 2 = 7 
6) D = -1 P s e u d o r o o t e n c o u n t e r e d . 
7) t = 7 
8) k = R y = 8 , a 2 = 8 , j = = 3 
9) pg ^ 7 Thus i = p g - 8 , n 3 = 8 , 
10) k = R g = 9 , a 3 = 9 , j = = 4 
ID p 9 ^ 8 Thus i = p9 = 9 , n 4 = 9 , 
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12) k = = 10 , a 4 - 1 0 , j = 5 
13) p 1 ( J = 9 Thus i - q i Q - 7 , n s = 7 
14) i = t = 7 T e r m i n a t e . 
The p a t h t o t h e p s e u d o r o o t and the p s e u d o r o o t a r e : 
( 6 , a ? , 7 , a g , 8 , ag, 9, a^, 7) 
The changes r e q u i r e d f o r an upward t r a c e a r e a n a l o g o u s . The u p ­
d a t i n g o f the l a b e l s to r e f l e c t a b a s i s change i s e s s e n t i a l l y the same 
f o r b o t h l a b e l i n g m e t h o d s . We w i l l i l l u s t r a t e i t f o r t he l a t t e r scheme 
w h i c h i s a d o p t e d i n the c o d i n g o f the a l g o r i t h m p r e s e n t e d . The e x a c t d e ­
t a i l s o f t he r e q u i r e d changes depend on t he n a t u r e o f t he b a s i s change 
as shown i n F i g u r e 7 . G e n e r a l l y , o n l y the l a b e l s f o r t h e nodes between 
the e n t e r i n g a r c and t he l e a v i n g a r c must be c h a n g e d . C o n s i d e r t h e s i m ­
p l e s t c a s e i n w h i c h n e i t h e r a r o o t n o r p s e u d o r o o t i s i n v o l v e d i n a b a s i s 
c h a n g e . The p a t h between the e n t e r i n g a r c (a^) and the l e a v i n g a r c ( a r ) 
i s c a l l e d t he s tem. Suppose t he nodes and a r c s a r e numbered such t h a t 
t h i s p a t h i s ( n ^ , a ^ , . . . , n , a ^ , n ^ ) as shown b e l o w . 
^ . . - - ^ - • H S - i - © - . . . - © - * 
L e f t t r e e R i g h t t r e e 
The down l a b e l s i n the r i g h t t r e e b e f o r e the change a r e : 
D. = a . i = 2 , . . . , 4 . 
i i 
The new down l a b e l s a f t e r the b a s i s change a r e : 
D, = a . i = 2 , . . . , r . 
i i - I 
^ ^ T o r o o t 
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The down l a b e l s f o r the l e f t t r e e and t he r e m a i n d e r o f the r i g h t t r e e 
rema in unchanged a f t e r the b a s i s c h a n g e . 
Now c o n s i d e r the up l a b e l s . B e f o r e the b a s i s c h a n g e , s u p p o s e : 
U = a i = 3 , . . . , r+1. 
n . 1 - 1 
I 
The new up l a b e l s a f t e r a b a s i s change w i l b e : 
U = R i = 3 , . . . , r + 1 . 
n . n . , 
I l - l 
As d i s c u s s e d p r e v i o u s l y i n t h i s s e c t i o n , the r e p r e s e n t a t i o n o f t he 
t r e e above a c e r t a i n node i s n o t u n i q u e . T h u s , i f U ^ a . _ , t hen by 
n . ' I - I J 
I 
u s i n g the r i g h t l a b e l s d e t e r m i n e n . so t h a t R = a . , . Then l e t 
1 n . i - I 
J 
R = R 
n . n . , 
To impose t he new up s t r u c t u r e , l e t : 
U = a . _ R = U i = 1 , . . . , r - l . 
n . l + l , n . , _ n . 
l l + l l 
These l a b e l changes w i l l , i n e f f e c t , g r a f t t he stem and a l l nodes c o n n e c t e d 
to i t t o the t r e e t h r o u g h the e n t e r i n g a r c and c u t the l e a v i n g a r c . To 
i l l u s t r a t e t he scheme: 
a 2 1 
Assume n = 2 0 . 
a_ e n t e r s , a. l e a v e s . 
9 6 
An a p p r o p r i a t e s e t o f l a b e l s i s : 
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The s tem i s : 
( n r a , n 2 , a^ 
i D. U . R. 
_ l 1 
1 1 2 0 
2 4 3 0 
3 6 5 7 
4 5 0 4 
5 8 6 0 
6 2 0 0 
7 21 1 0 
8 3 0 0 
9 7 0 0 
10 22 8 0 
V n 5 ) 
The down l a b e l s become: 
D 2 = 9 
D 3 = 4 
To r e v e r s e the upward l a b e l s : 
1) 
2) U 0 = 
3 ) 
4 ) I L = 
T R 2 - 0 A d j o i n e n t e r i n g a r c . 
R 2 
U 1 = 2 
U l - 9 
D 3 
4 ? No Remove o l d up h i e r a r c h y . 
k = U 3 = 5 I f p 5 = 3 n 5 = q 5 = 4 
R 4 
4 ? Y e s 
R 4 
= T - 0 
T R 3 = 7 




6 t Y e s 
U 
5 
T = 7 
S i n c e 5 i s t he c u t n o d e , t e r m i n a t e 
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The new t r e e s and l a b e l s a r e : 
D. U. R. 
1 1 1 
4 5 0 0 
5 8 (7J 0 
6 2 0 0 
7 21 1 0 
8 3 0 0 
9 7 . 0 0 
10 22 8 0 
The boxed l a b e l s were the ones c h a n g e d . 
T h i s i s the f u n d a m e n t a l scheme f o r c h a n g i n g l a b e l s . O n l y t he 
l a b e l s i n d i c a t i n g the h i e r a r c h y a l o n g the stem must be c h a n g e d . S l i g h t 
m o d i f i c a t i o n must be made t o c r e a t e o r d i s s o l v e a c y c l e o r f o r t h e e n t r y 
o r d e p a r t u r e o f a r o o t . 
R e c e n t work i n t r e e s t r u c t u r e l a b e l i n g has been done by S r i n i v a s a n 
and Thompson [ 8 7 ] , G l o v e r and K l i n g m a n [ 2 7 ] , and G l o v e r , K l i n g m a n , and 
Kea rny [ 3 4 ] . The p r e d e c e s s o r i n d e x method o f the l a t t e r two p a p e r s i s 
p r e c i s e l y t h e down l a b e l i n g scheme f o r t r a c i n g to t he r o o t . The e x t e n ­
s i o n s m e n t i o n e d by S r i n i v a s a n and Thompson [87] a r e more u s e f u l when the 
b a s i s g raph c o n s i s t s o f o n l y one t r e e and does n o t seem to be as a t t r a c ­
t i v e when s e v e r a l r o o t e d components a r e p r e s e n t . The pape r o f G l o v e r , 
K l i n g m a n , and Kea rny d e t a i l s t he l a b e l c h a n g i n g p r o c e d u r e s f o r t he o r d i n a r y 
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f l o w p r o b l e m u s i n g a J o h n s o n t ype scheme o f the f i r s t t y p e m e n t i o n e d . 
M a u r r a s [73] d i s c u s s e s a l a b e l i n g and r e l a b e l i n g p r o c e d u r e f o r t he GFP 
bu t i t i s n o t c l e a r how h i s scheme i s u s e d t o t r a c e up o r down a t r e e . 
H i s ma in i d e a seems to be t h a t o f i d e n t i f y i n g t he o r d e r o f t he c o e f f i ­
c i e n t s f o r an a r c i n a p a t h to the r o o t . 
The n a t u r e o f t he GFP has been d e s c r i b e d i n t h i s c h a p t e r and 
methods to t ake advan tage o f t h i s s t r u c t u r e f o r s o l v i n g t h e GFP have been 
o u t l i n e d . These d e v i c e s a r e o r g a n i z e d i n t o an a l g o r i t h m f o r t h e GFP and 
some o f i t s s p e c i a l i z a t i o n s i n t he n e x t c h a p t e r . 
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CHAPTER I V 
CONTINUOUS ALGORITHMS 
4 . 1 I n t r o d u c t i o n 
I n t h i s c h a p t e r t he c h a r a c t e r i s t i c s o f t he g e n e r a l i z e d f l o w 
p r o b l e m n o t e d i n p r e v i o u s c h a p t e r s a r e u s e d t o s p e c i a l i z e t he p r i m a l s i m ­
p l e x method i n t o an a l g o r i t h m f o r the G F P . The c u r r e n t b a s i s i s r e c o r d e d 
u s i n g the t r i p l e l a b e l i n g scheme d e s c r i b e d i n S e c t i o n 3 . 6 . The co lumn 
g e n e r a t i o n scheme g i v e n i n S e c t i o n 3 . 3 and s i m p l e x m u l t i p l i e r r e c a l c u l a ­
t i o n method d e s c r i b e d i n Theorem 3 .2 a r e the ma in t o o l s f o r c a r r y i n g ou t 
the s i m p l e x o p e r a t i o n s . A g e n e r a l d e s c r i p t i o n o f t h e GFP a l g o r i t h m i s 
g i v e n i n t h i s c h a p t e r . C o m p u t a t i o n a l r e s u l t s a r e a l s o p r e s e n t e d . 
The GFP a l g o r i t h m s p e c i a l i z e s f u r t h e r when the same c o n c e p t s a r e 
u s e d t o c o n s t r u c t an a l g o r i t h m f o r the o r d i n a r y f l o w p r o b l e m . T h e s e 
s p e c i a l i z a t i o n s a r e n o t e d i n S e c t i o n 4 . 3 , and an o u t l i n e o f t he o r d i n a r y 
f l o w a l g o r i t h m and c o m p u t a t i o n a l r e s u l t s a r e g i v e n . 
F i n a l l y , the s p e c i a l c h a r a c t e r i s t i c s o f a s i m i l a r a l g o r i t h m f o r 
t h e t r a n s p o r t a t i o n p r o b l e m a r e n o t e d and t he c o m p u t a t i o n a l r e s u l t s u s i n g 
s u c h an a l g o r i t h m a r e p r e s e n t e d i n S e c t i o n 4 . 4 . 
4 . 2 GFP A l g o r i t h m 
4 . 2 . 1 S ta tement o f t he A l g o r i t h m 
The a l g o r i t h m i s now s t a t e d i n g e n e r a l t e r m s . 
1. I n i t i a l i z e by d e t e r m i n i n g a p r i m a l b a s i c s o l u t i o n and c o m p u t i n g 
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t h e c o r r e s p o n d i n g s implex m u l t i p l i e r s . 
2 . S e l e c t a nonbas i c v a r i a b l e x^ t o e n t e r the b a s i s from the s e t 
J = f j : c \ > 0 and x , - M. or c . < 0 , x , = 0 where c". = c. - t t a , . 
1 j j j J j i i P i l i 
- t t
 a2i3* I f J = t e r m i n a t e ; o t h e r w i s e go t o s t e p 3 . 
**i 
3 . Determine the s t r u c t u r e o f the cu rren t b a s i s r e l a t i v e to the 
e n t e r i n g v a r i a b l e u s i n g the l a b e l s . 
4 . I t e r a t i v e l y c o n s t r u c t the column of the e n t e r i n g v a r i a b l e and 
determine the v a r i a b l e t o l e a v e the b a s i s , n o t i n g the p o s i t i o n of the 
l e a v i n g v a r i a b l e in the t r e e s t r u c t u r e o f the current b a s i s . 
5 . Using the column (dL) and the change (A) i n the v a l u e o f the 
e n t e r i n g v a r i a b l e from s t e p 4 , compute the new v a l u e s o f the b a s i c v a r i ­
a b l e a f f e c t e d by the b a s i s change , i . e . , x 1 = s £ - ^—j * 
6 . Us ing the in format ion about the t r e e s t r u c t u r e and the e n t e r i n g 
and l e a v i n g v a r i a b l e s from s t e p s 3 and 4 , change the l a b e l s to r e p r e s e n t 
the new b a s i s . 
7. R e c a l c u l a t e the s i m p l e x m u l t i p l i e r s ( t t ) above the e n t e r i n g 
v a r i a b l e . Return t o s t e p 2. 
The d i f f e r e n c e between t h i s a l g o r i t h m and the g e n e r a l primal s im­
p l e x method i s t h a t a d d i t i o n a l l o g i c a l in format ion i s used to take a d ­
v a n t a g e o f the s p e c i a l s t r u c t u r e o f the b a s i s o f the GFP. Thus, i n s t e p 
4 , o n l y the nonzero e n t r i e s i n the column for the e n t e r i n g v a r i a b l e are 
c a l c u l a t e d . A l s o , i n s t e p 7, o n l y the s implex m u l t i p l i e r s which change 
are r e c a l c u l a t e d . The t h e o r e t i c a l j u s t i f i c a t i o n for t h e s e methods were 
p r e s e n t e d i n Chapter I I I . The a l g e b r a i c o p e r a t i o n s and s t o r a g e r e q u i r e ­
ments o f m a i n t a i n i n g the c u r r e n t b a s i s i n v e r s e i s avo ided by u s i n g t h e s e 
t e c h n i q u e s a l s o . To use t h e s e t e c h n i q u e s , the l a b e l r e p r e s e n t a t i o n o f the 
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b a s i s must be ma in ta ined and updated . This was shown to be a r e a s o n a b l e 
t a s k and e f f i c i e n t means for do ing i t were p r e s e n t e d i n S e c t i o n 3 . 6 . 
4 . 2 . 2 I n i t i a l i z a t i o n 
The i n i t i a l i z a t i o n may be accompl i shed i n s e v e r a l w a y s . The s imple 
one used t o o b t a i n the computat iona l r e s u l t s p r e s e n t e d l a t e r i n t h i s s e c ­
t i o n i s g i v e n be low. Assume the e q u a t i o n s are i n e q u a l i t y form ( i . e . , 
s l a c k v a r i a b l e s have been a d d e d ) . 
Let t h e r e be m e q u a t i o n s and n v a r i a b l e s w i t h nonzero c o e f f i c i e n t s 
( a , , , a „ . ) i n the two e q u a t i o n s p. and q . . Let t h e r e be s s l a c k v a r i a b l e s 
so t h a t t h e r e are s v a r i a b l e s w i t h one nonzero c o e f f i c i e n t ( a ^ ) * n equa­
t i o n p ^ The i n i t i a l r i g h t hand s i d e i s b = ( b ^ , . . . , b m ) . The i n i t i a l i z a ­
t i o n procedure i s : 
j.0 i f c^ £ 0 
= lM. i: Set x . = x* where x* . . . . - ^ n J j i L . i f c . < 0 
J J 
Adjust the r i g h t hand s i d e so t h a t : 
b* « b - Ax* 
g 
For each e q u a t i o n i which c o n t a i n s a s l a c k v a r i a b l e x^ and whose 
g 
a d j u s t e d r i g h t hand s i d e b* i s g r e a t e r than zero l e t : x^ - b* . 
For each o f the remaining r e q u a t i o n s d e f i n e an a r t i f i c i a l v a r i a b l e 
x . , i = n + s + 1 , . . . , n + s + r so t h a t l ' 
i f b* < 0 , a , . = - 1 l ' l i 
b* ;> 0 , a - . = 1 l ' l i 
and l e t x . = b* f o r a l l such e q u a t i o n s , i i 
A d d i t i o n a l l y , i f b* = 0 , s e t the upper bound on the c o r r e s p o n d i n g 
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a r t i f i c i a l v a r i a b l e e q u a l to z e r o . A s e t o f l a b e l s c o r r e s p o n d i n g t o t he 
above a r t i f i c i a l and s l a c k v a r i a b l e s i s c o n s t r u c t e d to d e f i n e the i n i t i a l 
b a s i s . 
I n c e r t a i n i n s t a n c e s , a s t a r t i n g s o l u t i o n w i t h f ewe r a r t i f i c i a l s 
may be a t t a i n a b l e . C o n s i d e r the d e g e n e r a t e c a s e , i . e . , when 
R ' = { i : b * = 0} ^ 0 (1) 
I n t h i s c a s e , f o r i e R 1 , any v a r i a b l e x . w i t h a n o n z e r o c o e f f i c i e n t i n 
J 
e q u a t i o n i can be b r o u g h t i n t o t he b a s i s a t i t s p r e s e n t v a l u e ( e i t h e r 
o r 0 ) . A nonempty s e t R' m igh t o f t e n o c c u r . C o n s i d e r the c a s e where t he 
e q u a t i o n s f o r GFP can be p a r t i t i o n e d b e f o r e t he a d d i t i o n o f s l a c k v a r i ­
a b l e s i n t o t he s e t s : 
S = { i : J a k x < b. ; b . > 0} (2) 
j J 
R = { i : J \ x i - b i J b i = 0} (3) 
j 
J 
I n the u s u a l t e r m i n o l o g y , S i s the s e t o f s o u r c e s , R i s the s e t o f i n t e r ­
m e d i a t e n o d e s , and T i s the s e t o f demands. C o n s i d e r the g r a p h i c a l r e p r e ­
s e n t a t i o n o f the s e t s R and S . A s s o c i a t e w i t h e a c h a r c t h e d i r e c t i o n d e ­
f i n e d by the c o n v e n t i o n i n S e c t i o n 2 . 3 and t he c o s t s ( c ^ ) . By d e f i n i n g a 
dummy node c o n n e c t e d to a l l o f t he nodes o f S , a s p a n n i n g t r e e can be 
d e t e r m i n e d by f u n d i n g the s h o r t e s t p a t h f r o m the dummy node t o a l l t h e 
nodes i n S U R. The o r i g i n a l v a r i a b l e s c o r r e s p o n d i n g t o t he s p a n n i n g t r e e 
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c o u l d be used i n an i n i t i a l b a s i s e l i m i n a t i n g a l l a r t i f i c i a l s f rom the 
s e t R. Two l i m i t a t i o n s o f t h i s method a r e t h a t t h e l a b e l s r e f l e c t i n g t h i s 
b a s i s must be d e t e r m i n e d , and the s p a n n i n g t r e e t a k e s l i t t l e a c c o u n t o f 
t he o r i g i n a l p r o b l e m e x c e p t f o r t h e per u n i t v a r i a b l e c o s t s . F o r c e r t a i n 
s p e c i a l c a s e s t he a l g o r i t h m o f C h a r n e s and R a i k e [ l 3 ] o r G l o v e r and K l i n g ­
man [32] c o u l d be used t o d e t e r m i n e a s p a n n i n g t r e e w h i c h w o u l d t a k e i n t o 
a c c o u n t the c o n s t r a i n t s o f t he o r i g i n a l p r o b l e m e x c e p t f o r t h e b o u n d s . 
I t must be remembered t h a t a l l o f t h e s e s t a r t i n g p r o c e d u r e s a r e 
h e u r i s t i c i n t h a t t h e r e i s no t h e o r e t i c a l r e a s o n t h a t one s h o u l d r e s u l t 
i n a f e w e r number o f i t e r a t i o n s t han a n o t h e r . The d e s i r e t o e l i m i n a t e 
a r t i f i c i a l s seems r e a s o n a b l e t o be s u r e ; h o w e v e r , l i m i t e d c o m p u t a t i o n a l 
e x p e r i e n c e i n d i c a t e s t h a t , w h i l e the p r o c e d u r e s may r e d u c e t h e number o f 
s i m p l e x i t e r a t i o n s , t h e y may a c t u a l l y i n c r e a s e the t o t a l c o m p u t a t i o n t i m e . 
T h i s i s b e c a u s e , i n g e n e r a l , the e f f o r t r e q u i r e d f o r an i t e r a t i o n i s p r o ­
p o r t i o n a l t o the number o f v a r i a b l e s w i t h n o n z e r o e n t r i e s i n t he c u r r e n t 
co lumn f o r an i n c o m i n g v a r i a b l e . I n f a c t , t he GFP a l g o r i t h m p r e s e n t e d 
t a k e s a d v a n t a g e o f t he s t r u c t u r e to compute t h e s e n o n z e r o c o e f f i c i e n t s 
d i r e c t l y . By c o n s t r u c t i n g a s p a n n i n g t r e e o f s o r t s , t h e i n i t i a l p a t h 
l e n g t h s a r e g r e a t l y i n c r e a s e d and t h i s c o u l d be more d e t r i m e n t a l t o com­
p u t a t i o n a l e f f e c t i v e n e s s than t he improvement o b t a i n e d by e l i m i n a t i n g 
a r t i f i c i a l v a r i a b l e s . 
By w h a t e v e r means , once t h e s e t o f l a b e l s f o r t h e i n i t i a l b a s i c 
s o l u t i o n has been d e f i n e d , the i n i t i a l s i m p l e x m u l t i p l i e r s can be c a l c u ­
l a t e d u s i n g t he p r o c e d u r e o f S e c t i o n 3 . 2 . 
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4 . 2 . 3 J u s t i f i c a t i o n o f the GFP A l g o r i t h m 
As p r e v i o u s l y m e n t i o n e d , the a l g o r i t h m d e s c r i b e d i n the f i r s t s e c ­
t i o n s o f t h i s c h a p t e r i s b a s e d on the p r i m a l s i m p l e x method o f l i n e a r p r o ­
gramming. D i s r e g a r d i n g f o r a moment t h e q u e s t i o n o f d e g e n e r a c y w h i c h w i l l 
be c o n s i d e r e d i n S e c t i o n 4 . 5 , t he f i n i t e n e s s o f the a l g o r i t h m w i l l f o l l o w 
i f c o r r e s p o n d e n c e s between the s t e p s o f the a l g o r i t h m and t h e s t a n d a r d 
s i m p l e x method can be e s t a b l i s h e d . 
F i r s t , a t e a c h i t e r a t i o n o f t he a l g o r i t h m , t he c u r r e n t co lumn f o r 
a s p e c i f i e d n o n b a s i c v a r i a b l e i s c o n s t r u c t e d and t h e s t a n d a r d r a t i o t e s t 
i s made to d e t e r m i n e the d e p a r t i n g b a s i c v a r i a b l e . The maximum change i n 
t he i n c o m i n g n o n b a s i c v a r i a b l e and i t s c u r r e n t co lumn a r e u s e d t o c a l c u ­
l a t e t he v a l u e s o f t he b a s i c v a r i a b l e s a s s o c i a t e d w i t h the b a s i s a f t e r 
t he l i m i t i n g b a s i c v a r i a b l e i s r e p l a c e d by t h e n o n b a s i c v a r i a b l e . The 
l a b e l s a r e u p d a t e d t o r e f l e c t t h i s change o f b a s i s . H e n c e , a t e a c h i t e r a ­
t i o n a s e t o f l a b e l s r e p r e s e n t i n g a b a s i s i s r e c o r d e d and t h e c o r r e s p o n d ­
i n g v a l u e s o f the b a s i c v a r i a b l e s a r e m a i n t a i n e d a l o n g w i t h the v a l u e s o f 
the n o n b a s i c v a r i a b l e s . T h i s i s the same as t h e bounded v a r i a b l e s i m p l e x 
m e t h o d . 
I f an a r t i f i c i a l v a r i a b l e i s i n the f i n a l b a s i s a t a n o n z e r o v a l u e , 
i t i s w e l l known t h a t the p r o b l e m has no f e a s i b l e s o l u t i o n . O t h e r w i s e , 
the s t o p p i n g r u l e i s t h e o p t i m a l i t y c r i t e r i a g i v e n i n E q s . (33) and (34) 
o f C h a p t e r I. Assum ing n o n d e g e n e r a c y , no b a s i s may be r e p e a t e d and hence 
t he a l g o r i t h m t e r m i n a t e s w i t h the o p t i m a l s o l u t i o n i f t h e r e i s o n e , 
4 . 2 . 4 C o m p u t a t i o n a l R e s u l t s 
A computer code o f the p r i m a l GFP a l g o r i t h m was d e v e l o p e d i n 
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FORTRAN V f o r t h e UNIVAC 1108 c o m p u t e r . The p e r f o r m a n c e o f the code f o r 
s o l v i n g a number o f randomly g e n e r a t e d p r o b l e m s i s g i v e n i n T a b l e 2 . The 
p r o b l e m s were g e n e r a t e d by s p e c i f y i n g the number o f nodes and t he a r c 
d e n s i t y Then e a c h node i was c o n n e c t e d t o node i+1 and t o o / (n-2) r a n ­
domly c h o s e n a d d i t i o n a l n o d e s . C l e a r l y , t h i s w i l l p r o d u c e a c o n n e c t e d 
n e t w o r k w i t h a r c d e n s i t y cn. The c o s t s , n o n z e r o c o e f f i c i e n t s , and uppe r 
bounds we re c h o s e n randomly f rom a u n i f o r m p r o b a b i l i t y d i s t r i b u t i o n o v e r 
s p e c i f i e d r a n g e s . The p e r c e n t a g e s o f s o u r c e nodes and s i n k nodes we re 
s p e c i f i e d and t h e s e nodes were chosen randomly among a l l t he n o d e s . The 
amount o f s u p p l y o r demand a t a s o u r c e o r s i n k node was chosen f rom a 
u n i f o r m d i s t r i b u t i o n o v e r s p e c i f i e d r a n g e s . 
S t o r a g e r e q u i r e m e n t s f o r the code a r e a p p r o x i m a t e l y 9n + 14m 
where n i s t h e number o f v a r i a b l e s w i t h n o n z e r o c o e f f i c i e n t s i n two e q u a ­
t i o n s and m i s the number o f e q u a t i o n s . T h i s i s c o n s i d e r a b l y l e s s t han 
f o r o r d i n a r y s i m p l e x a l g o r i t h m s w h i c h u s u a l l y r e q u i r e a t l e a s t mn s t o r a g e 
l o c a t i o n s . F o r e x a m p l e , a p r o b l e m p r o v i d e d by J e n s e n [55] f rom a w a t e r 
r e s o u r c e a p p l i c a t i o n w i t h m = 62 and n = 186 r e q u i r e d a p p r o x i m a t e l y 2550 
c e l l s o f s t o r a g e f o r the GFP a l g o r i t h m compared w i t h mn = 11500 and was 
s o l v e d i n .78 s e c o n d . 
4 . 3 O r d i n a r y F l o w A l g o r i t h m 
The c o n c e p t s u s e d t o c o n s t r u c t the GFP a l g o r i t h m c a n be u s e d t o 
d e v i s e an a l g o r i t h m f o r t he o r d i n a r y f l o w p r o b l e m (OFP) u s u a l l y s o l v e d by 
some v e r s i o n o f t he o u t - o f - k i l t e r a l g o r i t h m o f F o r d and F u l k e r s o n [ 2 l ] , 
T h e r e a r e two p r i m a r y a r e a s o f s i m p l i f i c a t i o n i n s p e c i a l i z i n g the GFP a l ­
g o r i t h m f o r t he O F P . F i r s t , b e c a u s e the n o n z e r o c o e f f i c i e n t s i n t he 
T a b l e ? . N E R ^ T a l i ^ s d F l o v C o T n T u + . g t i o n a l R e s u l t s 
1 20 ^ ? 6^ 39 .15? 
?. 20 5 * 69 UQ , i ? 5 
i>** ? q ? *» II6 1.8 ,032 
? q /J, P /II , 0 7 6 , OBI 
6 50 6 19 2 8 8 3.1 5 1.019 
7 s o 1.? 15 ? 8 6 1 . 8 ? ,^33 
8 50 11 1 4 302 166 , 3 8 0 
9 50 l k 13 292 100 ,208 
10 50 13 11 3?£ 103 .253 .^75 
T a b l e 2 , ( C o n t i n u e d ) 
P r o b T o n N o d e r - S o i r e e s S i p k s ? A T f r T t e r ^ t i o r ^ T"* m<;* ^ y e i m / r p 
Vi 7 K 16 1 1 £ft - «-»•,./ 
1 ? 
ri £ l p i? 2<Ji- n ^ O 
1 3 7 5 1 4 1 8 6 1 0 4 1 1 l«2?/> 
14 ? e 1 o 6 3 9 ?6l . 8 0 3 
I 4 26 339 1 . 1 1 3 
1 6 1 0 0 ? 1 3 ? 11. ?8 ? 3 8 3.827 
1 0 0 1 A q o 1108 p 33 3,705 
IP loo 1 e; 3 1 1 1 OR 912 2,920 
19 1 0 0 18 ?7 1089 ?82 3,0Q8 
20 1 0 0 13 3 1 1111 1140 5.790 
A r c d e n s i t y - ,1 S o u r c e d e n s i t y - ,2 S i n k d e n s i t y - , 3 
A l l s u p p l i e 8 = 2 0 0 D e m a n d r a n ^ e 4 0 - 6 0 C o s t r a r ^ e t - 1 0 0 
U p p e r b o u n d r a n ^ e L o w e r h o u n d = 0 L e f t o c e f f i o i e n t - t , 
R i g h t c o e f f i c i e n t r a n ^ e - . 8 - - 1 , 
^ • S o l u t i o n t i m e o n U n i v a c 1 1 0 8 i n rcultiprocessinp m o d e e x c l u s i v e 
o f i n p u t / o u t p u t t i m e , 
* * N o f e a s i b l e s o l u t i o n , r o 
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c o n s t r a i n t s e t a r e p l u s one and minus o n e , t h e s e may be s p e c i f i e d i m p l i ­
c i t l y . The s e c o n d a r e a o f s i m p l i f i c a t i o n r e s u l t s f r om t h e s t r u c t u r e o f 
t he b a s i s f o r t h e OFP and w i l l be c o n s i d e r e d i n d e t a i l i n S e c t i o n 4 . 3 . 2 . 
4 . 3 . 1 OFP A l g o r i t h m Sta tement 
To s p e c i f y t h e c o e f f i c i e n t s f o r v a r i a b l e s w i t h two n o n z e r o c o e f f i ­
c i e n t s , n o t e t h a t one i s a p l u s one and one a m inus o n e . U s i n g t h e p r e ­
v i o u s n o t a t i o n , l e t appea r i n e q u a t i o n p .̂ w i t h c o e f f i c i e n t p l u s one 
and e q u a t i o n q^ w i t h c o e f f i c i e n t m inus o n e . I n terms o f t he GFP n o t a t i o n 
a l j = l ' a 2 j ~ " 1 , f o r ^ ~ l » * » » » n . 
The s l a c k and a r t i f i c i a l v a r i a b l e s a r e s p e c i f i e d l o g i c a l l y . L e t 
t h e r e be s s l a c k a r c s w i t h a s i n g l e n o n z e r o c o e f f i c i e n t o f p l u s one and 
s s l a c k a r c s w i t h a s i n g l e n o n z e r o c o e f f i c i e n t o f m inus o n e . T h u s , i f 
+ + + -
n+1 £ j ^ n + s , t hen a = 1, and i f n+s + 1 £ j £ n+s + s , t h e n 
The o u t l i n e o f t h e a l g o r i t h m i s t h e same as f o r the GFP and w i l l 
n o t be r e p e a t e d . The i n i t i a l i z a t i o n p r o c e d u r e i s t h e same w i t h m i n o r 
s i m p l i f i c a t i o n s b e c a u s e t h e c o e f f i c i e n t s i n t he c o n s t r a i n t s e t a r e p l u s 
one o r m inus o n e . The comments on imp roved i n i t i a l i z a t i o n p r o c e d u r e s 
s t i l l a p p l y ; h o w e v e r , t h e r e may be more i n c e n t i v e f o r u s i n g t h e s p a n n i n g 
t r e e method s i n c e " g o o d " a l g o r i t h m s a r e a v a i l a b l e and the o n l y c o n s t r a i n t s 
n e g l e c t e d u s i n g t he s p a n n i n g t r e e a r e the b o u n d s . E x c e p t f o r d e g e n e r a c y , 
f i n i t e n e s s o f the a l g o r i t h m h a s been e s t a b l i s h e d , s i n c e i t i s a s p e c i a l i ­
z a t i o n o f t h e GFP a l g o r i t h m . Degene racy i s r e s o l v e d f o r t h i s p r o b l e m i n 
a r e l a t i v e l y easy manner i n S e c t i o n 4 . 5 . 
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4 . 3 . 2 S i m p l i f i c a t i o n s f o r t h e OFP A l g o r i t h m 
I t i s w e l l known and was d e m o n s t r a t e d i n S e c t i o n 3 .4 t h a t t he b a s i s 
f o r the OFP can c o n t a i n no c y c l e s . T h i s means t h a t o n l y t h r e e c o m b i n a ­
t i o n s o f e n t e r i n g v a r i a b l e and a s s o c i a t e d b a s i c component (s ) can o c c u r : 
1) two n o n z e r o c o e f f i c i e n t s i n rows o f d i f f e r e n t r o o t e d c o m p o n e n t s , 2) one 
n o n z e r o c o e f f i c i e n t i n a row o f one r o o t e d componen t , and 3) two n o n z e r o 
c o e f f i c i e n t s i n rows o f t he same r o o t e d componen t . 
C a s e s one and two a r e h a n d l e d i n t h e same manner as f o r t he G F P . 
Case t h r e e i s c o v e r e d by Lemma 4 . 1 b e l o w . 
L e t x . be the e n t e r i n g n o n b a s i c v a r i a b l e , w i t h u n i q u e p a t h s P T and P J L K 
f r om e i t h e r end to the r o o t . L e t s be t he node where t h e p a t h s j o i n . 
Lemma 4 . 1 
F o r t h e o r d i n a r y f l o w p r o b l e m , i f x^ has b o t h n o n z e r o c o e f f i c i e n t s 
i n rows o f the same component B ^ , t hen t he l e a v i n g v a r i a b l e c o r r e s p o n d s 
t o an a r c i n P T o r P above t he node s where t h e y j o i n . L K 
P r o o f : 
Assume t o the c o n t r a r y , t h a t i s , assume the l e a v i n g v a r i a b l e i s 
b e l o w node s . T h e n , t he p a r t o f B^ above the l e a v i n g v a r i a b l e becomes a 
d i s t i n c t component a f t e r the b a s i s change w i t h a c y c l e as i t s p s e u d o r o o t 
by Lemma 3 . 3 . But t h i s i s n o t p o s s i b l e , s i n c e a c y c l e c a n n o t be p a r t o f 
t he b a s i s f o r t he O F P . 
The p r o c e d u r e f o r c o n s t r u c t i n g the co lumn f o r a n o n b a s i c v a r i a b l e 
i s t he same as f o r t h e GFP e x c e p t t h a t the c o n d i t i o n f o r l i n e a r dependence 
i n a c y c l e does n o t have t o be c h e c k e d s i n c e i t has been e s t a b l i s h e d t h a t 
any c y c l e c o r r e s p o n d s to a s e t o f l i n e a r l y dependen t v a r i a b l e s . 
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F u r t h e r , t he a c t u a l co lumn c o n s t r u c t i o n i s g r e a t l y s i m p l i f i e d f o r 
t he O F P . I t i s n e c e s s a r y to c o n s i d e r o n l y (a) w h e t h e r the i n c o m i n g v a r i ­
a b l e i s b e i n g i n c r e a s e d o r d e c r e a s e d , (b) the p a t h t he b a s i c v a r i a b l e i s 
i n (P o r P „ ) , and (c ) the o r i e n t a t i o n o f t he b a s i c a r c i n t he p a t h . 
Li K 
The d e f i n i t i o n o f a r c o r i e n t a t i o n i n a p a t h g i v e n i n S e c t i o n 2 . 3 i s r e ­
p h r a s e d h e r e . 
An a r c c o r r e s p o n d i n g t o the v a r i a b l e x ^ i s c a l l e d a f o r w a r d a r c 
i n a p a t h i f when t r a c i n g t h e p a t h i n a s p e c i f i e d d i r e c t i o n p, i s e n -
K. 
c o u n t e r e d b e f o r e q ^ . I n o t h e r w o r d s , the e q u a t i o n c o n t a i n i n g t he p l u s 
one c o e f f i c i e n t i s e n c o u n t e r e d b e f o r e t h e one w i t h a m inus o n e . A 
r e v e r s e a r c f o r means t h a t q ^ i s e n c o u n t e r e d b e f o r e p ^ . 
L e t t he e n t e r i n g n o n b a s i c v a r i a b l e be x ̂ . D e f i n e 6 b y : 
6 = 
+ 1 i f x = 0 
-1 i f x . = M . 
J J 
6 i n d i c a t e s w h e t h e r the e n t e r i n g v a r i a b l e i s i n c r e a s i n g (6 = +1) o r d e ­
c r e a s i n g (6 — - 1 ) . The d e t e r m i n a t i o n o f the n o n z e r o e n t r i e s i n t h e c u r ­
r e n t co lumn f o r x^ i s s p e c i f i e d i n the f o l l o w i n g theorem and two c o r o l ­
l a r i e s . These a r e e q u i v a l e n t t o the r u l e s g i v e n by J o h n s o n i n h i s s i m p l e x 
p r o c e d u r e f o r minimum c o s t f l o w i n r e f e r e n c e 5 8 . 
F i r s t assume t h a t t he two ends f o r t h e a r c f o r x . a r e i n d i f f e r e n t 
J 
r o o t e d t r e e s w i t h c o e f f i c i e n t a ^ = +1 i n e q u a t i o n p^ and c o e f f i c i e n t 
a . , . = -1 i n e q u a t i o n q . . 
k J J 
Theorem 4 . 1 
The n o n z e r o e n t r i e s i n the c u r r e n t co lumn f o r x . a r e d e t e r m i n e d by 
J 
t he f o l l o w i n g r u l e s : 
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1. F o r a l l b a s i c v a r i a b l e s x ^ , c o r r e s p o n d i n g t o a r c s between p^ 
and t h e r o o t i n c l u d i n g the r o o t , l e t d^' - -6 f o r f o r w a r d a r c s and d. f = 
+6 f o r r e v e r s e a r c s . 
2 . F o r a l l b a s i c v a r i a b l e s x ^ , c o r r e s p o n d i n g t o a r c s be tween 
and t he r o o t i n c l u d i n g the r o o t , l e t d ^ = +6 f o r f o r w a r d a r c s and d^' = 
-6 f o r r e v e r s e a r c s . 
P r o o f : 
L e t the c o e f f i c i e n t s f o r the b a s i c v a r i a b l e s as e n c o u n t e r e d i n 
t r a c i n g a p a t h be (a, . , a , , . ) as b e f o r e . C o n s i d e r the p a t h P f r o m p . t o 
K X K X -Li J 
t he r o o t i n c l u d i n g t he r o o t . Suppose P c o n t a i n s the v a r i a b l e s (x.. , . . . , 
JL) X 
x ^ ) . By E q . (26) o f C h a p t e r I I I t h e n o n z e r o e n t r i e s a r e : 
a ^ . - a ^ | ^ ^ 
d = — d . = —— d . _ i = 2 . . . . . r 
l a , ' l a, . i - I ' ' 
k l k i 
o r 
± ~ l / " a k ' t \ 1 
d . - a, . n — — — i = 2 , . . . , r (6) k t k i 
V t 
But a, . = 1 and = -1 f o r a l l t . 
k J a k t 
T h u s : 
d . - " 1 - i = l , . . . , r (7) 
\ i 
By the r u l e s o f the bounded v a r i a b l e s i m p l e x m e t h o d , the co lumn i s u s e d 
d i r e c t l y i f the n o n b a s i c v a r i a b l e i s i n c r e a s i n g and t he n e g a t i v e o f t he 
co lumn i s u s e d i f t he n o n b a s i c v a r i a b l e i s d e c r e a s i n g . T h u s , t h e co lumn 





d.' = 6d . 
1 i 
+6 f o r f o r w a r d a r c s 
(8) 
-6 f o r r e v e r s e a r c s 
T h i s p r o v e s (1) o f t he theorem and (2) i s p r o v e d i n a s i m i l a r manner . 
The f o l l o w i n g c o r o l l a r i e s s p e c i f y t he co lumn c o n s t r u c t i o n f o r the 
c a s e where the column f o r a n o n b a s i c v a r i a b l e has b o t h n o n z e r o e n t r i e s i n 
rows o f t h e same component and the c a s e where the column f o r a n o n b a s i c 
v a r i a b l e h a s o n l y one n o n z e r o e n t r y . 
C o r o l l a r y : I f the two n o n z e r o c o e f f i c i e n t s o f a n o n b a s i c v a r i a b l e x . a r e 
J 
i n the same b a s i c componen t , t hen the co lumn c o n s t r u c t i o n r u l e s o f t he 
theorem a r e v a l i d and o n l y the b a s i c v a r i a b l e s i n t he p a t h s P and P_ 
above t he j o i n i n g node s have n o n z e r o e n t r i e s . 
P r o o f : 
By Lemma 4 . 1 the b a s i c v a r i a b l e s i n P T t o s and P t o s and x . 
L K j 
f o rm a dependen t s e t , and t h u s t hey a r e the o n l y b a s i c v a r i a b l e s w i t h 
n o n z e r o e n t r i e s i n the c u r r e n t co lumn f o r x . . The v e r i f i c a t i o n o f t h e 
J 
r u l e s i s the same as i n the t h e o r e m . 
C o r o l l a r y : Suppose t he o r i g i n a l co lumn f o r t he n o n b a s i c v a r i a b l e x^ has 
o n l y one n o n z e r o e n t r y (a . ) , i . e . , i t c o r r e s p o n d s to a s l a c k a r c . I f 
k j 
a, . = 1, t he n o n z e r o e n t r i e s i n the c u r r e n t co lumn f o r x . a r e computed 
k j J 
u s i n g (1) o f t he theorem and i f a^ . . = - 1 , t he c u r r e n t co lumn i s computed 
u s i n g (2) o f t he t h e o r e m . 
P r o o f : 
The a n a l o g y to t h e theorem i s s t r a i g h t f o r w a r d . 
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The c a l c u l a t i o n o f s i m p l e x m u l t i p l i e r s a f t e r a b a s i s change i s 
a l s o g r e a t l y s i m p l i f i e d f o r the O F P . B e f o r e s p e c i f y i n g t he r e c a l c u l a t i o n 
p r o c e d u r e , a lemma c o n c e r n i n g the b a s i s i n v e r s e f o r the OFP w i l l be p r o v e d 
Lemma 4 . 2 
F o r the O F P , t h e n o n z e r o e n t r i e s i n the row o f the b a s i s i n v e r s e 
c o r r e s p o n d i n g t o t he co lumn b^ f o r b a s i c v a r i a b l e x^ a r e a l l p l u s one i f 
t he a r c f o r x . i s a r e v e r s e a r c when t r a c i n g o u t f rom the r o o t and a r e a l l 
l 
m inus one i f the a r c f o r x , i s a f o r w a r d a r c when t r a c i n g o u t f rom t h e 
r o o t . 
P r o o f : 
U s i n g t he p a r t i t i o n i n g c o r o l l a r y o f S e c t i o n 2 . 5 , p a r t i t i o n the 




Assume t h a t B 1 c o n t a i n s the r o o t u n l e s s b . i s the s l a c k c o l u m n . The row 
P 1 
b * o f t h e i n v e r s e o f B c o r r e s p o n d i n g to b. i s the s o l u t i o n t o : 
P 1 
[ b * . . . , b * , b * , , , . . . , b * ]B - [ 0 , . . . , 1 , 0 . . . ] = e L (10) 
1 ' v v+1 r p 
B ' 1 
• b 




The b * a r e t h e components o f t h e r e q u i r e d row o f the i n v e r s e and b * and 
b * m u l t i p l y the n o n z e r o e n t r i e s i n co lumn b . . But t h i s i s t h e same as 
v+1 v i 
E q . (46) o f C h a p t e r I I I , h e n c e : 
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b * = 0 k ~ v + 1 , . . . , r 
a. . b * + a. . . b * = 1 
k i v k 1 v+1 
(11) 
(12) 
F o r any two e q u a t i o n s p and q c o r r e s p o n d i n g to rows o f B M w i t h t he a s s o -
u u p 
c i a t e d e l e m e n t s o f b * b e i n g b* and b * E q . (52) o f C h a p t e r I I I must be s a -
S u 
t i s f i e d . 
a, b * + a. . b * = 0 (13) 
ku s k u t N 
Where the a r c f o r v a r i a b l e x c o n n e c t s nodes p and q . But 
u u u 
b * = 0 t hus b * = — (14) 
v+1 v a , . v 
k i 
The c o e f f i c i e n t a, . ~ -1 i f the f o r x . i s a f o r w a r d a r c and a, . = +1 
k i i k i 
i f t he a r c i s a r e v e r s e a r c when t r a c i n g ou t f rom the r o o t . A l s o f rom 
E q . ( 1 3 ) , i f b * has been c a l c u l a t e d : 
t a, . s 
k u 
But 
= - 1 f o r any u, 
V u 
Thus b * = b * . 
t s 
T h i s means t h a t : 
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A l l n o n z e r o e n t r i e s i n a row o f t he i n v e r s e a r e the same and t he lemma i s 
p r o v e d . 
A theorem c o n c e r n i n g the r e c a l c u l a t i o n o f s i m p l e x m u l t i p l i e r s can 
now be p r o v e d u s i n g the lemma. 
L e t be t h a t p o r t i o n o f a component above the l e a v i n g v a r i a b l e 
as i n t he p a r t i t i o n i n g c o r o l l a r y f o l l o w i n g Theorem 2 . 1 , L e t rrj be the 
v a l u e o f the s i m p l e x m u l t i p l i e r a s s o c i a t e d w i t h the node above t he e n t e r ­
i n g v a r i a b l e b e f o r e the b a s i s change and l e t rr^ be t he v a l u e o f t h i s s i m ­
p l e x m u l t i p l i e r a f t e r the b a s i s c h a n g e . T h e n : 
where A7T\ i s the change i n the s i m p l e x m u l t i p l i e r b e c a u s e o f a b a s i s 
c h a n g e . The f o l l o w i n g theorem s p e c i f i e s w h i c h s i m p l e x m u l t i p l i e r s change 
and the e x a c t amount o f t he c h a n g e . 
Theorem 4 . 2 
F o r the OFP the o n l y s i m p l e x m u l t i p l i e r s w h i c h change when the 
b a s i s changes a r e t h o s e i n the component B^ above t h e d e p a r t i n g v a r i a b l e , 
and t h e s e a l l change the same amount A T T ^ . 
P r o o f : 
The f i r s t p a r t o f t he theorem f o l l o w s d i r e c t l y f r om Theorem 3 . 2 
s i n c e t he OFP i s a s p e c i a l c a s e o f the G F P . 
To p rove the s e c o n d p a r t o f t he t h e o r e m , c o n s i d e r the p-1 e q u a t i o n s 
i n p unknowns g i v e n b y : 
TT, = TT, + An 1 (16) 
(17) 
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TT i s the v e c t o r o f s i m p l e x m u l t i p l i e r s a s s o c i a t e d w i t h the e q u a ­
t i o n s o f the component above the d e p a r t i n g v a r i a b l e , and c ^ i s the v e c t o r 
o f c o s t s o f t he v a r i a b l e s c o r r e s p o n d i n g t o t he co lumns o f B ^ . L e t rr^, t h e 
f i r s t component o f TT , bs the s i m p l e x m u l t i p l i e r a s s o c i a t e d w i t h t he e q u a ­
t i o n o f the node above t he e n t e r i n g v a r i a b l e . By a d d i n g t he e q u a t i o n 
(18) 




L • J 
= [TT- C A ] (19) 
A f t e r t he b a s i s change the sys tem s a t i s f i e s : 
TT = 
'A = [ n j + A r ^ c A ] 
(20) 
S u b t r a c t i n g (19) f rom (20) 
En - TT] c 
» Al = [Arr1 0 ] (21) 
[TT - TT] = [An , 0] 
c 1 — 
-i - i 
(22) 
Thus t he change i s s p e c i f i e d by t he f i r s t row o f t he b a s i s i n v e r s e . But 
by Lemma 4 , 2 t h i s row i s a l l p l u s o n e s . T h u s : 
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(23) 
And the theorem i s p r o v e d . 
I n s t e a d o f t r a c i n g the t r e e above t he e n t e r i n g v a r i a b l e and i t e r a -
t i v e l y r e c o m p u t i n g t h e s i m p l e x m u l t i p l i e r s , the s i m p l e x m u l t i p l i e r T T ^ f o r 
t h e node above t h e a r c o f t he e n t e r i n g v a r i a b l e i s compu ted , and i t s 
change A T T ^ added t o a l l o f t h e r e m a i n i n g s i m p l e x m u l t i p l i e r s a s s o c i a t e d 
w i t h B A . L e t c ! be t h e r e l a t i v e c o s t o f n o n b a s i c v a r i a b l e x . a f t e r a 
b a s i s change and A T T ^ d e f i n e d as a b o v e . 
C o r o l l a r y : The o n l y r e l a t i v e c o s t s c ^ w h i c h change when a b a s i s changes 
a r e t h o s e a s s o c i a t e d w i t h v a r i a b l e s w i t h one n o n z e r o c o e f f i c i e n t i n a row 
c o r r e s p o n d i n g t o B^ . I f t he c o e f f i c i e n t i s m inus o n e , t hen c7 = c^ + A T T ^ 
and i f t he c o e f f i c i e n t i s p l u s o n e , then c7 = c . - A T T , . 
R I L L 
P r o o f : 
I f a n o n b a s i c v a r i a b l e has no n o n z e r o c o e f f i c i e n t s i n rows o f B 4 , 
A ' 
t hen c l e a r l y the b a s i c change does no t a f f e c t t he r e l a t i v e c o s t s s i n c e 
t h e r e l e v a n t s i m p l e x m u l t i p l i e r s do n o t c h a n g e . I f a n o n b a s i c v a r i a b l e 
h a s b o t h n o n z e r o c o e f f i c i e n t s i n rows o f B. , t hen b e f o r e t h e b a s i s c h a n g e : 
'A i 1 
c . = 
l c . 1 
- TT + TT (24) 
By Theorem 4 . 2 , a f t e r the b a s i s c h a n g e : 
TT + ATT 1 (25) 
TT 
Thus the new r e l a t i v e c o s t i s d e t e r m i n e d b y : 
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c . = c. 1 - ( t t + A n , ) + ( t t + An ) = c . (26) 
l i p . 1 q . r i s 
i l 
I f a n o n b a s i c v a r i a b l e has one n o n z e r o c o e f f i c i e n t and i t i s a m inus o n e , 
t hen e i t h e r : 
c . = c . - t t + n (27) 
i l p. q . 
* i n i 
becomes : 
Or f o r a s l a c k : 
becomes : 
c. 1 = c . - t t + t t + A t t , = c . + A n , (28) 
l i p . q . I l l 
l l 
c . = c . + n (29) 
l i p . r i 
c ' = c . + n + A n , = c . + Att., (30) 
i i p . I l l r i 
L i k e w i s e f o r a p l u s one c o e f f i c i e n t : 
c] = c . - n - A n , + n = c . - A n , (31) 
i i p . 1 q . l 1 
l i 
c".' = c . - n - A n , = c". - A n , 
i i p . i i 1 
The c o r o l l a r y i s p r o v e d . 
Theorem 4 . 2 and t he c o r o l l a r y a r e e x t e n s i o n s o f the r e s u l t o f 
G l o v e r , K l i n g m a n , and Kearny [34] f o r the t r a n s p o r t a t i o n p r o b l e m . 
The c o m p u t a t i o n a l u s e f u l n e s s o f the c o r o l l a r y i s n o t s t r a i g h t f o r ­
w a r d , s i n c e t h e i d e n t i f i c a t i o n and r e c a l c u l a t i o n o f the c u r r e n t c o s t s f o r 
the a f f e c t e d n o n b a s i c v a r i a b l e s c o u l d r e q u i r e more e f f o r t t han i s w o r t h -
w h i l e . 
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4 . 3 . 3 C o m p u t a t i o n a l R e s u l t s 
The s i m p l i f i c a t i o n s i n d i c a t e d i n S e c t i o n 4 . 3 . 2 were u s e d to c o n ­
s t r u c t an a l g o r i t h m f o r the o r d i n a r y f l o w p r o b l e m . T h i s a l g o r i t h m was 
c o d e d i n F o r t r a n V f o r t he UNIVAC 1108. The r e s u l t s o f s o l v i n g a number 
o f p r o b l e m s w i t h the OFP code and the SHARE o u t - o f - k i I t e r code [80] a r e 
g i v e n i n T a b l e 3 and F i g u r e s 8 and 9 . The p r o b l e m s were g e n e r a t e d i n a 
manner s i m i l a r t o t h a t d e s c r i b e d f o r t he GFP c o m p u t a t i o n a l r e s u l t s . B o t h 
c o d e s were run on the UNIVAC 1108 under i d e n t i c a l c o n d i t i o n s . 
The r e s u l t s i n d i c a t e t h a t t he use o f t he t e c h n i q u e s and d e v i c e s 
d e s c r i b e d i n t h i s pape r l e a d t o an e f f e c t i v e s o l u t i o n p r o c e d u r e . The 
c o m p u t a t i o n a l t i m e s f o r the OFP code a r e c o m p a r a b l e to t h o s e o f G l o v e r , 
K l i n g m a n , and B a r r [38] f o r t h e i r imp roved o u t - o f - k i l t e r c o d e , a l t h o u g h 
i t i s d i f f i c u l t t o make c o m p a r i s o n s s i n c e d i f f e r e n t p r o b l e m s were s o l v e d 
on d i f f e r e n t c o m p u t e r s . K l i n g m a n , N a p i e r , and S t u t z [64] have i n d i c a t e d 
t h a t a p r i m a l method i s b e i n g d e v e l o p e d w h i c h i s b e t t e r t han the i m p r o v e d 
o u t - o f - k i l t e r c o d e . 
S i n c e t he code f o r t he OFP a l g o r i t h m was e x p e r i m e n t a l and i n t e n d e d 
o n l y t o v e r i f y the e f f e c t i v e n e s s o f the methods e x p l o r e d i n t h i s p a p e r , 
we b e l i e v e t h a t b e t t e r c o m p u t a t i o n a l t i m e s may be o b t a i n e d by i m p r o v i n g 
t he computer c o d i n g m e t h o d s . 
4 . 4 P r i m a l T r a n s p o r t a t i o n A l g o r i t h m 
4 . 4 . 1 P r o b l e m S ta temen t 
The o r d i n a r y f l o w a l g o r i t h m can be s p e c i a l i z e d f u r t h e r when a p p l i e d 
to the c a p a c i t e d t r a n s p o r t a t i o n p r o b l e m . Assume t h a t t h e p r o b l e m i s i n 
t he f o r m : 
Table 3. OFP Computational Results 
Problem Nodes Sources Sinks Arcs Iterations Time-OFP* Time-OTK* Average 
Number OFP (Sec) (Sec) Time 
1 50 11 12 115 82 •112 .909 
2 50 20 9 128 52 .110 •459 
3 50 10 9 129 49 •055 .694 
4 50 13 9 124 70 •099 .572 
5 50 16 8 121 28 •036 .311 
6 75 19 13 248 126 .168 1.478 
7 75 12 9 219 140 .243 1.368 
8 75 13 16 230 153 .205 2.080 
9 75 12 20 239 255 .432 2.995 
10 75 16 16 226 148 .218 1.138 
11 100 19 20 384 290 .565 2.941 





Table 3. (Continued) 
Problem Nodes Sources Sinks Arcs Iterations Time-OFP* Time-OTK* Average 
Number OFP (Sec) (Sec) Time 
24 165 47 24 956 351 .881 5.325 
25 165 36 35 995 833 2.236 9.771 
26 185 33 37 1222 1303 4.271 13.710 
2? I85 32 42 1189 1345 4.339 17.679 
28 185 49 34 1153 605 2.133 8.412 
29 185 43 35 1176 720 2.416 9.518 
30 185 40 45 1181 1309 5.172 14.067 
31 200 29 43 1366 1516 5.449 20.536 
32 200 37 47 1384 1438 4.984 22.548 
33 200 34 44 1397 1419 4.972 21.509 
3^ 200 4i 49 1393 1336 4.992 17.571 







Table 3. (Continued) 
Problem Nodes Sources Sinks Arcs Iterations Time-OFP* Time-OTK* Average 
Number OFP (Sec) (Sec) Time 
13 100 26 
14 100 21 
15** 100 18 
16 150 32 
17 150 26 
18 150 29 
19 150 31 
20 150 35 
21 165 38 
22 165 49 
23 165 32 
19 396 175 
16 395 230 
17 391 285 
31 837 685 
28 801 689 
33 794 750 
33 827 751 
32 800 671 
24 977 670 
3* 1023 634 














Table 3. (Continued) 
Problem Nodes Sources Sinks Arcs Iterations Time-OFP* Tiae-OTK* Average 
Number OFP (Sec) (Sec) Time 
36 300 68 52 2974 1872 11.925 L 
37 300 54 76 3096 33^4 20.149 L 
38 300 55 54 2975 2543 15.155 L 
39 300 54 59 2966 2759 17.293 L 
40 300 56 57 3034 2729 15.506 L OFP-16.005 
Arc desity- #03 Source density-,2 Sink density- ,2 
Source range 50-80 Sink range 30-50 Cost range 1-100 
Upper bound range 40-80 Lower bound-0 
•Solution time on Univac 1108 in multiprocessing mode exclusive of input/output time 
**No feasible solution 
L-Problem too large for code 
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F i g u r e 8 . Compar i son o f OFP and SHARE OTK A l g o r i t h m s (Nodes) 
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F i g u r e 9 . C o m p a r i s o n o f OFP and SHARE OTK A l g o r i t h m s ( A r c s ) 
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(TP) n +n 
s t 
M i n i m i z e 
i = l 
J, c . x . (32) 
S u b j e c t t o : 
J n . t 
) * i £ a j = 1 n (33) 
i Z = ( j - l ) n t + l J 
I - X j = - b . i = l , . . . , n t (34) 
j = i + k n t 
k = 0 . . . . . n -1 
' s 
x . 5 : 0 , a . 5 : 0 , b . ^ 0 f o r a l l i and j . 
I j l J 
T h i s can be r e p r e s e n t e d a s a g raph w i t h nodes l , 2 , , . , , n ,n + 1 , 
S 5 
. . . , n + n t . T h e r e i s an a r c s t a r t i n g a t e a c h node i n t he s e t NS = ( 1 , . . . , 
n ) w i t h a p l u s one and e n d i n g i n the s e t NT = (n + l , . . . , n +n ) w i t h a 
s s s t 
m inus o n e . T h e r e a r e t h u s n +nJ_ e q u a t i o n s and n * n ^ v a r i a b l e s e a c h a p -
s t n s t r 
p e a r i n g i n two e q u a t i o n s . F o r e a c h e q u a t i o n i n (33) t h e s l a c k v a r i a b l e 
x . . : = a . , j = l , . . . , n w i t h c o s t c . = 0 a r e a d d e d . F o r e a c h 
n g + n t + j 3 s n s + n t + i 
e q u a t i o n i n (34) t he a r t i f i c i a l x . = b . , j = 2n +n + i , i = l , . . . , n ^ w i t h 
j l J s t t 
c o s t C J = R a r e a d d e d . T h i s p r o v i d e s an i n i t i a l s t a r t i n g s o l u t i o n w i t h 
n g s l a c k v a r i a b l e s and n t a r t i f i c i a l s . T h i s p r o b l e m m i g h t be c a l l e d t h e 
c o m p l e t e l y c o n n e c t e d t r a n s p o r t a t i o n p r o b l e m . I f a r c s a r e t o be e x c l u d e d , 
t h e y c o u l d be g i v e n t he same h i g h c o s t a s f o r t he a r t i f i c i a l v a r i a b l e s . 
The s t r u c t u r e o f t h e t r a n s p o r t a t i o n c o n s t r a i n t s e t can be u s e d t o 
s i m p l i f y t he l o g i c r e q u i r e d when a p p l y i n g t he p r i n c i p l e s o f t h e o r d i n a r y 
f l o w a l g o r i t h m . A l s o , s i n c e t h e r e i s o n l y one a r c f r o m any node t o any 
o t h e r n o d e , t h e node b a s e d l a b e l i n g s y s t e m i s u s e d t o c h a r a c t e r i z e t h e 
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c u r r e n t b a s i s . C o m p u t a t i o n a l l y t h i s h a s a d v a n t a g e , s i n c e t h e node 
o r i e n t e d sys tem u s e s f ewe r o p e r a t i o n s t o d e t e r m i n e t h e same i n f o r m a t i o n 
as t h e a r c b a s e d s y s t e m . E x p e r i e n c e w i t h t he GFP a l g o r i t h m h a s shown 
t h a t t h e code u s i n g t h e node l a b e l i n g method i s 10 t o 20 p e r c e n t f a s t e r 
t han the code w i t h t h e a r c b a s e d sys tem on the same p r o b l e m s . The s a v i n g s 
i n o p e r a t i o n s a r e i l l u s t r a t e d by t h i s e x a m p l e . 
Suppose one i s g i v e n node k and w i s h e s t o know t h e n e x t node b e l o w 
i t i n t he t r e e and t h e b a s i c a r c c o n n e c t i n g the two n o d e s . I n t h e a r c 
l a b e l i n g sys tem the o p e r a t i o n s r e q u i r e d w o u l d b e : 
(1) x - k , j = D 
(2) I f x = P j t h e n y = q ^ , o t h e r w i s e , y = p^ 
x , j , and y a r e the r e q u i r e d i n f o r m a t i o n . 
F o r t h e node l a b e l i n g sys tem t h e r e i s a m a t r i x N w i t h e l e m e n t s 
N s u c h t h a t , i f a r c i goes be tween nodes x and y , t h e n N = j . The 
xy ' J & J 3 xy J 
same i n f o r m a t i o n i s f o u n d b y : 
(1) x = k , y = D 
(2) j = N 
xy 
S i n c e t h e s e t y p e s o f o p e r a t i o n s a r e p e r f o r m e d many t i m e s u s i n g t h e 
p r i m a l f l o w a p p r o a c h on t h e a l g o r i t h m s o f t h i s c h a p t e r , t h e c o m p u t a t i o n a l 
s a v i n g s o f u s i n g the s e c o n d l a b e l i n g s y s t e m a r e c o n s i d e r a b l e . 
T h e r e i s o n l y one s l a c k o r a r t i f i c i a l v a r i a b l e a s s o c i a t e d w i t h 
e a c h n o d e . These a r e i d e n t i f i e d by N, , = n +n +k, i f v a r i a b l e 
k n +n +1 s t ' 
s t 
x . i s a s l a c k o r a r t i f i c i a l a t node k . I f k ^ n , t he v a r i a b l e i s 
n +n +k s ' 
s t 
a s l a c k , o t h e r w i s e i t i s an a r t i f i c i a l . The d i f f e r e n t l a b e l i n g scheme 
makes i t a d v i s a b l e t o a l t e r the methods u s e d f o r t h e o r d i n a r y f l o w p r o b l e m 
f o r t he t r a n s p o r t a t i o n p r o b l e m . The p a t h t o t h e r o o t ( s ) f r om b o t h ends 
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o f the e n t e r i n g arc are t r a c e d to determine whether the nonbas ic arc 
c o n n e c t s two t r e e s or i s c o n t a i n e d i n one t r e e , and the two c a s e s are 
c o n s i d e r e d s e p a r a t e l y . 
4 . 4 . 2 S i m p l i f i c a t i o n s f o r the T r a n s p o r t a t i o n Problem 
In a d d i t i o n t o the s i m p l i f i c a t i o n in the l o g i c a l s p e c i f i c a t i o n of 
nodes and a r c s a l r e a d y n o t e d , one a d d i t i o n a l s p e c i a l i z a t i o n can be u s e d . 
Let 6 be d e f i n e d as i n Eq. ( 5 ) . Let P_ and P.. be the paths from each end 
Li K 
o f the arc f o r the e n t e r i n g v a r i a b l e to the r o o t s or j o i n i n g node. 
Theorem 4 . 3 
For the ord inary t r a n s p o r t a t i o n problem, the e n t r i e s for the v a r i ­
a b l e s i n P_ and P are a l t e r n a t e l y +6 and -6 to and i n c l u d i n g the r o o t or 
t o the j o i n i n g node s i f a p p l i c a b l e . 
Proof: 
A l l p o s i t i v e c o e f f i c i e n t s appear i n the e q u a t i o n s e t NS and a l l 
n e g a t i v e c o e f f i c i e n t s i n the s e t NT. S t a r t i n g i n NS the a s s o c i a t e d a r c s 
are a l t e r n a t e l y forward and r e v e r s e a r c s s t a r t i n g w i t h a forward a r c , and 
s t a r t i n g i n NT the a r c s are a l t e r n a t e l y r e v e r s e and forward s t a r t i n g w i t h 
a r e v e r s e a r c . A l l s l a c k s i n x have a p l u s one c o e f f i c i e n t and a l l a r t i 
s * 
f i c i a l s i n NT have a minus one c o e f f i c i e n t . Thus, by Theorem 4 . 2 t h i s 
theorem i s proved . 
4 . 4 . 3 Computat ional R e s u l t s 
The u n c a p a c i t e d v e r s i o n o f the a l g o r i t h m d e s c r i b e d in the p r e v i o u s 
s e c t i o n s was coded in Fortran V for the UNIVAC 1108 computer. The code 
i s a d i r e c t i m p l e m e n t a t i o n , s p e c i a l i z a t i o n , and e x t e n s i o n o f the i d e a s 
o f Johnson i n [ 5 8 ] and [ 5 9 ] . I t i s s i m i l a r to the codes o f Thompson and 
S r i n i v a s a n [ 9 l ] and G l o v e r , Kearny, Klingman, and Napier [ 3 0 , 3 6 ] but was 
148 
d e v e l o p e d i n d e p e n d e n t l y . The o r i g i n a l c o m p u t a t i o n a l r e s u l t s o b t a i n e d 
u s i n g a r t i f i c i a l v a r i a b l e s f o r a l l o f t h e d e s t i n a t i o n s i n the s t a r t i n g 
s o l u t i o n and a f i r s t n e g a t i v e e v a l u a t o r r u l e f o r c h o o s i n g an e n t e r i n g 
v a r i a b l e were d i s a p p o i n t i n g . The s t u d i e s m e n t i o n e d above r e p o r t e d t h a t 
a b e t t e r s t a r t i n g s o l u t i o n and c h o i c e r u l e g r e a t l y i m p r o v e d c o m p u t a t i o n 
t i m e s . U s i n g t h e i r e x p e r i e n c e , we imp lemen ted t he m o d i f i e d row minimum 
s t a r t method and m o d i f i e d row f i r s t n e g a t i v e e v a l u a t o r c h o i c e r u l e d e ­
s c r i b e d i n b o t h [36] and [ 9 l ] . The r e s u l t s o f s o l v i n g a number o f 100 
p e r c e n t dense t r a n s p o r t a t i o n p r o b l e m s w i t h t h i s imp roved v e r s i o n o f t h e 
code a r e g i v e n i n T a b l e 4 . T h e s e t i m e s a r e c o m p a r a b l e w i t h t h e t i m e s f o r 
the 1970 code o f S r i n i v a s a n and Thompson [ 9 1 ] , b u t a r e n o t as good as 
t h o s e c l a i m e d f o r t h e i r 1972 c o d e o r t h o s e f o r t h e c o d e o f G l o v e r , K e a r n y , 
K l i n g m a n , and N a p i e r i n [ 3 6 ] . 
A m o d i f i c a t i o n was made t o t h e t r i p l e l a b e l i n g scheme o f J o h n s o n 
t o r e d u c e t h e s t o r a g e r e q u i r e m e n t s . I n t he node o r i e n t e d l a b e l i n g scheme 
i n S e c t i o n 3 . 6 , a m a t r i x e n t r y N was u s e d t o d e t e r m i n e t h e a r c be tween 
' J xy 
nodes x and y . F o r a t r a n s p o r t a t i o n w i t h n s o u r c e s and n^ d e s t i n a t i o n , 
J r s t 
2 
t h i s m a t r i x N r e q u i r e d (n g +n f c ) s t o r a g e l o c a t i o n s . I f a f o u r t h l a b e l A ^ 
i s u s e d t o i d e n t i f y t h e u n i q u e b a s i c a r c d i r e c t l y b e l o w node x i n t he 
b a s i c t r e e , t h e n t he m a t r i x N i s n o t r e q u i r e d . F o r e x a m p l e , i f i t i s 
known t h a t node x i s above node y i n t he t r e e , then A i s the b a s i c a r c 
w h i c h c o n n e c t s them. These l a b e l s a r e u p d a t e d i n the same manner a s t he 
down l a b e l s . I n [36] i t i s m e n t i o n e d t h a t t h e code o f S r i n i v a s a n and 
Thompson may be u s e d o n l y on 100 p e r c e n t dense p r o b l e m s . W i t h t h e a d d i ­
t i o n a l c o r e s t o r a g e r e q u i r e m e n t o f ftg"*"11.. p l u s t h e number o f a r c s , t h e 
method d e s c r i b e d h e r e may b e u s e d t o s o l v e p r o b l e m s o f a n y d e n s i t y i n a 
manner s i m i l a r t o t h a t d e s c r i b e d f o r t h e OFP c o d e i n t h e p r e v i o u s s e c t i o n . 
Table 4. Transportation Computational Results* 
Problem, 









1 100 x 100 551 4.440 0 - .1 
2 100 x 100 487 6.768 .1 - .2 
3 100 x 100 301 4.342 .2 - .5 
if 120 x 120 622 6.609 0 - .1 
5 120 x 120 508 6.961 .1 - .2 
6 120 x 120 316 5.516 .2 - .5 
7 140 x 140 809 7.988 0 - .1 
CO
 
140 x 140 664 8.497 .1 - .2 
9 140 x 140 329 4,667 .2 - .5 
10 160 x 160 895 11.050 0 - .1 
i l 160 x 160 695 12.602 • 1 - .2 
12 160 x 160 369 8.629 .2 - .5 
*The results In th i s table were obtained by J. L. 
Kensington using a code developed using the methods 
described in th i s section. 
*Each problem set consists of f ive problems. 
2 
Solution time on Univac 1108 in multiprocessing 
mode exclusive of Input/output time. 
The constraint factor i s the excess of to ta l supply (2S.) 
over to ta l demand feT^) divided by to ta l supply. 
Constraint Factor « ~ 
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4 , 5 R e s o l u t i o n of Degeneracy 
I f the problem i s n o t d e g e n e r a t e , a s implex based a l g o r i t h m i s 
f i n i t e s i n c e o n l y b a s i c s o l u t i o n s are c o n s i d e r e d which are n o t r e p e a t e d . 
I t remains t o be shown t h a t , when t h e problem i s d e g e n e r a t e , t h e r e can be 
o n l y a f i n i t e number o f b a s i s changes between d e c r e a s e s i n t h e o b j e c t i v e 
f u n c t i o n . The random c h o i c e r u l e of Dantz ig [15] or the s i m p l e r u l e o f 
A z p e i t i a and D i c k i n s o n [ 2 ] i n v o l v i n g c h o o s i n g t h e v a r i a b l e which has 
been i n t h e b a s i s the l e a s t number of t imes might be adopted f o r t h e o ­
r e t i c a l c o m p l e t e n e s s but n e i t h e r o f t h e s e has any d i r e c t r e l a t i o n t o 
t h e problem a t hand. The approach taken h e r e w i l l be t o u s e a more 
c o m p l i c a t e d r u l e due t o D a n t z i g [15 ] and show t h a t f o r many of t h e c o n ­
d i t i o n s which can occur f o r a d e g e n e r a t e b a s i s change t h i s r u l e has a 
s i m p l e i n t e r p r e t a t i o n i n terms of the b a s i s graph. D a n t z i g ' s r u l e e v o l v e s 
from t h e f o l l o w i n g deve lopment . 
Suppose t h a t the r i g h t hand s i d e o f t h e s t a r t i n g t a b l e a u f o r t h e 
GFP be r e p l a c e d by t h e s e t of m-HL components row v e c t o r s b^ — (b^ e ^ ) , 
i = l , . . . , m where e . i s an m-dimens ional u n i t v e c t o r . These v e c t o r s 
a r e l e x i c o g r a p h i c a l l y p o s i t i v e s i n c e i t i s assumed b^ ^ 0 f o r each i . 
Then t h e v e c t o r v a l u e d v a r i a b l e s on some subsequent i t e r a t i o n 
a r e g i v e n b y : 
Ij. = [b± P ± 1 P i 2 >"-»P iJ 1 * I * - . - . * (35) 
th 
where 8. i s t h e i row of the b a s i s i n v e r s e . 
i 
I f t h e dropping v a r i a b l e i s chosen s o t h a t : 
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- j — - l e x i x o m i n 
r s i s 
i n ( ^ - ) (36) 
The c o r r e s p o n d i n g v e c t o r v a l u e d o b j e c t i v e f u n c t i o n i s l e x i c o g r a p h i c a l l y 
d e c r e a s i n g and h e n c e f i n i t e n e s s i s e s t a b l i s h e d . 
To s e e how t h i s r u l e s p e c i a l i z e s f o r t h e G F P , t h e v a r i o u s c a s e s 
f o r b a s i s changes w i l l be c o n s i d e r e d . F i r s t , suppose t h a t a n o n b a s i c 
v a r i a b l e x^ i s e n t e r i n g t h e b a s i s and i t s c o r r e s p o n d i n g a r c i s b e t w e e n 
two b a s i s components b o t h w i t h r o o t s . D e f i n e t h e component c o n t a i n i n g 
P j a s T r e e One and t h e one c o n t a i n i n g a s T r e e Two . Suppose t h a t 
t h e r e i s a t i e b e t w e e n two b a s i c v a r i a b l e s x , x . i n t h e p a t h f r o m p . t o 
s ' t r * j 
t h e r o o t o f T r e e One . T o u s e t h e r u l e o f D a n t z i g , t h e rows o f t h e i n ­
v e r s e f o r t h e s e two v a r i a b l e s a r e r e q u i r e d . 
I n C h a p t e r I I I , a method was p r e s e n t e d s h o w i n g t h a t a n i t e r a t i v e 
scheme c o u l d be u s e d t o s o l v e f o r t h e row o f t h e b a s i s i n v e r s e c o r r e s p o n d ­
i n g t o a n y b a s i c v a r i a b l e . T h i s i n v o l v e d s o l v i n g a n e q u a t i o n o f t h e t y p e 
TLX fc^L 
6 . B = e , where e . i s t h e i u n i t v e c t o r when t h e i r ow o f t h e i n v e r s e 1 —i l 
B i s t h e s u b m a t r i x c o r r e s p o n d i n g t o t h e t r e e c o n t a i n i n g x ^ . B i s l o w e r 
t h 
t r i a n g u l a r and a l l e n t r i e s o f |L a r e e q u a l t o z e r o u n t i l t h e i o n e . 
t h 
I n terms o f t h e g r a p h , f o r v a r i a b l e x ^ t h e e n t r i e s o f t h e i row o f 
t h e b a s i s i n v e r s e a r e a l l z e r o e x c e p t c o r r e s p o n d i n g t o nodes above i t i n 
t h e b a s i c t r e e . L e t d . . be t h e e l e m e n t i n t h e row o f t h e b a s i c v a r i a b l e 
x . f o r t he n o n b a s i c co lumn f o r x, . T h u s , i f x and x i n t h e same t r e e , 
i K ' s t , 1 . d t i 
• > 0 and c h o o s e x i f 
V T Z A K ' T 
t h e r u l e o f D a n t z i g s a y s c h o o s e x i f — < 0, 
s a 7 T . t a . 1 4 . 
T h i s f o l l o w s s i n c e : 
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b b 
•f" = d a n d T - { i : P T . = 0} C S = { i : P S . = 0} (37) 
s i t i 
T i s a p r o p e r s u b s e t o f S . T h u s , when t h e f i r s t n o n z e r o e l e m e n t P , ^ 0 
t i —g 
i s e n c o u n t e r e d , P . = 0 . T h u s , i f •%—> 0 , t h e n - — i s l e x i c o g r a p h i -
b . t i s i 
—2_ t i 
c a l l y s m a l l e r t h a n — and i f - — < 0 , t h e c o n v e r s e i s t r u e . 
t i t i 
B u t t h e f i r s t n o n z e r o e l e m e n t i n _g_ e n c o u n t e r e d i s t h e d i a g o n a l 
e l e m e n t and i t c a n be d e t e r m i n e d e a s i l y . Suppose t h a t node r i s b e l o w 
t h e b a s i c a r c x t and node t i s above i t . The e q u a t i o n t o d e t e r m i n e t h e t 
e l emen t i s 
t t 
V t r t + V t P t t " 1 ( 3 8 ) 
B u t P =» 0 s i n c e r i s b e l o w x , t h e n P - — - — . T h u s , i f a , , > 0 , 
r t t 11 a ^ | k t 
t h e n ft fc > 0 a n d a . , < 0 , t h e n B < 0 . K t t k ' t ' K t t 
The s i g n o f t h e r e q u i r e d e l e m e n t i s d e t e r m i n e d b y t h e c o e f f i c i e n t 
o f t h e b a s i c a r c g e n e r a t i n g t h e row n e x t t o t h e node away f r o m the r o o t 
a n d t h e s i g n o f d^_. w h i c h i s p l u s i f x̂ _ i s d e c r e a s i n g and m inus i f x ^ i s 
t i t t 
i n c r e a s i n g . The l e x i c o g r a p h i c r u l e o f D a n t z i g c a n t h e n be s t a t e d as 
f o l l o w s . 
Theorem 4 . 4 
Suppose t h a t x and x a r e two b a s i c v a r i a b l e s i n t h e p a t h f r o m 
t h e e n t e r i n g n o n b a s i c v a r i a b l e t o t h e r o o t w h i c h a r e t i e d f o r t h e minimum 
r a t i o t o d e t e r m i n e t h e b l o c k i n g v a r i a b l e . A l s o suppose x g i s above x f c i n 
t h e t r e e and l e t a , , be t h e c o e f f i c i e n t a s s o c i a t e d w i t h x i n t h e e q u a -
t i o n c o r r e s p o n d i n g t o t he node d i r e c t l y above x t i n t h e t r e e . T h e n t h e 
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a k t a k t 
r u l e d r o p p i n g x g i f ^ — > 0 and d r o p p i n g x f c i f - j — < 0 m a i n t a i n s t h e 
t i t i 
l e x i c o g r a p h i c o r d e r w h i c h b y D a n t z i g ' s p r o o f i n s u r e s f i n i t e n e s s . 
Now suppose t h a t t h e two v a r i a b l e s x ^ and x w h i c h a r e t i e d a r e 
r r t s 
i n t h e p a t h s b e t w e e n t h e e n t e r i n g v a r i a b l e and t h e r o o t o r p s e u d o r o o t 
i n d i f f e r e n t t r e e s , i . e . , x , i s i n T r e e One and x i s i n T r e e Two . The 
' ' t s 
s u b m a t r i x f o r t h e s e two components i s l o w e r t r i a n g u l a r and i n b l o c k f o r m . 
[o1 BJ (39 ) 
T h u s , t h e r o w o f t h e i n v e r s e c o r r e s p o n d i n g t o x f c w i l l h a v e t h e f i r s t n o n ­
z e r o e l e m e n t b y t h e same r e a s o n i n g a s b e f o r e . The l e x i c o g r a p h i c r u l e 
f o r t h i s c a s e becomes : 
C o r o l l a r y : Suppose x and x a r e two b a s i c v a r i a b l e s w i t h x i n t h e p a t h 
S u U 
b e t w e e n a n e n t e r i n g a r c and t he r o o t i n one t r e e and x i s i n a s i m i l a r 
s 
p a t h i n a n o t h e r t r e e . Assume t h a t x and x a r e t i e d f o r l e a v i n g v a r i a b l e 
S C 
b y t h e s t a n d a r d r a t i o t e s t a n d t h a t a^ i * . i s t h e c o e f f i c i e n t f o r x f c i n t h e 
e q u a t i o n c o r r e s p o n d i n g t o t h e node above x f c i n i t s t r e e . Then t h e r u l e 
a k t \ t 
w h i c h d r o p s x g i f ^ — > 0 and d r o p s x f c i f - j — < 0 p r e s e r v e s t h e l e x i c o -
t i s i 
g r a p h i c o r d e r r e q u i r e d f o r f i n i t e n e s s . 
P r o o f : 
The p r o o f f o l l o w s d i r e c t l y f r o m t h e t h e o r e m . 
The c a s e whe re one o f t h e d r o p p i n g v a r i a b l e s i s a r o o t i n s t e a d o f 
a v a r i a b l e i n t h e p a t h i s t h e same as i f t h e r o o t v a r i a b l e i s t r e a t e d as 
a p a t h v a r i a b l e . T h i s f o l l o w s d i r e c t l y f r o m the method o f g e n e r a t i n g 
t h e r o w o f t h e i n v e r s e c o r r e s p o n d i n g t o t h e r o o t . 
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I f both ends of the e n t e r i n g a r c a r e i n t h e same r o o t e d t r e e , 
then t h e path from each end t o the r o o t must j o i n a t some node n above 
t h e r o o t . I f x and x a r e t i e d for l e a v i n g v a r i a b l e and x i s above n s t s 
and x i s be low n , then the r u l e of Theorem 4 . 4 a p p l i e s . I f x and x t ' s t 
a r e both above n , c a l l the branch c o n t a i n i n g x g branch one and the branch 
c o n t a i n i n g x t , branch two. Let B^ correspond t o the p a r t of the b a s i s 






b * I s b = a l t 
—s 0 —t 0 
But t h i s c a s e r e v e r t s to the same c a s e as i n the C o r o l l a r y to Theorem 4 . 6 
where branch one i s i d e n t i f i e d w i t h Tree One and branch two i s i d e n t i f i e d 
w i t h Tree Two. 
The c a s e s covered s o f a r a r e a l l t h a t can occur f o r the o r d i n a r y 
f l ow problem s i n c e e i t h e r a s l a c k a r c e n t e r s a r o o t e d t r e e , or t h e n o n b a s i c 
e n t e r i n g arc c o n n e c t s two t r e e s or has both ends i n the same t r e e . Thus, 
t h e r u l e s above a r e s u f f i c i e n t t o ensure nondegeneracy i n the o r d i n a r y 
f l o w a l g o r i t h m . They are r e s t a t e d be low i n terms of forward and r e v e r s e 
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a r c s and i n c r e a s i n g and d e c r e a s i n g t h e b a s i c v a r i a b l e . D e f i n e T r e e One 
t o be t h e l e f t t r e e and T r e e Two t o be t h e r i g h t t r e e i n t h e c a s e o f two 
r o o t e d components w i t h l e f t and r i g h t d e f i n e d as i n t h e s t a t e m e n t o f t h e 
a l g o r i t h m . Assume a n a l o g o u s d e f i n i t i o n s f o r l e f t and r i g h t b r a n c h e s . 
A N o n b a s i c 





V a r i a b l e t o 
Be D r o p p e d 
I n c r e a s e Above t i n F o r w a r d s 
l e f t t r e e R e v e r s e t 
Above t i n F o r w a r d t 
r i g h t t r e e R e v e r s e s 
D e c r e a s e Above t i n F o r w a r d t 
l e f t t r e e R e v e r s e s 
Above t i n F o r w a r d s 
r i g h t t r e e R e v e r s e t 
I n c r e a s e Above n i n F o r w a r d s 
same t r e e w i t h 
a r c t b e l o w R e v e r s e t 
D e c r e a s e W i t h t b e l o w F o r w a r d t 
R e v e r s e s 
I n c r e a s e R i g h t b r a n c h F o r w a r d s 
w i t h t i n l e f t R e v e r s e t 
D e c r e a s e R i g h t b r a n c h F o r w a r d t 
w i t h t i n l e f t R e v e r s e s 
The r u l e s i n t h i s c h a r t c o u l d be imp lemen ted c o m p u t a t i o n a l l y , b u t 
i t does n o t seem n e c e s s a r y s i n c e a n examp le o f c y c l i n g h a s n o t b e e n f o u n d 
i n p r a c t i c e . T h e s e r u l e s a r e c o n s i s t e n t w i t h t h e r u l e s o f M a i e r [68] f o r 
t h e maximum f l o w p r o b l e m u s i n g s p a n n i n g t r e e s . 
F o r t h e G F P , c o n s i d e r a t i o n must b e made f o r t h e p o s s i b i l i t y o f a 
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t i e o c c u r r i n g b e t w e e n a v a r i a b l e i n a p s e u d o r o o t and some o t h e r v a r i a b l e . 
I n t h i s c a s e t h e r e seems t o be no s i m p l e i n t e r p r e t a t i o n o f D a n t z i g ' s r u l e 
a n d t h e rows o f t h e i n v e r s e must be g e n e r a t e d and t h e s t a n d a r d t e s t made. 
I f one o f t h e v a r i a b l e s i s i n t h e p s e u d o r o o t and t h e o t h e r n o t , t h e n o n l y 
t h e r o w f o r t h e v a r i a b l e i n t he p s e u d o r o o t n e e d be g e n e r a t e d s i n c e i t w i l l 
h a v e a n o n z e r o e l e m e n t b e f o r e t h e o t h e r v a r i a b l e d o e s . I f t h i s were t o 
be done i n p r a c t i c e , t h e rows c o u l d b e g e n e r a t e d a s p r e v i o u s l y i n d i c a t e d , 
c i r c u m v e n t i n g t h e n e e d f o r e x p l i c i t l y m a i n t a i n i n g t h e b a s i s i n v e r s e . 
A l s o , s i n c e t h e d e t e r m i n a t i o n o f t h e minimum r a t i o i s done i n a p a i r w i s e 
f a s h i o n , t h e t r a n s i t i v i t y o f l e x i c o g r a p h i c o r d e r i n g a l l o w s t h e r e s o l u t i o n 
o f t i e s t o b e made i n a s i m i l a r manner . 
4 . 6 Summary 
A l g o r i t h m s h a v e b e e n p r e s e n t e d f o r t h e g e n e r a l i z e d f l o w p r o b l e m , 
t h e o r d i n a r y f l o w p r o b l e m , and t h e c a p a c i t a t e d t r a n s p o r t a t i o n p r o b l e m 
b a s e d on t h e r o w and co lumn g e n e r a t i o n t e c h n i q u e s g i v e n i n C h a p t e r I I I . 
T h e s e a l g o r i t h m s t a k e a d v a n t a g e o f t h e s t r u c t u r e o f t h e p r o b l e m s t o m i n i ­
m i z e t h e amount o f compu te r s t o r a g e r e q u i r e d and t o e f f i c i e n t l y c a r r y o u t 
t h e s t e p s r e q u i r e d i n t h e o p e r a t i o n s o f t he p r i m a l s i m p l e x m e t h o d . The 
c o m p u t a t i o n a l r e s u l t s i n d i c a t e t h a t t h i s i s a p o w e r f u l method f o r s o l v i n g 
t h e s e p r o b l e m s . D u a l o r p r i m a l - d u a l a l g o r i t h m may be d e v e l o p e d w h i c h t a k e 
a d v a n t a g e o f t h e s t r u c t u r e o f t h e s e p r o b l e m s i n a s i m i l a r manner . I t i s 
c o n j e c t u r e d t h a t a d u a l a l g o r i t h m may n o t b e as e f f e c t i v e f o r t h e s e p r o b ­
l e m s , p a r t i c u l a r l y when t h e r e a r e many more v a r i a b l e s t h a n e q u a t i o n s . 
I n t h i s c a s e a l a r g e r number o f q u a n t i t i e s w i l l h a v e t o be com­
p u t e d t o d e t e r m i n e t h e e n t e r i n g v a r i a b l e , and r o u g h l y t he same c o m p u t a t i o n 
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w i l l be r e q u i r e d t o u p d a t e t h e b a s i c s o l u t i o n , t h e l a b e l s , and t h e s i m p l e x 
m u l t i p l i e r s . T h i s c o n j e c t u r e seems t o b e s u p p o r t e d b y t h e p r e v i o u s l y 
c i t e d r e s u l t s o f K l i n g m a n , G l o v e r , e t c . f o r t h e t r a n s p o r t a t i o n p r o b l e m . 
The e f f e c t i v e n e s s o f a p r i m a l - d u a l a l g o r i t h m f o r n e t w o r k p r o b l e m s u s i n g 
t h e c o n c e p t s d e v e l o p e d h e r e s h o u l d be i n v e s t i g a t e d and i s t h e s u b j e c t o f 
a s e p a r a t e s t u d y . 
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CHAPTER V 
INTEGER GENERALIZED FLOW PROBLEM CHARACTERISTICS 
5 . 1 I n t r o d u c t i on 
I n S e c t i o n 1 . 9 . 3 i t was p o i n t e d o u t t h a t t h e g r o u p t h e o r e t i c 
f o r m u l a t i o n o f a n i n t e g e r p rogramming p r o b l e m most d i r e c t l y d i s p l a y s 
t h e i n t e r a c t i o n b e t w e e n t h e c o n s t r a i n t s o f t h e u n d e r l y i n g l i n e a r p r o ­
gramming p r o b l e m and t h e r e q u i r e m e n t t h a t t h e v a r i a b l e s b e i n t e g e r 
v a l u e d . I n C h a p t e r s I I and I I I c h a r a c t e r i s t i c s o f t h e GFP p r o b l e m h a v e 
b e e n d e r i v e d and a p r o c e d u r e h a s b e e n g i v e n f o r s o l v i n g i t . The f u n d a ­
m e n t a l c o n c e p t u s e d t o s o l v e t h e GFP h a s b e e n a g r a p h i c a l r e p r e s e n t a t i o n 
o f i t s b a s i c s o l u t i o n s , t o i d e n t i f y i n t e r a c t i o n s b e t w e e n b a s i c and n o n -
b a s i c v a r i a b l e s , and t o l i m i t t h e o p e r a t i o n s o f t h e p r i m a l s i m p l e x 
method t o o n l y t h e r e l e v a n t v a r i a b l e s . I f t h e IGFP i s f o r m u l a t e d i n 
g r o u p t h e o r e t i c t e r m s , i n t e r a c t i o n s b e t w e e n v a r i a b l e s may be c h a r a c t e r ­
i z e d u s i n g t h e g r a p h i c a l r e p r e s e n t a t i o n i n a manner a n a l o g o u s t o t h a t 
w h i c h was done f o r t h e c o n t i n u o u s p r o b l e m . 
I n S e c t i o n 5 . 2 a means o f f o r m u l a t i n g t h e IGFP as a g r o u p t h e o r e t i c 
i n t e g e r p r o b l e m i s g i v e n w h i c h u s e s t h e i n f o r m a t i o n a v a i l a b l e when t h e 
o p t i m a l s o l u t i o n t o t h e a s s o c i a t e d GFP i s o b t a i n e d w i t h t h e a l g o r i t h m 
g i v e n i n C h a p t e r I V . The g r a p h i c a l r e p r e s e n t a t i o n o f t he o p t i m a l GFP 
s o l u t i o n i s u s e d t o i d e n t i f y i n t e r a c t i o n s b e t w e e n t h e b a s i c and n o n b a s i c 
s o l u t i o n s i n te rms o f s a t i s f y i n g t h e i n t e g r a l i t y r e q u i r e m e n t i n S e c t i o n 
5 . 3 . The a l g o r i t h m o f E s t a b r o o k f o r t he i n t e g e r g e n e r a l i z e d t r a n s p o r t a -
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t i o n problem, a s p e c i a l c a s e of the IGFP, i s d i s c u s s e d i n S e c t i o n 5 . 4 . 
F i n a l l y , a summary of methods f o r o b t a i n i n g p e n a l t i e s t o be u s e d i n 
branch and bound i n t e g e r programming i s g i v e n i n S e c t i o n 5 . 5 . Johnson ' s 
group t h e o r e t i c method f o r the c o n s t r u c t i o n o f i n e q u a l i t i e s from the 
group p r o b l e m s , a row a t a t i m e , i s g i v e n a s a means of o b t a i n i n g 
p e n a l t i e s . Th i s method i s a t t r a c t i v e s i n c e the r e s u l t s r e p o r t e d i n 
Johnson and S p i e l b e r g i n d i c a t e t h a t t h e p e n a l t i e s a r e good, and t h e 
implementa t ion of J o h n s o n ' s procedure i s p a r t i c u l a r l y compat ib l e w i t h 
t h e methods used t o s o l v e the GFP. 
5 . 2 IGFP Group Formulat ion 
The s t a t e m e n t of t h e g e n e r a l i n t e g e r programming problem i n terms 
of the op t ima l l i n e a r programming b a s i s B i s r e s t a t e d h e r e : 
Minimize: c^H) + ( c R - C B B " 1 ' A N ) X N ( 1 ) 
S u b j e c t t o : 
^ = 3'h - ( B - 1 ^ ) ^ (2 ) 
X G , x^ 2 : 0 and i n t e g e r (3) 
The s t a t e m e n t of t h e problem i n t h i s manner assumes t h a t t h e s i m p l e upper 
bound c o n s t r a i n t s have been c o n s i d e r e d e x p l i c i t l y . (Assume t h a t a l l 
v a r i a b l e s have lower bounds of z e r o and upper bounds Mj.) The s tandard 
group f o r m u l a t i o n can be o b t a i n e d from the upper bounded t a b l e a u w i t h 
some m a n i p u l a t i o n . 
I f a v a r i a b l e i s a t i t s upper bound, then i n t h e expanded t a b l e a u 
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i t i s b a s i c and the s l a c k a s s o c i a t e d w i t h the upper bound c o n s t r a i n t 
i s n o n b a s i c a t z e r o . The e x p l i c i t upper bound c o n s t r a i n t for x^ i s : 
x . + s . « M. or x . = M. - s . ( 4 ) 
J J J J J J 
A l l o f t h e i n f o r m a t i o n needed t o formulate the group IP problem i s c o n ­
t a i n e d i n t h e reduced upper bounded s i m p l e x t a b l e a u . The f o l l o w i n g d e ­
ve lopment shows the t r a n s f o r m a t i o n . 
The ex tended t a b l e a u f o r an upper bounded l i n e a r programming 
problem i s : 
(PI ) 
Minimize: cx ( 5 ) 
S u b j e c t t o : Ax • b (6 ) 
I x + I s - M (7 ) n n v 
x , s ^ 0 ( 8 ) 
A l l e l e m e n t s i n A, b , c , and M a r e i n t e g e r . 
The x v e c t o r i s p a r t i t i o n e d i n t o x , the b a s i c v a r i a b l e s i n t h e opt imal 
upper bounded s i m p l e x problem, x^ , the n o n b a s i c v a r i a b l e s a t t h e i r upper 
bound i n the opt imal upper bound s i m p l e x problem, and x^, t h e n o n b a s i c 
v a r i a b l e s a t z e r o i n the o p t i m a l t a b l e a u . The corresponding s l a c k v a r i ­
a b l e s a r e s ^ , s ^ , s^ . The v a r i a b l e s x^ and s^ a r e m component v e c t o r s , 
x^ and s^ a r e p v e c t o r s and x^ and s^ a r e n-m-p v e c t o r s . The columns of 
t h e A m a t r i x a r e p a r t i t i o n e d c o r r e s p o n d i n g l y i n t o B , A^, and A^. Problem 
P i can be r e w r i t t e n a s : 
Minimize: c ^ + c x u + c ^ ( 9 ) 
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The o p t i m a l b a s i s i s : 
BF = 
B A 0 0 
u 
I 0 I 0 
m m 
0 I 0 0 
P 




The i n v e r s e o f t h e o p t i m a l b a s i s i s : 
_ 1 -1 
0 B 0 -B A 
u 
0 0 I 0 
- B " 1 I 
P i 
B LA 0 n u 
0 0 0 I 
n-m-p 
(13) 
M u l t i p l y i n g t h e c o n s t r a i n t e q u a t i o n s o f P2 b y t h e i n v e r s e o f t he o p t i m a l 
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- B d + B A M 
U U| 
(14) 
THE VALUES OF THE BASIC VARIABLES ARE SUBSTITUTED INTO THE OBJEC­




C„(B" 1 B - B^A M ) + C M 
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\ - - - 1 B A M U U 
M 
-1 -1 MG - B B + B A M 
U U 







X. i» X U ' X N ' SB» SU» S N ^ ° A N D i n t e 8 e r (17) 
SINCE M HAS INTEGER COMPONENTS, FROM EQ. (6) IF X IS INTEGER THAN S WILL 
BE INTEGER ALSO AND VICE VERSA. WE WILL THEREFORE EXPLICITLY REQUIRE 
X^ AND S^ TO BE INTEGERS AND IMPOSE INTEGRALITY ON X^ BY THE CONGRUENCY 
RELATIONSHIP EQ. (20 ) BELOW. RELAXING THE NONNEGATIVITY CONSTRAINTS ON 
X „ , S„ , X T T , AND S „ , THE GROUP PROBLEM THEN BECOMES: B B U N 
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M i n i m i z e ( c ^ - crfT + ( c f i B " A u - c . ^ (19) 
S u b j e c t t o : 
= B _ 1 b - B _ 1 A M (20) 
u u 
x ^ , s u ^ 0 and i n t e g e r . (21) 
The o p t i m a l i t y c o n d i t i o n s o f t h e u p p e r bounded s i m p l e x method 
r e q u i r e t h a t : 
°H " C B B " \ * 0 ( 2 2 > 
C u " C B E " \ S 0 ( 2 3 > 
H e n c e , a l l o f t h e c o e f f i c i e n t s i n t h e o b j e c t i v e f u n c t i o n a r e p o s i t i v e . 
The c o n s t r a i n t c o e f f i c i e n t s a r e o b t a i n e d f o r t h e n o n b a s i c v a r i a b l e s a t 
z e r o d i r e c t l y f r o m t h e f i n a l t a b l e a u o f t h e u p p e r bounded s i m p l e x m e t h o d s , 
and t h e c o e f f i c i e n t s f o r t he s l a c k v a r i a b l e s s a r e t h e n e g a t i v e o f t h e 
u 
ones f o r t h e c o r r e s p o n d i n g v a r i a b l e s a t t h e s e u p p e r bounds i n t h e o p t i m a l 
t a b l e a u . 
The a l g o r i t h m f o r t h e GFP g i v e n i n C h a p t e r IV does n o t m a i n t a i n 
t h e t a b l e a u u s e d i n t h e f o r m u l a t i o n o f t h e g r o u p I n t e g e r p rogramming 
p r o b l e m . I n f a c t , t h e b a s i s i n v e r s e i s n o t d i r e c t l y a v a i l a b l e . H o w e v e r , 
e i t h e r t h e co lumn g e n e r a t i o n method o r t h e r o w g e n e r a t i o n method g i v e n 
i n C h a p t e r I I I c a n be u s e d t o c o n s t r u c t t h e r e q u i r e d t a b l e a u . The r o w 
g e n e r a t i o n method i s u s e d b e l o w t o i l l u s t r a t e t h i s c o n s t r u c t i o n . 
The g r a p h i c a l r e p r e s e n t a t i o n o f t h e o p t i m a l L P s o l u t i o n t o t h e 
[ B " \ - B ^ A J 
U 
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example problem g i v e n i n Chapter I I i s : 
The n o n b a s i c v a r i a b l e s are x ^ and X g a t t h e i r lower bounds and x ^ a t i t s 
upper bound. To g e n e r a t e t h e f u l l t a b l e a u , t h e row f o r the b a s i c v a r i ­
a b l e which i s the r o o t w i l l be g e n e r a t e d . Then p r o c e e d i n g a long the t r e e , 
away from t h e r o o t , t h e row f o r each b a s i c v a r i a b l e i n turn i s g e n e r a t e d . 
The row o f the b a s i c i n v e r s e f o r x ^ i s : 
b l = 1 
b 2 - \ - 1 
b 4 - 2 b 2 - 2 
b , = b . / 2 = 1 
3 4 
b_ = - b . — - 2 5 4 
The e n t r y f o r the n o n b a s i c x ^ i s : 
- l ( b 2 ) + 2 b 3 - - 1 + 2 = 1 
For t h e s l a c k c o r r e s p o n d i n g t o x ^ , i t i s the n e g a t i v e o f : 
l b 1 - l b 3 = 1 - 1 * 0 
For x Q : o 
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The row o f t he b a s i s i n v e r s e f o r x ^ i s : 
M = [0 -1 - 1 - 2 2] 
The c o e f f i c i e n t s f o r t he n o n b a s i c v a r i a b l e a r e 
- l b ' 2 + 2 b ' 3 = -1 
- ( l b 1 - l b 3 ) - -1 
- l b , = - 2 
S i m i l a r l y , u s i n g t h e i n v e r s e o f t h e row f o r x ^ : 
x -1 
-1 
F o r x^_: 
F o r K R : 6 
x . 
l 




The u p d a t e d c o s t s a r e d e t e r m i n e d f o r t h e n o n b a s i c v a r i a b l e s 
c f o r x 3 : c 3 - 2 t t 3 + n 2 = 2 - 2 ( - 4 ) + ( -3 ) = 7 
c f o r S 2 : - ( c 2 - t t ^ + t t 3 ) = - (2 - 0 + ( - 4 ) ) = 2 
c f o r x Q : c G + t t 0 - 0 + 11 o o b 
= 11 
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s 2 > 0 





-1 -1 -2 *X3 
X 4 1 -* -1 S2 
x 5 1 i 0 
0 0 -1 
x. 
1 










By dropping the nonnegativity constraints on the basic variables and 
taking fractional parts, the group problem is obtained. 
Minimize 
Subject to: 
7x3 + 2S2 + l l x g 
V 0 0 
fc7 
0 0 0 0 
0 0 
8 0 0 




x^, S 2 , x 3 - 0 and integer (29) 
The above il lustrates the formulation of the group problem using 
the f inal upper bounded simplex tableau. I t also illustrates the method 
of constructing the required information when the GFP algorithm has been 
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( a k i ' 
u s e d t o s o l v e t h e uppe r bounded g e n e r a l i z e d f l o w p r o b l e m . 
5 . 3 D e t e r m i n a n t C a l c u l a t i o n 
I n g e n e r a l , t h e d e t e r m i n a n t o f t h e f i n a l b a s i s o f t h e l i n e a r p r o ­
gramming p r o b l e m i s a measure o f t h e d i f f i c u l t y o f t h e a s s o c i a t e d g r o u p 
p r o b l e m . T h i s i s b e c a u s e t h e number o f e l e m e n t s i n t h e g r o u p i s e q u a l t o 
o r l e s s t h a n D e t ( B ) . The method f o r c a l c u l a t i n g t h e d e t e r m i n a n t o f t he 
b a s i s f o r a GFP i s much s i m p l e r t h a n f o r g e n e r a l l i n e a r p rogramming 
p r o b l e m s . 
I n Theorem 2 .1 i t was shown t h a t any b a s i s f o r t h e GFP c a n be made 
b l o c k d i a g o n a l w i t h b l o c k s B - , . . . , B . I t i s w e l l known t h a t t h e a b s o -
1 p 
l u t e v a l u e o f t h e d e t e r m i n a n t o f s u c h a m a t r i x i s t h e p r o d u c t o f t h e 
d e t e r m i n a n t s o f t h e i n d i v i d u a l b l o c k s . 
P 
| D e t ( B ) | = n | D e t ( B . ) | (30) 
i = l 1 
Theorem 2 .1 f u r t h e r e s t a b l i s h e d t h a t t h e b l o c k s w e r e o f two t y p e s : 
e i t h e r h a v i n g a c o l u m n w i t h a s i n g l e n o n z e r o e n t r y o r h a v i n g a c y c l e . 
The f o l l o w i n g t h e o r e m shows t h e method o f c a l c u l a t i n g t h e d e t e r m i n a n t 
f o r a b l o c k w i t h a s l a c k c o l u m n . 
L e t a ^ , be t h e n o n z e r o e n t r y i n t h e s l a c k c o l u m n f o r t h e v a r i a b l e 
x ^ . W i t h o u t l o s s o f g e n e r a l i t y , l e t t h e v a r i a b l e s e n c o u n t e r e d when t r a c ­
i n g t h e t r e e above t h e r o o t be i n o r d e r x 2 , . . . , x r w i t h c o e f f i c i e n t s 
a k ' i ^ * - n ^ e e ( l u a t i o n n e a r e r t h e r o o t . 
Theorem 5 . 1 
The d e t e r m i n a n t o f a b l o c k w i t h a s l a c k c o l u m n i s g i v e n b y : 
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d e t < v • v i i2 V i <31> 
P r o o f : 
C o n s i d e r t he a r rangemen t o f t h e b l o c k b y p l a c i n g t h e co lumns i n 
t h e o r d e r b ^ , . . . , b ^ w i t h b^ a s s o c i a t e d w i t h x^.. The t r a c i n g p r o c e d u r e 
i m p l i e s t h a t t h e new co lumn w i l l have one o f i t s n o n z e r o e n t r i e s i n common 
w i t h a c o l u m n a l r e a d y p l a c e d i n t h e b l o c k w h i l e no co lumn a l r e a d y i n t h e 
b l o c k h a s a n o n z e r o e n t r y i n common w i t h t h e s e c o n d n o n z e r o e n t r y . C o n ­
s e q u e n t l y , t h e c o e f f i c i e n t i n e a c h co lumn i n t h e e q u a t i o n f a r t h e s t f r o m 
t h e r o o t i s p l a c e d a l o n g t h e d i a g o n a l and t h e o t h e r i s p l a c e d i n t h e a p p r o ­
p r i a t e r ow above t h e d i a g o n a l . The r e s u l t i n g uppe r t r i a n g u l a r m a t r i x i s : 
l a k l a k 2 
a k ! 2 
(32 ) 
V r - l akr 
V r 
The d e t e r m i n a n t o f t h i s m a t r i x i s t he p r o d u c t o f t h e d i a g o n a l 
e l e m e n t s , h e n c e t h e t h e o r e m i s p r o v e d . 
I f b l o c k B^ c o n t a i n s a p s e u d o r o o t , i t may b e a r r a n g e d i n t h e 
f o l l o w i n g manner . L e t t h e f i r s t r co lumns o f B^ be t h e co lumns c o r r e s ­
p o n d i n g t o t h e p s e u d o r o o t w i t h t h e rows a r r a n g e d s o t h a t t h e n o n z e r o e l e ­
ments a r e i n t h e f i r s t r rows o f B t d e f i n i n g b l o c k B_ . F o r e a c h v a r i a b l e 
x . , j = r + l , . . . , p whose a r c i s i n c i d e n t o n t h e p s e u d o r o o t , c o n s i d e r t h e 
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b l o c k Bp above x . d e f i n e d b y p a r t i t i o n i n g on t h e co lumn f o r x . as i n t h e 
p a r t i t i o n i n g c o r o l l a r y f o l l o w i n g Theorem 2 . 1 . The co lumns f o r t h e v a r i ­
a b l e s n o t i n t h e p s e u d o r o o t may b e a r r a n g e d s o t h a t a l l t h e c o e f f i c i e n t s 
i n t h e e q u a t i o n s c o r r e s p o n d i n g t o t he p s e u d o r o o t a r e i n a b l o c k B^ a d j a ­
c e n t t o B.. and b l o c k s B_ , . . . , B _ a r e b l o c k d i a g o n a l b e l o w B - . T h i s a r ­
i l D- D 1 
1 P 
rangement i s shown b e l o w . 
V l \2 
\<2 
j \ r + l 
l k r 
k r+2 
V r + l a k u 
V u 
'Aa 







T h i s a r r a n g e m e n t o f B^ i s p o s s i b l e s i n c e i f B^ c o n t a i n e d more t h a n 
one e n t r y p e r co lumn t h i s w o u l d mean t h a t B^ c o n t a i n s two c y c l e s c o n t r a ­
d i c t i n g t h e f a c t t h a t i t i s a b a s i s . Then c o n s i d e r i n g e a c h a r c c o n n e c t e d 
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t o t h e c y c l e a s a r o o t f o r t h o s e above i t , t h e b l o c k a r rangemen t b e l o w 
f o l l o w s f r o m the same argument g i v e n f o r a r o o t e d componen t . T h i s l e a d s 
t o t h e f o l l o w i n g c o r o l l a r y . 
C o r o l l a r y : The a b s o l u t e v a l u e o f t he d e t e r m i n a n t f o r a p s e u d o r o o t e d com­
p o n e n t o f t h e b a s i s B^ i s : 
P r o o f : 
T h a t t h e d e t e r m i n a n t o f a b l o c k d i a g o n a l m a t r i x i s t h e p r o d u c t o f 
t h e d e t e r m i n a n t s o f t h e b l o c k s a l o n g t h e d i a g o n a l i s w e l l known . The 
f i r s t e x p r e s s i o n i n t h e e q u a t i o n i s t h e d e t e r m i n a n t o f a c y c l e g i v e n i n 
E q . (17) C h a p t e r I I I . E a c h o f t h e b l o c k s B^ a l o n g t h e d i a g o n a l h a s t he 
j 
same f o r m as i n t h e t heo rem a n d h e n c e t h e d e t e r m i n a n t i s t h e p r o d u c t o f 
t h e c o e f f i c i e n t s f a r t h e s t f r o m the p s e u d o r o o t when t r a c i n g ou t t h e t r e e . 
The a b o v e t heo rem a n d c o r o l l a r y w e r e p r o v e d i n a d i f f e r e n t manner 
b y E s t a b r o o k [20] f o r t h e GTP a s h i s Theorem 2 . 5 . The theo rem and c o r o l ­
l a r y c a n be u s e d t o c a l c u l a t e t h e d e t e r m i n a n t f o r e a c h component o f t h e 
b a s i s and t h e a b s o l u t e v a l u e o f t he p r o d u c t o f t he i n d i v i d u a l components 
g i v e s t h e a b s o l u t e v a l u e o f t h e t o t a l d e t e r m i n a n t as r e q u i r e d . 
A s a n examp le o f t h e c o m p u t a t i o n o f t h e d e t e r m i n a n t f o r a r o o t e d 
c o m p o n e n t , c o n s i d e r t h e p r o b l e m u s e d i n t h e l a s t s e c t i o n t o c o n s t r u c t t h e 
n o n b a s i c c o l u m n s . T h e a s s o c i a t e d g r a p h w i t h t h e c o e f f i c i e n t s i s : 
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The sequence o f b a s i c v a r i a b l e s t r a c i n g o u t f r om t h e r o o t i s ( x ^ , x 2 > x 
x , . , x j . The m a t r i x o f a s s o c i a t e d co lumns i s : 
The a b s o l u t e v a l u e o f t h e d e t e r m i n a n t i s : 
j D e t B| = | a a a ? , a a | = | 1 ( - 1 ) ( - 1 ) ( 2 ) ( 1 ) | - 2 
The g r a p h i c a l r e p r e s e n t a t i o n o f an example w i t h a p s e u d o r o o t i s : 
The s e q u e n c e o f b a s i c v a r i a b l e s g e n e r a t e d b y t r a c i n g a r o u n d t h e p s e u d o -
r o o t , t h e n o u t f r o m e a c h node i n t h e p s e u d o r o o t i s ( x ^ , x 2 , x 3 , x ^ , x , - , X g , x ^ ) . 





-1 1 -1 
1 
(35) 
The a b s o l u t e v a l u e o f t h e d e t e r m i n a n t o f t h e s u b m a t r i x c o r r e s p o n d i n g t o 
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t h e p s e u d o r o o t i s : 
De t B R | = | a ^ a ^ - ( - 1 ) 3 a ^ a a ^ 
= ( 2 ) ( - l ) ( 4 ) + ( - 1 ) ( 3 ) ( 3 ) = 7 
F o r e a c h b l o c k B^ : 
i 
Det \l - la24l = 3 
Det \i " ia25 aiel " ("2><4> - 8 
D e t B „ = a , , = 1 
D 3 17 
The a b s o l u t e v a l u e o f t h e d e t e r m i n a n t f o r t h e component i s 
D e t B = De t B^ De t B_ De t B_ D e t B_ = 408 
D l D 2 D 3 
Hu [54 , C h a p t e r 19] summar izes some w o r k o f Gomory c o n c e r n i n g t h e r e l a ­
t i o n s h i p o f t h e v a l u e o f t h e d e t e r m i n a n t t o t h e g r o u p f o r m u l a t i o n . The 
m a g n i t u d e o f t h e d e t e m i n a n t o f t he o p t i m a l L P b a s i s i s m e a n i n g f u l b o t h 
t h e o r e t i c a l l y and c o m p u t a t i o n a l l y when c o n s i d e r i n g t h e g r o u p i n t e g e r 
p r o b l e m . 
E s t a b r o o k [20] p o i n t s o u t t h a t a l a r g e d e t e r m i n a n t o f t h e o p t i m a l 
L P b a s i s c a n c a u s e n u m e r i c a l d i f f i c u l t i e s i n o b t a i n i n g t h e g roup r e p r e ­
s e n t a t i o n o f t h e p r o b l e m . He t h e n g i v e s a method f o r t h e GTP f o r o b ­
t a i n i n g a n e q u i v a l e n t r e p r e s e n t a t i o n o f t h e g roup p r o b l e m w h i c h may 
a v o i d t h e s e n u m e r i c a l d i f f i c u l t i e s . H i s t e c h n i q u e i s e x t e n d e d t o t h e 
GFP b e l o w and t he method f o r o b t a i n i n g t h e new r e p r e s e n t a t i o n i s r e f i n e d . 
I n S e c t i o n 5 . 5 a p r o b l e m i n v o l v i n g a s i n g l e r o w f r o m t h e s e t o f E q s . (20) 
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i s d i s c u s s e d . The d e v i c e d e s c r i b e d b e l o w p r o v i d e s i n s i g h t i n t o t he com­
p u t a t i o n a l e f f o r t r e q u i r e d t o s o l v e t h i s s i n g l e r ow c y c l i c g roup p r o b l e m . 
Suppose t h a t t h e o p t i m a l L P b a s i s i s o n l y one component B . Assume 
t h a t B c o n t a i n s a s l a c k co lumn and t h a t t h e d e t e r m i n a n t o f B i s D . The 
i n v e r s e o f B c a n be e x p r e s s e d a s : 
-1 n . ? 
m. . 
L 1 J J 
(36) 
where n . . and m . . a r e i n t e g e r s . 
The m a t r i x N i s c a l l e d t h e a d j o i n t m a t r i x and i s a l l i n t e g e r . 
The c o e f f i c i e n t s o f t h e n o n b a s i c v a r i a b l e s i n t h e o p t i m a l t a b l e a u a r e 
g i v e n b y : 
(37 ) 
S i n c e N and A ^ a r e i n t e g e r m a t r i c e s , a l l o f t h e c o e f f i c i e n t s c a n be e x ­
p r e s s e d as f r a c t i o n s w i t h d e n o m i n a t o r D . The number o f e l e m e n t s i n t h e 
-1 
g r o u p g e n e r a t e d b y t h e co lumns o f B A ^ i s e q u a l t o o r l e s s t h a n D and 
t h e amount o f e f f o r t r e q u i r e d f o r t h e u s u a l t e c h n i q u e s f o r s o l v i n g the ' 
g r o u p I P p r o b l e m E q s . ( 1 - 3 ) c a n b e e x p r e s s e d a s a f u n c t i o n o f D . Suppose 
t h a t t h e r e i s a common f a c t o r d o f t h e n o n z e r o e l e m e n t s o f t h e a d j o i n t 
m a t r i x N . Then N c a n be e x p r e s s e d a s : 
N = d N 1 (38) 
where N f i s a l s o a n a l l i n t e g e r m a t r i x . I f t h e q u a n t i t y d i s an i n t e g e r 
g r e a t e r t h a n one and i f d d i v i d e s D , t h e n t h e d e n o m i n a t o r o f a l l t h e e l e ­
ments i n B ^A.- c a n b e r e d u c e d b y t h e f a c t o r d and n u m e r i c a l d i f f i c u l t i e s 
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c a u s e d b y l a r g e D i n r e p r e s e n t i n g E q . (37) may be a v o i d e d . I n a d d i t i o n , 
t he c o e f f i c i e n t s i n any row o f E q . (37) may now be c o n s i d e r e d as a s e t o f 
f r a c t i o n s o v e r t h e s m a l l e r common d e n o m i n a t o r D / d . 
A method f o r d e t e r m i n i n g such a f a c t o r d f o r t h e IGFP i s shown i n 
t he f o l l o w i n g lemma and t h e o r e m . L e t b be a co lumn o f B ^ The co lumn b 
c a n be g e n e r a t e d u s i n g t h e p r o c e d u r e g i v e n i n S e c t i o n 3 . 3 . W i t h o u t l o s s 
o f g e n e r a l i t y l e t t he b a s i c v a r i a b l e s whose co lumns a r e used to g e n e r a t e 
b be i n o r d e r x , . , . . x . . As d e s c r i b e d i n S e c t i o n 3 . 3 . t h e s e v a r i a b l e s 
r 1 
c o r r e s p o n d t o a p a t h i n t he g r a p h a s s o c i a t e d w i t h B and x^ i s t h e v a r i ­
a b l e o f t h e s l a c k a r c a t t he r o o t . L e t B be p a r t i t i o n e d i n t o B and B ' 
P P 
where B ' c o n t a i n s the co lumns f o r t he v a r i a b l e s x , . . . , x . . T h i s i s the 
p r 1 




F u r t h e r , l e t t he s u b b l o c k B ! be as f o l l o w s w i t h i t s rows and co lumns 
P 
a r r a n g e d so t h a t i t has t he f o rm o f E q . (32) bu t i n r e v e r s e o r d e r : 
B» = 
P 
V r ° 
l k r 
a. | _ 0 
k ' r - l 
V2 ° 
ak2 V l l 
(40) 
Lemma 5 .1 
1 n s u " i u 
L e t b be a co lumn o f B as d e s c r i b e d a b o v e . I f and 
m m. 
su i u 
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a r e n o n z e r o e l e m e n t s o f co lumn b i n rows s and i , r e s p e c t i v e l y , w i t h row 
m 
s above row i , then i s an i n t e g e r . 
' m. ° 
1 U 
P r o o f : 
We w i l l f i r s t use t he co lumn g e n e r a t i o n scheme t o g e n e r a t e t h e n o n ­
z e r o e l e m e n t s o f b . L e t t h e c o e f f i c i e n t s o f t h e b a s i c v a r i a b l e s x , . . . , x n 
r 1 
i n the p a t h t o t h e r o o t be (a , . , a ) w i t h a , , b e i n g i n the e q u a t i o n c o r -
r e s p o n d i n g t o t he node c l o s e r t o t he r o o t . E q u a t i o n s (27) and (28) i n 
C h a p t e r I I I show t h a t t h e o n l y n o n z e r o e l e m e n t s i n b c o r r e s p o n d t o t h e 
co lumns f o r x , . . . , x ^ . U s i n g e q u a t i o n (26) f rom C h a p t e r I I I , t h e n o n z e r o 
e l e m e n t s b r > . . . , b ^ can be e x p r e s s e d a s : 
1 i l l a k r " j 
b - b. = i = l , . . . , r - l (41) 
r a , , I I ' ' 
k " r _ 
j=o k r - j 
I f B i s a r r a n g e d as i n E q s . (39) and (40), t hen t he n o n z e r o e l e m e n t s i n b 
a r e o r d e r e d so t h a t b , i s i n t he f i r s t r o w , and b i s i n a row above b . 
1 ' s 1 
i f s i s l e s s t h a n i . But f o r b and b . t h e d e n o m i n a t o r s m and m. a r e 
s i su l u 
g i v e n b y : 
r - s 
m = n a . , . (42) 
s u j-^o k ' r - j 
r- i 
m = n a . (43) 
I U J__Q K r - j 
Thus f o r s l e s s t han i : 
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m i - 1 
s u x „ 1 = n a , . 
i u j=s 
(44) 
and t h i s i s an i n t e g e r , p r o v i n g the lemma. 
T h i s lemma can be u s e d t o p r o v e t he f o l l o w i n g t h e o r e m . 
Theorem 5 . 2 
D 
L e t p , . = . T h e n : l j rai J lu 
(1) p^j i s an i n t e g e r f o r each j . 
(2) I f d i s the g r e a t e s t common d i v i s o r o f (Pjj3 » then ^ i s an 
i n t e g e r . 
P r o o f : 
To e s t a b l i s h (1) n o t e t h a t : 
N = D I = D B " 1 (45) 
i s an i n t e g e r m a t r i x . 
Thus — ~ = p . . must be i n t e g e r f o r a l l i and j . I n p a r t i c u l a r f o r i = 1, 
m. . r i j 
—— = p. . i s an i n t e g e r f o r a l l j . 
raij ^ 
m . 
To show (2) we know by Lemma 5 .1 t h a t — ^ i s an i n t e g e r f o r s l e s s 
m i j 
t h a n i . Thus : 
D 
p. . m. . m . 
I l l - _ J J . = _LL 
P . D m . . < 4 6> 
s j IJ 
m . J 
i s an i n t e g e r f o r s l e s s than i . 
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Pii 
N = D 
«"n. 7 
m. . 
The b a s i s i n v e r s e i s : 
= [p . n . J = d t p ! . n . J = d N f (47) 
-1 a dN< 
D 
But ^ = ^ J P ^ J w h i c h i s a l s o an i n t e g e r and t he theorem i s p r o v e d , 
I f t he f a c t o r d i s g r e a t e r t han 1, then D ' = ~ i s s m a l l e r i n a b ­
s o l u t e v a l u e t h a n D and the c o e f f i c i e n t s o f t he n o n b a s i c v a r i a b l e s i n t h e 
o p t i m a l LP t a b l e a u can be e x p r e s s e d a s : 
A l l o f t he e l e m e n t s i n A ^ c a n be e x p r e s s e d as f r a c t i o n s o v e r t he 
d e n o m i n a t o r D f w h i c h i s s m a l l e r t han D. 
To d e t e r m i n e the f a c t o r d , we g e n e r a t e the row o f t he b a s i s i n v e r s e 
c o r r e s p o n d i n g t o t h e s l a c k a r c a t t he r o o t , and r e t a i n the d e n o m i n a t o r s 
m. . . The d e t e r m i n a n t D c a n be c a l c u l a t e d a t the same t i m e . The s e t 
[ p ^ . j i s c a l c u l a t e d by p . = . F i n a l l y , d i s the g r e a t e s t common 
d i v i s o r o f ( P ^ j ] • ^ s o b v i o u s t h a t the t heo rem a p p l i e s t o e a c h compo­
n e n t o f t h e b a s i s c o n t a i n i n g a s l a c k co lumn i f t h e r e a r e more t h a n o n e . 
F o r a p s e u d o r o o t e d componen t , a s i m i l a r theo rem can be s t a t e d . 
I n p a r t i c u l a r , f o r s = 1 , q . . = — i s an i n t e g e r f o r a l l i and 
I J PI • 
J P l i 
j . I f d i s the g r e a t e s t common d i v i s o r o f {p^ . } , t hen —-p = t i s an Pii J 
i n t e g e r f o r a l l j . F u r t h e r m o r e , —r1 = q . . t - . = p i . i s a l s o an i n t e g e r & J d i j l j r i j 
f o r a l l i and j . The m a t r i x N can t h u s be e x p r e s s e d a s : 
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F i r s t c o n s i d e r t he f o rm o f such a component o r d e r e d by c h o o s i n g a n o d e , 
t r a c i n g a round the c y c l e , then t r a c i n g o u t f rom each b a s i c v a r i a b l e n o t 
i n the c y c l e t o u c h i n g node one o f the c y c l e ; t hen f o r node two and so o n . 
The r e s u l t i n g m a t r i x w i l l b e : 
« 
» i (49) 
B c c o r r e s p o n d s t o t h e c y c l e . T h e r e i s a s e p a r a t e b l o c k B^ f o r e a c h b a s i c 
a r c i n c i d e n t on the c y c l e bu t n o t c o n t a i n e d i n i t . T h i s i s seen by r e -
f e r i n g t o the c o r o l l a r y f o r the p a r t i t i o n i n g o f a b l o c k by a c o l u m n . 
The i n v e r s e o f B i s w r i t t e n d i r e c t l y : 
.-1 
r 






L e t D = De tB and D. = D e t ( B . ) | f o r t he b l o c k s . 
Theorem 5 . 3 
The d e t e r m i n a n t o f a p s e u d o r o o t e d component may be e x p r e s s e d as 
an i n t e g e r D ' / d where d i s the g r e a t e s t common d i v i s o r o f t he numbers 
( D , D 1 , . . . , D r ) . 
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P r o o f : 
The r e a s o n i n g i s s i m i l a r to t h a t f o r the p r o o f o f Theorem 5 . 2 . 
The d e t a i l s a r e o m i t t e d . 
Theorems 5 . 2 and 5 . 3 g e n e r a l i z e Theorem 2 .6 o f E s t a b r o o k [20 ] t o 
t he c a s e o f g e n e r a l i z e d f l o w and p r o v i d e a more d i r e c t means o f p e r f o r m ­
i n g the r e d u c t i o n . 
The example b e l o w i l l u s t r a t e s the c a l c u l a t i o n o f t he f a c t o r d f o r 
a r o o t e d componen t . 
The c o r r e s p o n d i n g m a t r i x i s : 
2 1 




B = (51) 
The d e t e r m i n a n t o f B i s computed to be : 
D = 7128 
The f i r s t row o f the i n v e r s e i s : 
D i v i d i n g t he d e n o m i n a t o r s i n t o D g i v e s the f a c t o r s p . 
180 
p - [ (11) (6) (9) (6) (9) (6) (9) (9) (6) (6) (6) (6) (9) ] 
The g r e a t e s t common d e n o m i n a t o r i s 18 . T h u s , the p r o b l e m can be 
r e p r e s e n t e d as f r a c t i o n s o v e r the common d e n o m i n a t o r 396 i n s t e a d o f 7128 . 
5 .4 S t r u c t u r e o f t he N o n b a s i c Columns and B a s i c Rows 
The row and co lumn g e n e r a t i o n methods o f C h a p t e r I I I can be u s e d 
t o d e s c r i b e the s t r u c t u r e o f A , the u p d a t e d m a t r i x o f c o e f f i c i e n t s o f t he 
n o n b a s i c v a r i a b l e s i n t he o p t i m a l L P s o l u t i o n . These co lumns p l a y an i m ­
p o r t a n t r o l e i n g roup t h e o r e t i c s o l u t i o n p r o c e d u r e s s i n c e t h e y , i n e f f e c t , 
g e n e r a t e t he c o m p l e t e g roup o f c o l u m n s . I n t u i t i v e l y , t he c o r r e c t n o n n e g a -
t i v e i n t e g e r c o m b i n a t i o n o f t h e s e co lumns w i l l p r o d u c e the o p t i m a l i n t e g e r 
s o l u t i o n . The g roup b a s e d methods c o n s t r u c t n o n n e g a t i v e i n t e g e r c o m b i n a ­
t i o n s o f t h e s e co lumns under a t r a n s f o r m a t i o n , t o o b t a i n an i n t e g e r s o l u ­
t i o n and t hen v e r i f y t h e f e a s i b i l i t y a n d / o r o p t i m a l i t y o f t he s o l u t i o n . 
The r e m a i n d e r o f t h i s s e c t i o n w i l l be o b s e r v a t i o n s abou t t he s t r u c t u r e 
o f A and what the s t r u c t u r e means i n te rms o f t h e a s s o c i a t e d g r a p h . The 
i n t e n t i s t o h i g h l i g h t t h e s p e c i a l s t r u c t u r e o f t he I G F P as o p p o s e d t o a 
g e n e r a l I P p r o b l e m and t o d e m o n s t r a t e t he i n f o r m a t i o n c o n t a i n e d i n t h e 
g r a p h i c a l r e p r e s e n t a t i o n o f the o p t i m a l c o n t i n u o u s s o l u t i o n . 
I n C h a p t e r I I I a p r o c e d u r e f o r c o n s t r u c t i n g t he c u r r e n t co lumns o f 
A f o r a n o n b a s i c v a r i a b l e was d e v e l o p e d . I t was shown t h a t t h i s co lumn 
c o n t a i n e d n o n z e r o e n t r i e s o n l y f o r t he b a s i c v a r i a b l e s i n t he p a t h s f rom 
the ends o f t h e n o n b a s i c a r c t o and i n c l u d i n g t he r e s p e c t i v e r o o t ( s ) o r 
p s e u d o r o o t ( s ) . Under c e r t a i n c o n d i t i o n s , i t m i g h t c o n t a i n n o n z e r o e n ­
t r i e s f o r o n l y a s u b s e t o f t h e s e b a s i c v a r i a b l e s . A n o n b a s i c v a r i a b l e 
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c a n a f f e c t o n l y t h e i n t e g r a l i t y o f t h o s e b a s i c v a r i a b l e s c o r r e s p o n d i n g t o 
t h e rows i n w h i c h i t h a s n o n z e r o e n t r i e s . I n t u i t i v e l y , t h e f a r t h e r f r o m 
t h e r o o t t h a t a n o n b a s i c v a r i a b l e meets a t r e e , t h e g r e a t e r t h e number 
o f b a s i c v a r i a b l e s w i t h w h i c h i t w i l l i n t e r a c t . 
The row g e n e r a t i o n p r o c e d u r e o f C h a p t e r I I I p r o v i d e s s i m i l a r i n ­
s i g h t f o r b a s i c v a r i a b l e s . The c u r r e n t row f o r a b a s i c v a r i a b l e w i l l 
h a v e e n t r i e s o n l y f o r t h o s e n o n b a s i c v a r i a b l e s w h i c h meet t h e t r e e once 
above i t , o r t w i c e above i t i n an i n d e p e n d e n t c y c l e . T h i s means t h a t t he 
s e t o f n o n b a s i c v a r i a b l e s w h i c h i n t e r a c t s w i t h e a c h b a s i c v a r i a b l e c a n be 
d e f i n e d . The s i z e o f t h e s e s e t s depends i n some measure upon t h e p o s i ­
t i o n o f t he b a s i c v a r i a b l e i n t h e t r e e . A r o o t v a r i a b l e o r a v a r i a b l e 
i n a p s e u d o r o o t w i l l have n o n z e r o e n t r i e s f o r a l l n o n b a s i c v a r i a b l e s 
w h i c h t o u c h t h e t r e e e x c e p t t h o s e w h i c h t o u c h i t t w i c e and f o r m dependen t 
c y c l e s . I n t u i t i v e l y , t h e h i g h e r a b a s i c v a r i a b l e i s i n a t r e e , t h e f e w e r 
t h e number o f n o n b a s i c v a r i a b l e s w i t h w h i c h i t i n t e r a c t s . 
E s t a b r o o k f o r m a l i z e s t h i s o r d e r i n g o f v a r i a b l e s and u s e s i t t o 
d e v e l o p h i s CASCADE a l g o r i t h m . H i s p r o c e d u r e u s e s a dynamic p rogramming 
method and c o n s i d e r s one r o w a t a t i m e , w i t h t h e r o w o r d e r i n g b a s e d on 
t h e n e a r n e s s o f t h e a s s o c i a t e d b a s i c v a r i a b l e t o t h e t o p o f a t r e e . The 
g r o u p p r o b l e m f o r a r ow i s n e v e r c o n s i d e r e d u n t i l t h e rows f o r a l l b a s i c 
v a r i a b l e s above i t i n t h e t r e e have b e e n c o n s i d e r e d . He a l s o t a k e s a d ­
v a n t a g e o f t he f a c t t h a t t h e d e n o m i n a t o r f o r a r ow i s i n c r e a s i n g f o r 
v a r i a b l e s w h i c h a r e l o w e r i n t h e t r e e as s e e n i n t he co lumn g e n e r a t i o n 
p r o c e d u r e . He t a k e s s p e c i a l a d v a n t a g e o f t he f a c t t h a t t he GTP c o n s t r a i n t 
s e t h a s a l l p l u s one c o e f f i c i e n t s i n one s e t o f i t s e q u a t i o n s t o r e d u c e 
t h e number o f rows w h i c h must be e x p l i c i t l y c o n s i d e r e d . E s t a b r o o k 1 s 
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a l g o r i t h m r e q u i r e s c h e c k i n g the n o n n e g a t i v i t y c o n s t r a i n t s o n t h e b a s i c 
v a r i a b l e s a f t e r a s o l u t i o n i s o b t a i n e d , and h e s u g g e s t s means f o r c h e c k ­
i n g o r f o r e n f o r c i n g some o f t h e s e n o n n e g a t i v i t y c o n s t r a i n t s d u r i n g t h e 
g roup o p t i m i z a t i o n . He n o t e s , h o w e v e r , t h a t e n f o r c i n g t h e s e c o n d i t i o n s 
d u r i n g t h e p r o c e s s o f t h e g r o u p a l g o r i t h m w o u l d d e t r a c t c o n s i d e r a b l y f r o m 
i t s c o m p u t a t i o n a l e f f e c t i v e n e s s . 
I n t h i s d i s s e r t a t i o n , i n f o r m a t i o n f r o m t h e g roup f o r m u l a t i o n w i l l 
b e u s e d t o a i d i n t h e s o l u t i o n o f t h e p r o b l e m , b u t t h e s p e c i a l i z e d g r o u p 
s t r u c t u r e o u t l i n e d i n t h i s s e c t i o n w i l l n o t be u s e d d i r e c t l y . 
5 . 5 P e n a l t i e s 
The c o n c e p t o f p e n a l t i e s i n r e l a t i o n t o b r a n c h and bound methods 
f o r i n t e g e r p rogramming was m e n t i o n e d i n S e c t i o n 1 . 9 . 2 . T h e y w i l l be 
d i s c u s s e d i n more d e t a i l i n t h i s s e c t i o n and a means f o r u s i n g i n f o r m a ­
t i o n f r o m t h e g r o u p f o r m u l a t i o n i n c o n s t r u c t i n g p e n a l t i e s w i l l b e d i s ­
c u s s e d . The f i r s t p a r t o f t h e s e c t i o n i s b a s e d o n T o m l i n [ 9 3 ] , 
A t a node o f a b r a n c h and b o u n d IP t r e e , a c o n t i n u o u s b o u n d e d 
v a r i a b l e l i n e a r p r o g r a m i s s o l v e d . I f a l l t h e v a r i a b l e s a r e i n t e g e r i n 
t h e s o l u t i o n , o r i f t h e c o n t i n u o u s s o l u t i o n o b j e c t i v e v a l u e i s g r e a t e r 
t h a n t h e b e s t i n t e g r a l s o l u t i o n s o f a r , b r a n c h i n g f r o m t h i s node i s n o t 
n e c e s s a r y s i n c e no b e t t e r i n t e g e r s o l u t i o n i s p o s s i b l e b e l o w t h e n o d e . 
I f some b a s i c v a r i a b l e x ^ i s n o n i n t e g e r a t v a l u e b ^ , t h e n any i n t e g e r 
s o l u t i o n must s a t i s f y : 
x . :> [ b . ] + 1 o r x . <> [ b j (52) 
i i i i 
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where [ t ^ ] i s the g r e a t e s t i n t e g e r l e s s than or equal t o b^. 
D e f i n e : 
f b = b - [ b . ] (53) 
1 
I f x^ were chosen as the branching v a r i a b l e , then one of the c o n s t r a i n t s 
i n Eq. (52) would be a s s o c i a t e d w i t h each of the b r a n c h e s . I f i t i s 
assumed t h a t one of the c o n s t r a i n t s above i s added t o the f i n a l s i m p l e x 
t a b l e a u f o r t h e current node , then an e s t i m a t e of t h e c o n t i n u o u s o b j e c ­
t i v e f u n c t i o n v a l u e a t the newly c r e a t e d node w i l l be the change i n the 
o b j e c t i v e f u n c t i o n f o r the f i r s t s i m p l e x p i v o t . Suppose t h e c u r r e n t row 
f o r x^, t h e e q u a t i o n c o n s t r a i n i n g i t t o be an i n t e g e r h i g h e r , and t h e ob­
j e c t i v e row a r e w r i t t e n : 
b . = x . + £ a . . x . (54) 
i i i i j J K 
[ b . ] - 1 = - x . + S (55) 
- z 0 - * c J*j < 5 6> 
To put t h e t a b l e a u i n c a n n o n i c a l form, Eq. ( 54 ) i s added t o Eq. ( 5 5 ) . 
b . = x . + £ a . . x . (57) 
- (1 - f, ) = 2 a . . x . + S (58) 
- z 0 - £ c j X j ( 59 ) 
The t a b l e a u i s now dual f e a s i b l e and the f i r s t dual s i m p l e x p i v o t 
c h o o s e s the p i v o t e l ement by f i n d i n g the minimum r a t i o . 
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c a . . < 0 \ - a . . / 
The change i n the o b j e c t i v e v a l u e f o r t h e f i r s t p i v o t i s : 
- (1 - f, ) c 
b . p 
P = — ^ (61) 
u . a . 
I i p 
We w i l l c a l l t h i s t h e u p - p e n a l t y . A s i m i l a r a n a l y s i s f o r a d d i n g t h e c o n ­
s t r a i n t mak ing x ^ l e s s t h a n [b^] g i v e s t h e f o l l o w i n g d o w n - p e n a l t y . 
(VcP 
P D = (62) 
1 IP 
The minimum r a t i o i n t h i s c a s e i s f o u n d b y : 
c p __. _ , c ± 
a i p i j i j 
- a . m i > o Or) (63> 
T h i s may b e done f o r e a c h o f t h e b a s i c v a r i a b l e s w h i c h a r e f r a c t i o n a l . 
S i n c e a n y node b e l o w t h e c u r r e n t node must have one o f t h e c o n d i t i o n s 
i m p o s e d , any i n t e g e r s o l u t i o n b e l o w t h i s node must assume t h e minimum 
a d d i t i o n a l c o s t : 
_ min imum - „ , , r t \ 
P c . „ . . K.> V ( 6 4 ) 
b . f r a c t i o n a l i i 
l 
T h e s e p e n a l t i e s a r e d e r i v e d b y i m p o s i n g t h e r e s t r i c t i o n s t h a t t he 
b a s i c v a r i a b l e s must b e i n t e g e r . E a c h v a r i a b l e i s c o n s i d e r e d s e p a r a t e l y 
w i t h no c o n s i d e r a t i o n g i v e n t o t h e i n t e r a c t i o n b e t w e e n b a s i c v a r i a b l e s 
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o r t h e r e q u i r e m e n t t h a t t h e n o n b a s i c v a r i a b l e s be i n t e g e r . A s i m p l e e x t e n ­
s i o n t o t h e p e n a l t i e s d e r i v e d s o f a r i s t h e r e q u i r e m e n t t h a t t h e n o n b a s i c 
v a r i a b l e w h i c h comes i n t o t h e b a s i c when t h e n e w l y r e s t r i c t e d v a r i a b l e 
l e a v e s must a l s o be i n t e g e r and h e n c e must be a t l e a s t o n e . 
The q u a n t i t y a s s o c i a t e d w i t h t h e d u a l p i v o t w h i c h goes i n t o t h e 
c a l c u l a t i o n f o r P when x i s i n t r o d u c e d i n t o t h e b a s i s b e c o m e s : 
u i P 
(1 - f b ) 
max ( c , - c — — ) (65) 
\ p p a . / 
r r l p 
And s i m i l a r l y f o r t h e down p e n a l t y . The m o t i v a t i o n f o r t h e s e p e n a l t i e s 
i s t h e same a s b e f o r e e x c e p t some s l i g h t c o n s i d e r a t i o n has been g i v e n t o 
t h e r e q u i r e m e n t t h a t a t l e a s t t h e n o n b a s i c v a r i a b l e x ^ 1 i f x > 0 . 
P P 
T o m l i n shows t h a t a s t r o n g e r p e n a l t y may be d e r i v e d b y c o n s i d e r i n g 
t h e Gomory f r a c t i o n a l c o n s t r a i n t (Gomory [41 ] ) d e r i v e d f r o m e a c h row o f 
t h e t a b l e a u a s s o c i a t e d w i t h a n o n i n t e g e r b a s i c v a r i a b l e . A c o n s t r a i n t 
f o r a p a r t i c u l a r x , : 
- f = - s f , > x . + S (66) 
b . j i j J 
w h e r e : 
a . . - [ a . .] I f f . . <• L 
i j i J i j b . 
f = (67) 
1 J (1 ~ f . . ) 
f UL_ i f f > f 
f
b . ( i - f b > f i j \ 
where t h e f r a c t i o n a l p a r t f . . i s g i v e n b y f . . = a . . - [ a . . ] . 
x j J i j i j i j J 
T h i s c o n s t r a i n t c a n be a d d e d t o t he t a b l e a u i n t he same manner as b e f o r e 
and t h e change i n t he o b j e c t i v e f u n c t i o n f o r t h e f i r s t d u a l s i m p l e x p i v o t 
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c a n be u s e d a s a p e n a l t y . T o m l i n shows t h a t t h i s p e n a l t y i s g r e a t e r t h a n 
o r e q u a l t o t h e p r e v i o u s l y d e r i v e d p e n a l t i e s . T h i s p e n a l t y u t i l i z e s more 
o f t h e p r o b l e m r e q u i r e m e n t s s i n c e E q . (66) i s d e r i v e d b y c o n s i d e r i n g t he 
i n t e g r a l i t y o f t h e b a s i c v a r i a b l e x . and a l l o f t he n o n b a s i c v a r i a b l e s 
Gomory and J o h n s o n [46 ,47 ] u s e a row o f t h e o p t i m a l L P t a b l e a u t o 
d e r i v e s t r o n g e r c o n s t r a i n t s t h a n E q . ( 6 6 ) . By r e l a x i n g t h e n o n n e g a t i v i t y 
c o n s t r a i n t s on a l l o f t he b a s i c v a r i a b l e s and t h e i n t e g r a l i t y r e q u i r e m e n t s 
on a l l o f t h e b a s i c v a r i a b l e s e x c e p t one p a r t i c u l a r b a s i c v a r i a b l e x ^ , 
we o b t a i n t h e f o l l o w i n g p r o b l e m . 
M i n i m i z e : (68) 
(G ) 
S u b j e c t t o : 
(69) 
^ 0 and i n t e g e r f o r a l l j , (70) 
E q u a t i o n (69) i s t h e c o n g r u e n c y r e l a t i o n s h i p f r o m one row o f t h e 
s e t o f e q u a t i o n s ( 2 0 ) . The e l e m e n t s ( f j l a n ( * f Q a r e t h e f r a c t i o n a l p a r t s 
o f t he c o e f f i c i e n t s f o r t h e n o n b a s i c v a r i a b l e s x^ a n d t h e r i g h t hand s i d e 
f r o m t h e row f o r t h e b a s i c v a r i a b l e x ^ . The s o l u t i o n t o G ^ p r o v i d e s a 
v a l i d p e n a l t y f o r i t i s t h e minimum i n c r e a s e i n t h e L P o b j e c t i v e v a l u e 
f o r s a t i s f y i n g t h e c o n g r u e n c y r e l a t i o n s h i p E q . (69) u s i n g a n i n t e g e r 
c o m b i n a t i o n o f t h e n o n b a s i c co lumns f r o m t h e o p t i m a l L P t a b l e a u . 
I f p r o b l e m G were s o l v e d f o r e a c h row w i t h a f r a c t i o n a l b a s i c 
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v a r i a b l e , then the maximum o b j e c t i v e v a l u e f rom t h e s e w o u l d be a v a l i d 
p e n a l t y . U n f o r t u n a t e l y , s o l v i n g the p r o b l e m i s a d i f f i c u l t t a s k i n 
g e n e r a l . I t i s what i s te rmed a c y c l i c g roup p r o b l e m and methods o f 
dynamic programming o r a n e t w o r k f o r m u l a t i o n a r e u s u a l l y u s e d to s o l v e i t . 
An a t t r a c t i v e a l t e r n a t i v e i s o f f e r e d by J o h n s o n i n [ 6 2 ] . He p r e ­
s e n t s a method w h i c h can be u s e d t o s o l v e E q . ( 6 8 ) . M o r e o v e r , t h e method 
c a n be t e r m i n a t e d p r i o r t o c o m p l e t i o n w i t h i n f o r m a t i o n w h i c h can be u s e d 
t o c o n s t r u c t a v a l i d c o n s t r a i n t o f t he f o rm o f E q . (66) and w h i c h w i l l 
p r o v i d e a p e n a l t y a t l e a s t as good as t h a t g o t t e n by u s i n g E q . ( 6 6 ) . 
The f o l l o w i n g i s a b r i e f d e s c r i p t i o n o f J o h n s o n ' s a l g o r i t h m i n ­
t e n d e d t o p r o v i d e i n s i g h t i n t o t h e p r o c e s s o f c o n s t r u c t i n g t h e v a l i d i n ­
e q u a l i t y and s o l v i n g G a t the same t i m e . 
The f r a c t i o n a l p a r t s ( ( f j ] » f Q } a r e members o f a c y c l i c g r o u p . 
P o s i t i v e i n t e g e r c o m b i n a t i o n s modulo one o f the e l e m e n t s [ f j ] c a n be 
fo rmed so t h a t t h e y w i l l e q u a l ( g e n e r a t e ) e a c h member o f t he g r o u p . I n 
p a r t i c u l a r , i t i s d e s i r e d t o f o rm the p o s i t i v e i n t e g e r c o m b i n a t i o n mod one 
w h i c h e q u a l s f and c o s t s l e s s than any o t h e r p o s i t i v e i n t e g e r c o m b i n a ­
t i o n w h i c h e q u a l s f . 
o 
C o n s i d e r t h e f o l l o w i n g p r o b l e m G^ w h i c h i s a r e l a x a t i o n o f p r o b ­
lem G ^ , the s i n g l e row c y c l i c g roup p r o b l e m . 
F i n d 6 * = Min imum { 6 ^ 
( G 1 ) 
r 
whe re 6^ and 6^ a r e d e f i n e d b y : 
6^ = Min imum ^ c " .x . (71) 
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<P1> 
S u b j e c t t o : Y f - x . = j 
j e J , 
x . ^ 0 f o r a l l i e J n ; J 1 
&2 — Minimum / c . x . 
• 1 T J J 
J e J 2 
( P 2 ) 
S u b j e c t t o 
Y (1 - f . ) x . = 1 - f ; (72) 
j C J o 
x^ > 0 f o r a l l j e J 2 
when the s e t s J ! = {J : W - J 2 = f J = f j > f o 3 -
I n e f f e c t , the i n t e g r a l i t y r e q u i r e m e n t on t he n o n b a s i c v a r i a b l e s 
has been r e l a x e d and and P 2 a r e s i n g l e e q u a t i o n m i n i m i z a t i o n p r o b l e m s 
c a l l e d c o n t i n u o u s k n a p s a c k p r o b l e m s . The c o n s t r a i n t s o f P ^ and P 2 a r e 
such t h a t the s o l u t i o n t o G ' has o n l y one x . n o n z e r o ( x . , x . ) i n e a c h 
r J J J l J 2 
s u b p r o b l e m . 
The o p t i m a l v a l u e s o f t h e o b j e c t i v e v a l u e s f o r P ^ and P 2 a r e g i v e n 
b y : 
c . f 
J l ° 
6^ = — , f o r some e 
j l 
C 1 ( 1 " f n > 
J 2 o 
& 2 = , ^ £—r— f o r some j 2 e J 2 » 
L e t j * = j i f 6 S 6„ and j * = j' i f 6 2 > 6 . 
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The o p t i m a l v a l u e 6 * f o r i s g i v e n b y : 
5 * = < 
c . , f 
J * 0 
f . , 
c . , ( l - f ) 
( 1 - f . , ) 
j * 
i f 61 * 6 2 
i f 6 2 < 6 1 
(73) 
U s i n g t he s o l u t i o n 6* t o G ^ , J o h n s o n d e f i n e s t he p i e c e w i s e l i n e a r 
f u n c t i o n TT such t h a t : 
TT (u) = < 
u 6 * 
f 
0 <, u <, f 
(74) 
P - " ) * * f s u s 1 
( 1 - f ) o 
o 
T h i s f u n c t i o n s a t i s f i e s c e r t a i n r e q u i r e m e n t s so t h a t t he f o l l o w i n g 
i s a v a l i d i n e q u a l i t y f o r t he I P p r o b l e m . 
T T ( f ) £ E T T ( f , ) X . 
j J J 
But s u b s t i t u t i n g the v a l u e s f o r f^ and { f } i n t o E q . ( 7 4 ) : 
n ( f o ) 
and 
f 6 * ( 1 - f ) 6 * 
o _ o 
f " ( 1 - f ) 
o o 
= 6 * 
6 * f 
6 * ( l - f i ) 
( 1 - f ) 
o 
j e J . 




The i n e q u a l i t y i s : 








o j e J 2 o 
But t h i s i s e q u i v a l e n t t o : 
f £ (78) 
o 
j 6 J l j e J2 
1- f 
E q u a t i o n (78) i s t he Gomory f r a c t i o n a l c u t and r r ( f ) ~ i s the a s s o c i ­
a t e d T o m l i n p e n a l t y . 
Now, i n t u i t i v e l y , t he p r i c e has been p a i d f o r u s i n g t he g roup e l e ­
ment f . j . : t h u s , we can r e a c h e i t h e r t h e e lemen t f o r f - f . . (mod 1) 
j * o o j * 
and s o l v e t he c o n g r u e n c y p r o b l e m . I t can be done w i t h t h e o r i g i n a l g roup 
e l e m e n t s , o r t he o r i g i n a l e l e m e n t s p l u s o n e s o f t he t y p e f ^ + e^ where 
e ^ a r e g r o u p e l e m e n t s p r e v i o u s l y p a i d f o r i n t h e sense t h a t f ^ has been 
a l i m i t i n g e l e m e n t . F o r t h e f i r s t i t e r a t i o n t hen t he e l e m e n t s {0,1} a r e 
t he e ^ f o r w h i c h n o t h i n g was p a i d . The a l g o r i t h m p r o c e e d s by s o l v i n g 
s e t s o f p r o b l e m s l i k e G ^ , one f o r e a c h e l emen t i n t h e e n l a r g e d s e t o f 
e l i g i b l e r i g h t hand s i d e s ( i . e . , f and f - f . , f o r t he s e c o n d i t e r a t i o n ) . 
o o j * 
The a l g o r i t h m g e n e r a t e s a p i e c e w i s e l i n e a r f u n c t i o n w i t h an i n c r e a s i n g 
number o f segments s y m m e t r i c abou t the s e t o f c a n d i d a t e s o l v i n g e l e m e n t s 
( f , f - f . v V , f - f, . , . . . ) • A t any i t e r a t i o n the f u n c t i o n so g e n e r a t e d o o j x o k* 
can be u s e d t o d e f i n e a v a l i d i n e q u a l i t y and TT ( f Q ) i s t h e a s s o c i a t e d o b ­
j e c t i v e f u n c t i o n p e n a l t y . I f a c a n d i d a t e s o l u t i o n e l e m e n t i s r e a c h e d 
191 
e x a c t l y by one o f the e l i g i b l e g roup e l e m e n t s , t he c y c l i c g roup p r o b l e m 
f o r t h a t row has been s o l v e d and r r ( f ) i s the minimum c o s t o f mak ing t he 
o 
b a s i c v a r i a b l e a s s o c i a t e d w i t h t h a t row i n t e g e r w i t h p o s i t i v e i n t e g e r 
c o m b i n a t i o n s o f the n o n b a s i c v a r i a b l e s w i t h n o n z e r o f r a c t i o n a l p a r t s o f 
t h e i r c o e f f i c i e n t s i n t he r o w . The i n t e g r a l i t y o f t h e o t h e r b a s i c v a r i ­
a b l e s h a s been r e l a x e d . 
T h i s d i s c u s s i o n h a s been a s k e t c h o f t h e method g i v e n by J o h n s o n 
[62] t o w h i c h t he r e a d e r i s r e f e r r e d f o r more d e t a i l s and the p r o o f o f 
t he v a l i d i t y o f t he a l g o r i t h m . The f o l l o w i n g example i l l u s t r a t e s t he 
c a l c u l a t i o n o f a l l o f t he p e n a l t i e s d e s c r i b e d a b o v e . The i n t e g e r p r o g r a m ­
m ing p r o b l e m w i t h a l l o f t h e c o n s t r a i n t s e x c e p t f o r one row o f t he o p t i m a l 
L P t a b l e a u r e l a x e d can be s t a t e d : 
M i n i m i z e 3x^ + 2x^ (79) 
S u b j e c t t o : 
x 3 + j xl - j x 2 = y (80) 
x ^ , x 2 , 0 and i n t e g e r . 
The p e n a l t y d e r i v e d f r o m t h e f i r s t d u a l s i m p l e x i t e r a t i o n a f t e r 
a d d i n g the c o n s t r a i n t ^ 1 i s : 
- J (2) ? 
P = — 4 r = \ (81) 
u 3 3 
F o r a d d i n g ^ 0 : 
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The Gomory f r a c t i o n a l c u t u s i n g E q . (66) i s : 
3 1 7 V 
7 " 7 X l 4 X 2 
7 
I 4- A 
7 X l 28 X 2 
(83) 
The T o m l i n p e n a l t y i s : 






The c y c l i c g roup p r o b l e m d e r i v e d f r om E q . (79) and E q . (80) i s : 
M i n i m i z e 3 x 1 + 2 x 2 (85) 
S u b j e c t t o : 
1 4 - 3 , , - * — x^ + y = y (mod 1) (86) 
X l ' X 2 ^ ^ a n ( ^ i n t e S e r * 
The f u n c t i o n g e n e r a t e d by t h e f i r s t i t e r a t i o n o f t h e J o h n s o n a l g o r i t h m i s 
T T ( U ) 
, 56* 
u (-5-) 0 £ u ^ y 
14 3 <» 
( l - u ) ( ^ ) y ^ u 1 
(87) 
3 8 
The p e n a l t y i s TT (y) = -j w h i c h i s the T o m l i n p e n a l t y as e x p e c t e d , 
The 
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u + 28 






u - 8 
-49 u + 49 f * u £ 1 
The p e n a l t y i s : 
TT <y) = 9 (89) 
The n e x t i t e r a t i o n o f t h e a l g o r i t h m v e r i f i e s t h a t t h i s i s the s o l u t i o n o f 
t he c y c l i c g roup p r o b l e m . 
The maximum p e n a l t y f r om the s i n g l e p i v o t a n a l y s i s was ~ , the 
g 
T o m l i n p e n a l t y was bu t t he p e n a l t y o b t a i n e d by two i t e r a t i o n s o f 
J o h n s o n ' s a l g o r i t h m was 9 . W i t h o u t c o n s i d e r i n g t he o t h e r b a s i c v a r i a b l e s , 
an i n t e g e r s o l u t i o n a t any node b e l o w the c u r r e n t one w i l l have an o b ­
j e c t i v e v a l u e a t l e a s t : 9 u n i t s g r e a t e r t han t he o b j e c t i v e v a l u e o f t h e 
L P a t t h e c u r r e n t n o d e . The e x p e r i e n c e r e p o r t e d by J o h n s o n and S p i e l ­
b e r g [60] and K e n n i n g t o n [63] i n d i c a t e s t h a t t he p e n a l t i e s d e r i v e d f r o m 
c o n s i d e r a t i o n o f t h e c y c l i c g roup p r o b l e m s f r o m t h e rows o f f r a c t i o n a l 
v a r i a b l e s i s s t r o n g i n f o r m a t i o n f o r use w i t h a b r a n c h and bound p r o c e d u r e . 
The i n f o r m a t i o n r e q u i r e d f o r any o f t he p e n a l t i e s i s t h e row o f 
c o e f f i c i e n t s f o r n o n b a s i c v a r i a b l e s c o r r e s p o n d i n g t o a n o n i n t e g e r v a l u e d 
b a s i c v a r i a b l e . T h i s i s e a s i l y o b t a i n e d f r o m t h e o p t i m a l GFP s o l u t i o n 
u s i n g t h e row g e n e r a t i o n p r o c e d u r e g i v e n i n S e c t i o n 3 . 4 . 
The p e n a l t i e s d e s c r i b e d i n t h i s s e c t i o n a r e t o o l s t o a i d t h e 
o £ u <; T 
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d e c i s i o n p r o c e s s o f a b r a n c h and bound (or p e r h a p s an i m p l i c i t enumera ­
t i o n ) a l g o r i t h m . T h e i r use i s h e u r i s t i c i n t h a t u s i n g them t o c h o o s e t h e 
b r a n c h i n g v a r i a b l e o r t h e n e x t c a n d i d a t e p r o b l e m f o r c o n s i d e r a t i o n does 
n o t a s s u r e one t h a t t he s e a r c h w i l l be s h o r t e n e d o r t h a t an i n t e g e r s o l u ­
t i o n w i l l be f o u n d s o o n e r . D e c i s i o n s made u s i n g t h e s e p e n a l t i e s a r e b a s e d 
on a s u p p o s i t i o n as t o t h e n a t u r e o f t h e s e a r c h a f t e r the d e c i s i o n s have 
been made. However , i t i s r e a s o n a b l e t o c o n j e c t u r e t h a t , i f t h e compu­
t a t i o n o f a p e n a l t y t a k e s i n t o a c c o u n t more o f t h e p r o b l e m r e s t r i c t i o n s , 
t h e n b e t t e r d e c i s i o n s can be made. 
5 . 6 Summary 
I n t h i s c h a p t e r t he g roup f o r m u l a t i o n o f an i n t e g e r p rogramming 
p r o b l e m has been c o n s i d e r e d . The methods n e c e s s a r y t o f o r m u l a t e t he IGFP 
as a g roup I P p r o b l e m f r o m t h e o p t i m a l l i n e a r p rogramming s o l u t i o n o b ­
t a i n e d by the GFP a l g o r i t h m i n S e c t i o n 4 . 2 were p r e s e n t e d . A d e s c r i p t i o n 
o f t h i s g roup I P p r o b l e m was g i v e n and r e l a t e d t o t h e g r a p h i c a l r e p r e ­
s e n t a t i o n o f t h e o p t i m a l c o n t i n u o u s s o l u t i o n . The w o r k o f E s t a b r o o k was 
c o n s i d e r e d , and h i s a l g o r i t h m f o r the I G T P was d i s c u s s e d . F i n a l l y , t h e 
r e s u l t s o f s e v e r a l a u t h o r s c o n c e r n i n g p e n a l t i e s f o r e n u m e r a t i o n methods 
w e r e summar i zed . 
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CHAPTER V I 
ALGORITHM FOR THE I G F P 
6 .1 I n t r o d u c t i o n 
I n p r e v i o u s c h a p t e r s t h e s p e c i a l l y s t r u c t u r e d l i n e a r p rogramming 
p r o b l e m d e s i g n a t e d as the g e n e r a l i z e d f l o w p r o b l e m h a s been c h a r a c t e r i z e d 
and an a l g o r i t h m f o r s o l v i n g i t h a s been p r e s e n t e d . The a l g o r i t h m t a k e s 
a d v a n t a g e o f t h e p r o b l e m c h a r a c t e r i z a t i o n t o e l i m i n a t e some o p e r a t i o n s 
and improve o t h e r o p e r a t i o n s r e q u i r e d when t h e s i m p l e x p r o c e d u r e i s u s e d 
t o s o l v e t h e p r o b l e m . I n C h a p t e r V t h e i n t e g e r g e n e r a l i z e d f l o w p r o b l e m 
was c h a r a c t e r i z e d i n te rms o f the s o l u t i o n t o t h e a s s o c i a t e d GFP and t h e 
u s e o f t h e g r a p h i c a l r e p r e s e n t a t i o n o f the p r o b l e m to i d e n t i f y t he i n t e r ­
a c t i o n be tween t h e v a r i a b l e s f o r t h e i n t e g e r p r o b l e m was d i s c u s s e d . I n 
t h i s c h a p t e r s e v e r a l o f t h e methods and p r o c e d u r e s p r e v i o u s l y p r e s e n t e d 
w i l l be comb ined i n t o a b r a n c h and bound a l g o r i t h m f o r s o l v i n g t h e I G F P . 
T h i s a l g o r i t h m i s c o n s t r u c t e d t o t a k e a d v a n t a g e o f t he s p e c i a l p r o p e r t i e s 
and c h a r a c t e r i z a t i o n s o f b o t h t he GFP and I G F P . 
6 . 2 S e l e c t i o n o f Me thod o f S o l u t i o n 
I n S e c t i o n 1.9 the g e n e r a l a p p r o a c h f o r s o l v i n g i n t e g e r p rogramming 
p r o b l e m s was d e s c r i b e d . The c h a r a c t e r i z a t i o n o f t he GFP and I G F P d i d n o t 
i n d i c a t e t h a t a c o m b i n a t o r i a l a p p r o a c h m igh t be u s e d f o r s o l v i n g t h e I G F P ; 
t h u s , no f u r t h e r c o n s i d e r a t i o n was g i v e n to t h i s t y p e o f s o l u t i o n p r o ­
c e d u r e . 
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I m p l i c i t e n u m e r a t i o n methods a t t emp t t o a p p l y l o g i c a l t e s t s t o t h e 
c o n s t r a i n t s o f the a s s o c i a t e d l i n e a r p rogramming p r o b l e m t o e l i m i n a t e t h e 
need t o e x p l i c i t l y c o n s i d e r c e r t a i n s e t s o f t he v a r i a b l e s as p o s s i b l e 
s o l u t i o n s t o t he p r o b l e m . I t a p p e a r s t h a t an i m p l i c i t e n u m e r a t i o n a l ­
g o r i t h m c o u l d be o r g a n i z e d t o t a k e advan tage o f t h e s p a r s i t y o f t he I G F P 
c o n s t r a i n t s e t . Howeve r , as i n d i c a t e d by G e o f f r i o n [25] and T r o t t e r [ 9 5 ] , 
t he e f f e c t i v e n e s s o f an i m p l i c i t e n u m e r a t i o n a l g o r i t h m i s g r e a t l y e n ­
h a n c e d by t he use o f i n f o r m a t i o n d e r i v e d f r o m t h e a s s o c i a t e d L P . T h i s 
a d d i t i o n a l i n f o r m a t i o n i s u s u a l l y i n t he f o r m o f a s u r r o g a t e c o n s t r a i n t 
w h i c h does n o t have t he same fo rm as the o r i g i n a l s e t o f c o n s t r a i n t s and 
c o u l d n o t be t r e a t e d i n t h e same manner . T h u s , a l t h o u g h an i m p l i c i t 
e n u m e r a t i o n a l g o r i t h m c o u l d be s p e c i a l i z e d t o t a k e a d v a n t a g e o f t h e c o n ­
s t r a i n t s o f t he G F P , t he d e r i v e d s u r r o g a t e c o n s t r a i n t s w o u l d n o t have 
t h e i r s p e c i a l s t r u c t u r e . S p e c i a l i z a t i o n o f an i m p l i c i t e n u m e r a t i o n a l ­
g o r i t h m f o r t h e I G F P w o u l d be l a r g e l y a m a t t e r o f o r g a n i z i n g t h e a l g o r i t h m 
t o t a k e a d v a n t a g e o f the f o rm o f t he c o n s t r a i n t s and w o u l d n o t f o c u s on 
i m p r o v i n g t he s o l u t i o n p r o c e d u r e by d e r i v i n g b e t t e r i n f o r m a t i o n f r o m t h i s 
s p e c i a l s t r u c t u r e . F o r t h i s r e a s o n , t he i m p l i c i t e n u m e r a t i o n a p p r o a c h 
was n o t t a k e n . 
A l t h o u g h t h e c h a r a c t e r i z a t i o n o f t he I G F P i n C h a p t e r V s u g g e s t s 
t h a t a g roup t h e o r e t i c method m i g h t be d e v e l o p e d f o r t h e I G F P , t h i s a p ­
p r o a c h was n o t u s e d d i r e c t l y . The s i m p l i f i c a t i o n u s e d by E s t a b r o o k t o 
d e v e l o p h i s a l g o r i t h m f o r t h e I G F P does n o t o c c u r f o r t he I G F P . A d d i ­
t i o n a l l y , E s t a b r o o k ' s a l g o r i t h m s h a r e d t h e d rawback o f t h e d i r e c t g roup 
a p p r o a c h f o r t he g e n e r a l p r o b l e m , i n t h a t we a r e n o t a s s u r e d t h a t t he 
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s o l u t i o n t o t he g roup p r o b l e m w i l l be f e a s i b l e f o r t h e o r i g i n a l p r o b l e m . 
The methods w h i c h must be u s e d to r e a p p l y t h e r e l a x e d c o n s t r a i n t s have 
n o t i n g e n e r a l been e f f i c i e n t . F o r t h e s e r e a s o n s , a g roup t h e o r e t i c a l ­
g o r i t h m was n o t d e v e l o p e d . On t h e o t h e r h a n d , t he b r a n c h and bound a p ­
p r o a c h has s e v e r a l f e a t u r e s w h i c h p e r m i t t a k i n g advan tage o f t he s p e c i a l 
s t r u c t u r e o f t he I G F P . T h i s i s d i s c u s s e d i n d e t a i l b e l o w . 
6 . 3 B r a n c h and Bound P r o c e d u r e 
I n S e c t i o n 1.9 t he t o o l s n e c e s s a r y f o r an e f f i c i e n t b r a n c h and 
bound p r o c e d u r e w e r e l i s t e d a s : 
( i ) E f f i c i e n t L P s o l u t i o n m e t h o d , 
( i i ) B r a n c h i n g v a r i a b l e s t r a t e g y , 
( i i i ) P e n a l t y c a l c u l a t i o n to p r o v i d e good b o u n d s , 
( i v ) Node c h o o s i n g s t r a t e g y . 
(v) E f f i c i e n t s t o r a g e o f c a n d i d a t e p r o b l e m , 
( v i ) Me thod f o r f i n d i n g a " g o o d " f e a s i b l e s o l u t i o n . 
The d e t a i l e d s t u d y o f the GFP and I G F P i n C h a p t e r s I I t h r o u g h V 
has p r o v i d e d t h e d e v i c e s n e c e s s a r y t o c o n s t r u c t a b r a n c h and bound a l ­
g o r i t h m w h i c h i n c o r p o r a t e s t h e c h a r a c t e r i s t i c s l i s t e d a b o v e . From the 
c o m p u t a t i o n a l r e s u l t s g i v e n i n C h a p t e r I V i t w i l l be seen t h a t t he GFP 
a l g o r i t h m g i v e n i n S e c t i o n 4 . 2 i s v e r y e f f i c i e n t . F u r t h e r , i t r e q u i r e s 
l e s s s t o r a g e s p a c e t han a g e n e r a l s i m p l e x a l g o r i t h m . The r e s u l t s o f 
J o h n s o n and S p i e l b e r g [60] and K e n n i n g t o n [63] i n d i c a t e t h a t t h e p e n a l ­
t i e s d e r i v e d f r o m c o n s i d e r i n g t he c y c l i c g roup p r o b l e m d e r i v e d f rom t h e 
row o f a n o n i n t e g e r b a s i c v a r i a b l e f a c i l i t a t e s a b r a n c h and bound I P 
a l g o r i t h m . I n a d d i t i o n , J o h n s o n [ 6 l ] i n d i c a t e s t h a t t he h e u r i s t i c r u l e 
o f c h o o s i n g t he b r a n c h i n g v a r i a b l e as t h e b a s i c v a r i a b l e whose row p r o -
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v i d e s t he maximum p e n a l t y i s an e f f e c t i v e d e v i c e . S i n c e t he row g e n e r a ­
t i o n t e c h n i q u e g i v e n i n S e c t i o n 3 .4 i s an e f f i c i e n t method f o r g e n e r a t i n g 
t h o s e rows w h i c h a r e r e q u i r e d , s a t i s f a c t o r y means f o r a c c o m p l i s h i n g ( i i ) 
and ( i i i ) a r e a t h a n d . I n c o n j u n c t i o n w i t h ( i i ) and ( i i i ) , t he node 
c h o i c e s t r a t e g y w i l l be t o c h o o s e t he node w i t h the s m a l l e s t e s t i m a t e d 
o b j e c t i v e v a l u e Z„ = Z T _ + PEN where Z T „ i s the LP o b j e c t i v e v a l u e f r om J E L P L P J 
i t s p r e d e c e s s o r node and PEN i s t h e p e n a l t y f rom the s i n g l e row c y c l i c 
g roup p r o b l e m . I f t he p e n a l t y c a l c u l a t i o n s a r e e f f e c t i v e , t hen by c h o o s ­
i n g t he l e a s t c o s t n o d e , one presumes t h a t as i n t e g e r s o l u t i o n s a r e e n ­
c o u n t e r e d a l a r g e number o f nodes may be removed f rom t h e c a n d i d a t e l i s t 
s i n c e o n l y t h o s e w i t h t h e l a r g e r p e n a l t i e s and hence t h e l a r g e r l o w e r 
bounds have been i n c l u d e d . The use o f t h i s r u l e i s s u p p o r t e d by K e n n i n g -
t o n ' s e x p e r i e n c e f o r the f i x e d c h a r g e t r a n s p o r t a t i o n p r o b l e m w h i c h i s a 
m i x e d i n t e g e r p r o b l e m w i t h a n e t w o r k s t r u c t u r e and can be f o r m u l a t e d as an 
I G F P p r o b l e m . The e f f e c t i v e n e s s o f the s p e c i a l a l g o r i t h m f o r t he GFP d e ­
c r e a s e s t h e d e s i r a b i l i t y o f u s i n g a " n e a r 1 ' node c h o i c e s t r a t e g y to enhance 
t he r e s t a r t c a p a b i l i t y o f t h e c o n t i n u o u s s o l u t i o n p r o c e d u r e . S i n c e an 
a d v a n c e d s t a r t f o r t h e c o n t i n u o u s p r o b l e m i s n o t b e i n g u s e d , t he s t o r a g e 
r e q u i r e m e n t s f o r t he c a n d i d a t e p r o b l e m s (nodes ) a r e r e d u c e d . A method 
f o r o b t a i n i n g a good f e a s i b l e s o l u t i o n i s d i s c u s s e d i n S e c t i o n 6 . 5 . T h u s , 
t h e means a r e a t hand f o r t h e c o n s t r u c t i o n o f a b r a n c h and bound p r o c e d u r e 
f o r t he I G F P . The a l g o r i t h m i s p r e s e n t e d b e l o w and i n F i g u r e 10 . 
We w i l l d e n o t e by C the l i s t o f c a n d i d a t e p r o b l e m s ( w h i c h do n o t 
have i n t e g r a l i t y r e q u i r e m e n t s ) c r e a t e d by i m p o s i n g a d d i t i o n a l bounds on a 
v a r i a b l e f rom some p r e v i o u s p r o b l e m i n t he c a n d i d a t e s e t . 
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STEP 0 
Z = o o , p K <- GFP 
STEP 1 
I F C = 0 TERMINATE. OTHERWISE 
SELECT P k SUCH THAT 
c = c - p 
V i e C 
k 
STEP 2 
SOLVE P k OBTAINING Z k and x l 
k 
I F x A L L INTEGER GO TO 4 . 
OTHERWISE GO TO 3 . 
STOP 
STEP 3 
CALCULATE PEN^ FOR EACH FRACTION COMPONENT 
x k . DETERMINE x SUCH THAT PEN :> P E N . FOR 
1 * k fc J 
A L L j . I F Z T <; Z * + PEN GO TO 1. J I L P t 
OTHERWISE CREATE P r AND P S AND LET 
C = C + p r + p s , GO TO 1. 
I F Z k ^ Z_ GO TO 1. OTHERWISE Z_ = Z k , 
Lit . 1 . 1 Li f 
RECORD x . L E T C = C - P 1 FOR ALL i SUCH 
THAT zt :> Z T . GO TO 1. 
fi I 
F i g u r e 10 . B r a n c h and Bound P r o c e d u r e 
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The s o l u t i o n to a p r o b l e m P ^ e C w i l l be d e n o t e d by the v e c t o r x w i t h 
k k k 
o b j e c t i v e v a l u e Z T _ . I f P i s i n f e a s i b l e . we w i l l l e t Z T „ = » . The LP ' L P 
v a l u e Z w i l l d e n o t e the l owe r bound on the v a l u e o f an i n t e g e r s o l u t i o n 
c o n t a i n e d i n the c o n s t r a i n t s e t o f P . I t i s o b t a i n e d by a d d i n g the 
p e n a l t y PEN t o t h e o b j e c t i v e v a l u e Z^ where P^ i s the p r e d e c e s s o r p r o b -
lem t o P . PEN i s t he p e n a l t y a s s o c i a t e d w i t h the f r a c t i o n a l v a r i a b l e i n 
i k t he s o l u t i o n t o P J w h i c h was r e s t r i c t e d t o c o n s t r u c t P . The v a l u e Z^ 
w i l l d e n o t e t h e c u r r e n t l owe r bound on t he o b j e c t i v e f u n c t i o n v a l u e f o r 
t h e I G F P o b t a i n e d f rom the i ncumben t i n t e g e r s o l u t i o n x''". U s i n g t h i s 
n o t a t i o n t he b r a n c h and bound p r o c e d u r e can be s t a t e d . 
k 
Step 0 . Set Z = °°. L e t P <- G F P . Go t o S tep 2 . 
S tep 1. I f C = 0 t e r m i n a t e ; t he i ncumben t s o l u t i o n i s o p t i m a l . 
k k 
O t h e r w i s e s e l e c t and remove p r o b l e m P f rom C s u c h t h a t Z_ = 
(4 : 1 e C } . 
k k 
Step 2 . S o l v e P , o b t a i n i n g t he o b j e c t i v e v a l u e Z . I f t he 
components o f x a r e a l l i n t e g e r go t o s t e p 4 . O t h e r w i s e go 
t o s t e p 3 . 
S t e p 3 . F o r each n o n i n t e g e r b a s i c v a r i a b l e x̂  c a l c u l a t e t h e 
p e n a l t y P E N ^ . Choose t he b r a n c h i n g v a r i a b l e xfc s u c h t h a t 
PEN £ P E N . f o r a l l j . I f Z . £ Z^ + PEN go t o s t e p 1. 
t j J l L P t ° 
r s 
O t h e r w i s e c r e a t e two p r o b l e m s P and P by b r a n c h i n g on x^ 
w i t h a d d i t i o n a l c o n s t r a i n t xfc ^ LxtJ f o r P and xfc ^ Lx tJ + 1 
f o r P S w i t h l o w e r bounds Z * = zt = Z^ + PEN . P l a c e t h e s e 
E E L P t 
p r o b l e m s i n C and r e t u r n t o s t e p 1. 
k k 
Step 4 . I f Z T „ S: Z T go to s t e p 1. O t h e r w i s e s e t Z_ = ZRYI 
— 1 L P 1 1 L P 
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and r e c o r d the new incumben t s o l u t i o n x . Remove any p r o b l e m 
P 1 f r om C i f zt £ Z Go to s t e p 1. 
hi 1 
The a l g o r i t h m i s f i n i t e s i n c e b r a n c h e s o f t he e n u m e r a t i o n t r e e a r e 
t e r m i n a t e d o n l y i f no i n t e g e r s o l u t i o n can be f o u n d b e l o w a node w h i c h 
w i l l be b e t t e r t han t he incumben t s o l u t i o n . I f t he c a n d i d a t e l i s t i s 
empty t hen t he o p t i m a l i n t e g e r s o l u t i o n i s t he i ncumben t s o l u t i o n . 
The GFP a l g o r i t h m g i v e n i n S e c t i o n 4 . 2 i s t he a l g o r i t h m u s e d t o 
s o l v e t h e r e l a x e d c a n d i d a t e p r o b l e m s . The p e n a l t i e s a r e c a l c u l a t e d f rom 
J o h n s o n ' s a l g o r i t h m f o r t he c y c l i c g roup p r o b l e m u s i n g t h e row g e n e r a t i o n 
p r o c e d u r e o f S e c t i o n 3 . 4 . The number o f i t e r a t i o n s i n J o h n s o n ' s a l g o r i t h m 
i s s p e c i f i e d by the u s e r and T o m l i n ' s p e n a l t i e s a r e g e n e r a t e d i f o n l y one 
i t e r a t i o n i s s p e c i f i e d . 
6 . 4 C o m p u t a t i o n a l R e s u l t s 
The r e s u l t s o f s o l v i n g a number o f p r o b l e m s w i t h t h e IGFP a l g o r i t h m 
a r e l i s t e d i n T a b l e 5 . P r o b l e m s 1, 2 , and 9-14 a r e o f t h e IGTP t y p e and 
the r e s t a r e I G F P p r o b l e m s . The GFP a l g o r i t h m u s e d t o s o l v e t h e c a n d i ­
d a t e p r o b l e m s does n o t employ an a d v a n c e d s t a r t and was s t a r t e d w i t h an 
i n i t i a l b a s i s composed o f a l l a r t i f i c i a l and s l a c k v a r i a b l e s . P r o b l e m s 
11 and 12 a r e t h e same p r o b l e m w i t h 11 u s i n g one i t e r a t i o n o f t h e J o h n s o n 
a l g o r i t h m t o f i n d p e n a l t i e s and 12 u s i n g t h r e e i t e r a t i o n s . F o r t h i s p r o b ­
lem a t l e a s t , t he a d d i t i o n a l e f f o r t u s e d t o f i n d s t r o n g e r p e n a l t i e s r e ­
s u l t e d i n t h r e e l e s s L P p r o b l e m s b e i n g s o l v e d b u t t h e t o t a l s o l u t i o n t ime 
was i n c r e a s e d by 30 p e r c e n t . F o r a l m o s t a l l o f t he p r o b l e m s the b u l k o f 
t he s o l u t i o n t ime i s s p e n t i n f i n d i n g t he f i r s t i n t e g e r s o l u t i o n . A f t e r 
one i s f o u n d , t he p e n a l t i e s seem t o p r o v i d e an e f f e c t i v e f a t h o m i n g d e v i c e 
Table 5. IGFP Computational Results 
Problem No, of No, of LP's LP Continuous Integer Time to Total 
Number Eqn, Var, Solved Time Sol. Value Sol, Val. First Sol, Time* 
1 4 
CO 9 .052 342.5 360 .107 .120 
2 4 8 7 .027 350. 380 .092 .101 
3 4 12 9 .238 16.273 17 .376 .382 
4 5 21 2 .007 456.5 477 .019 .024 
5 5 21 3 .015 43. 44 .072 .077 
6 5 11 4 ,024 267.333 278 .047 .053 
7 5 13 12 ,068 108.608 119 .311 .316 
CO 5 14 5 .052 
36.283 38 .130 .135 
9 5 11 8 ,071 29.444 31 .118 .123 
10 7 19 5 .079 104.667 106 .120 .124 
Table 5. (Continued) 
Problem No, of No. of LP's LP Continuous Integer Time to Total 
Number Eqn. Var. Solved Time Sol. Value Sol. Val. First Sol . Time* 
11 CO
 
2k 29 1.0125 565.197 566 1.929 1.958 
12 CO
 
Zk 25 .839 565.197 566 2.530 2.563 
13 CO
 
Zk 9 .278 305.1^5 307 .571 .576 
Ik 
CO Zk 5 .158 563.788 ** .280 
15 10 kz 7 .093 113.5 115 .166 .225 
*A11 times in seconds on Univac 1108 in multiprocessing mode exclusive of 
input/output time 
**No feasible integer solution 
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f o r t he r e m a i n i n g c a n d i d a t e p r o b l e m s . A method f o r o b t a i n i n g a f e a s i b l e 
i n t e g e r s o l u t i o n a f t e r s o l v i n g t he i n i t i a l GFP i s g i v e n i n t he n e x t s e c ­
t i o n . I t m i g h t be u s e d w i t h t he I G F P b r a n c h and bound a l g o r i t h m t o p r o ­
v i d e a b e t t e r bound a t t he i n i t i a t i o n o f t he s e a r c h . 
6 . 5 O b t a i n i n g a F e a s i b l e I n t e g e r S o l u t i o n 
I n t h i s s e c t i o n a method f o r o b t a i n i n g an i n t e g e r s o l u t i o n w h i c h 
i s f e a s i b l e t o a l l o f t he c o n s t r a i n t s b i n d i n g a t t h e L P o p t i m a l s o l u t i o n 
i s g i v e n . I f t h e s o l u t i o n i s a l s o f e a s i b l e t o a l l o f t he n o n b i n d i n g c o n ­
s t r a i n t s i t i s a f e a s i b l e i n t e g e r s o l u t i o n and may be u s e d as t he i n i t i a l 
i ncumben t s o l u t i o n . I t p r o v i d e s an i n i t i a l bound on t h e b r a n c h and bound 
s e a r c h t r e e . The method i s due t o H i l l i e r [53] and B i o n d i and Schmid [9] 
who d e v e l o p e d t h e i r p r o c e d u r e s i n d e p e n d e n t l y . T h i s p r o c e d u r e i s p a r t i c u ­
l a r l y e a s y t o imp lement u s i n g t h e row and co lumn c o n s t r u c t i o n t e c h n i q u e s 
f o r t he GFP g i v e n p r e v i o u s l y . U s i n g t h e s e methods t h e s o l u t i o n ( i f one 
i s f o u n d ) i s o b t a i n e d a t l i t t l e a d d i t i o n a l c o s t a f t e r s o l v i n g t h e G F P . 
The method t e n d s t o f i n d a s o l u t i o n i n t h e p r o x i m i t y o f t h e c o n t i n u o u s 
s o l u t i o n ( x * p ) . A b r i e f o u t l i n e o f t h e method i s g i v e n b e l o w . A m a j o r 
l i m i t a t i o n i s the a s s u m p t i o n t h a t t he o r i g i n a l p r o b l e m c o n t a i n s no e q u a l ­
i t y c o n s t r a i n t s . 
The i n t u i t i o n and geomet ry o f t h e method i s t o c o n s t r u c t a h y p e r -
cube o f edge l e n g t h one i n s i d e t he i n t e r i o r o f t h e f e a s i b l e r e g i o n d e f i n e d 
by t h e c o n s t r a i n t s b i n d i n g a t t h e L P op t imum. The i n t e g e r s o l u t i o n c o n ­
t a i n e d i n t h i s h y p e r c u b e w i l l be f e a s i b l e f o r t h e b i n d i n g c o n s t r a i n t s and 
t h u s i s a good c a n d i d a t e as a f e a s i b l e i n t e g e r s o l u t i o n . A f t e r s o l v i n g 
t h e G F P , f o r a l l b i n d i n g c o n s t r a i n t s (no t c o n t a i n i n g a b a s i c s l a c k ) , 
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c o n s t r u c t t he new r i g h t hand s i d e d e f i n e d b y : 
b. f = b . - 4 £ la .1 
1 1 j e J B ' U 1 
J g i s t h e s e t o f b a s i c v a r i a b l e s and ( a ^ . ) a r e t he c o r r e s p o n d i n g 
t h 
c o e f f i c i e n t s i n the i e q u a t i o n . 
T h i s new r i g h t hand s i d e i s u s e d t o c a l c u l a t e t he v e c t o r : 
x 1 = < B ~ 1 b , > 
where 
<x> d e n o t e s the i n t e g e r v e c t o r o b t a i n e d by r o u n d i n g each component 
o f x t o t he n e a r e s t i n t e g e r v a l u e and B ^ i s the i n v e r s e o f the opt imum 
b a s i s . 
I f x 1 i s f e a s i b l e t o a l l o f the n o n b i n d i n g c o n s t r a i n t s , t hen i t i s a 
f e a s i b l e i n t e g e r s o l u t i o n . I f x ' i s n o t f e a s i b l e , e i t h e r t he p r o c e d u r e 
may t e r m i n a t e and t he b r a n c h and bound s e a r c h may be s t a r t e d w i t h no l o w e r 
bound o r , as s u g g e s t e d by H i l l i e r [ 5 3 ] , a s e a r c h may be made be tween x^p 
and x ' f o r a f e a s i b l e s o l u t i o n . 
F o r t he G F P , b^ can be c a l c u l a t e d by s c a n n i n g the v a r i a b l e s and 
c a l c u l a t i n g a new r i g h t hand s i d e v a l u e i f x i s b a s i c . The i n v e r s e o f 
the b a s i s i s n o t e x p l i c i t l y a v a i l a b l e , bu t i t can be g e n e r a t e d a row a t a 
t ime by t he p r o c e d u r e i n S e c t i o n 3 . 4 . The o n l y e q u a t i o n s t o be c h e c k e d 
a f t e r x 1 i s c a l c u l a t e d a r e the bounds 0 and M . and the c o n s t r a i n t s c o r r e s -
I 
p o n d i n g t o b a s i c s l a c k a r c s i n t he g r a p h i c a l r e p r e s e n t a t i o n , s i n c e t h e y 
a r e the o n l y ones w h i c h a r e n o t b i n d i n g a t t he L P op t imum. An example i s 
g i v e n b e l o w . 
b j = 4 - | ( 1 + 1 ) - 3 
b 2 = b 2 - 3 
b^ = -150 - | ( 1 - 5 0 1 + 1-1001) = -225 
b j - -100 + | ( 1 - 4 0 1 ) = -120 
The row o f the i n v e r s e f o r i s : 
Thus 
100 2 8 0 J 
x 2 5 = ^ 1/fl0° Xl2 1/80"' 
F o r x 











F o r x 
11* 
KF = [ 0 0 1 1/40] 3 
-225 
3 
- 1 2 0 , 
The rounded s o l u t i o n i s : 
x 1 = 0 
X l l U x 12 
- 3 L21 
= 2 L22 
= 0 
The s o l u t i o n i s f e a s i b l e w i t h a c o s t o f 430 w h i c h w o u l d s e r v e as 
a l o w e r bound f o r t he b r a n c h and bound p r o c e d u r e . 
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CHAPTER V I I 
CONCLUSIONS AND RECOMMENDATIONS 
7.1 C o n c l u s i o n s 
The p r i m a r y m o t i v a t i o n f o r t he r e s e a r c h p r e s e n t e d i n t h i s d i s s e r t a ­
t i o n was t he s e a r c h f o r a s o l u t i o n p r o c e d u r e f o r t h e i n t e g e r g e n e r a l i z e d 
f l o w p r o b l e m . F o r t h i s p u r p o s e i t was n e c e s s a r y t o o b t a i n an e f f e c t i v e 
s o l u t i o n p r o c e d u r e f o r t he c o n t i n u o u s p r o b l e m . I n a d d i t i o n , i n p r o c e e d ­
i n g t o w a r d s t h i s g o a l , we have o b t a i n e d s e v e r a l w o r t h w h i l e r e s u l t s r e l a t e d 
to t h e a r e a o f p r i m a r y i n v e s t i g a t i o n . The ma in a c c o m p l i s h m e n t s and r e s u l t s 
o f t h i s r e s e a r c h a r e e l a b o r a t e d b e l o w . 
As m e n t i o n e d p r e v i o u s l y , t he main t r e n d o f t h i n k i n g i n t h i s s t u d y 
was g u i d e d by J o h n s o n ' s c h a r a c t e r i z a t i o n o f a b a s i s f o r a n e t w o r k p r o b ­
lem i n te rms o f a b a s i s f o r e s t . T h i s g r a p h i c a l r e p r e s e n t a t i o n h a s been 
p r o v e d i n t h i s s t u d y u s i n g a c o n s t r u c t i v e a p p r o a c h . The a p p r o a c h t a k e n 
i s o r g a n i z e d i n t o a p r o c e d u r e f o r row and co lumn g e n e r a t i o n t o c a r r y o u t 
t h e s i m p l e x o p e r a t i o n s . The p r o c e d u r e d i r e c t l y e x p l o i t s the s p a r s e n e s s 
o f t h e c o n s t r a i n t m a t r i x o f t h e GFP and m i n i m i z e s t h e amount o f c o m p u t a ­
t i o n e f f o r t . 
The p r o c e d u r e m e n t i o n e d above d i r e c t l y l e a d s t o an e f f i c i e n t means 
o f c o m p u t i n g t h e b a s i s i n v e r s e o f t h e G F P . T h i s i s u s e d t o compute t h e 
d u a l v a r i a b l e s and t h e r e l a t i v e c o s t f a c t o r s . A b i l i t y t o compute t h e 
i n v e r s e i n t h i s f a s h i o n i s a l s o l i k e l y t o have a s t r o n g i m p a c t on the 
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a d d i t i o n a l r e s e a r c h a r e a s l i s t e d l a t e r . I t may be r e c a l l e d t h a t t h e 
methods o f B a l a s [ 3 , 4 ] , J o h n s o n [ 5 8 ] , and Mau r ras [71 ,72 ] r e q u i r e t he 
r e c a l c u l a t i o n o f a l l s i m p l e x m u l t i p l i e r s , w h e r e a s , i n t h i s s t u d y , o n l y 
t h o s e m u l t i p l i e r s w h i c h change a r e i d e n t i f i e d and recompu ted a t e a c h 
i t e r a t i o n . 
T o keep t r a c k o f t h e b a s i s and t h e s i m p l e x c o m p u t a t i o n s , J o h n s o n 
[59] h a s p r o p o s e d a t r i p l e l a b e l i n g scheme f o r t h e O F P . The scheme i s 
e x t e n d e d t o t h e GFP i n t h i s s t u d y . 
The i n f o r m a t i o n d e r i v e d f r o m t h e GFP i s u s e d t o s o l v e t h e I G F P . 
The g r a p h i c a l r e p r e s e n t a t i o n o f t h e GFP i s shown t o p r o v i d e a good means 
o f v i e w i n g the g r o u p t h e o r e t i c f o r m u l a t i o n o f t he IGFP a n d , i n p a r t i c u l a r , 
t h e g r a p h c a n be u s e d t o i d e n t i f y t h e i n t e r a c t i o n b e t w e e n v a r i a b l e s . 
A means f o r d i r e c t l y c a l c u l a t i n g t he d e t e r m i n a n t o f a n L P b a s i s 
i s g i v e n , as i s a method f o r i m p r o v i n g t he g roup f o r m u l a t i o n . The c o n ­
s t r u c t i v e p r o c e d u r e and t h e c o n t i n u o u s a l g o r i t h m f o r t h e GFP a r e u s e d t o 
c o n s t r u c t a b r a n c h and bound a l g o r i t h m f o r t h e I G F P . 
I n a d d i t i o n t o the deve lopmen t o f a l g o r i t h m s f o r s o l v i n g t h e GFP 
and t h e IGFP and t h e a s s o c i a t e d d e t a i l e d s t e p s , t h e s t u d y has d e m o n s t r a t e d 
t h a t t h e r e s u l t i n g p r o c e d u r e s a r e e f f e c t i v e . The s o l u t i o n t i m e s g i v e n i n 
T a b l e 2 f o r t h e GFP a r e i n d i c a t i v e o f t h e power o f t he m e t h o d s . The GFP 
a l g o r i t h m i s s p e c i a l i z e d f o r t h e OFP and t r a n s p o r t a t i o n p r o b l e m . The 
c o m p u t a t i o n a l r e s u l t s f o r t h e OFP a l g o r i t h m a r e b e t t e r t h a n t h o s e f o r 
t h e o u t - o f - k i l t e r a l g o r i t h m , l o n g t h o u g h t t o be t h e b e s t a l g o r i t h m f o r 
minimum c o s t f l o w p r o b l e m s . The c o m p u t a t i o n a l r e s u l t s f o r the t r a n s p o r t a ­
t i o n c o d e a r e c o m p a r a b l e w i t h r e c e n t r e s u l t s by o t h e r i n v e s t i g a t o r s . 
210 
T a b l e 5 l i s t s t he c o m p u t a t i o n t i m e s f o r t h e IGFP a l g o r i t h m . T h e r e a r e no 
e f f e c t i v e a l g o r i t h m s t o compare w i t h t h e s e r e s u l t s . 
7 . 2 Recommendat ions 
S e v e r a l a r e a s f o r a d d i t i o n a l r e s e a r c h a r e i n d i c a t e d by t h e i n v e s t i ­
g a t i o n r e p o r t e d h e r e . Some o f t h e s e a r e l i s t e d b e l o w . 
(1) A p r i m a l - d u a l a l g o r i t h m f o r t h e OFP c o u l d be c o n s t r u c t e d t o 
t a k e a d v a n t a g e o f t he g r a p h i c a l r e p r e s e n t a t i o n o f b a s i c s o l u t i o n s . T h i s 
r e p r e s e n t a t i o n c a n be v i e w e d as a n e f f i c i e n t way t o i d e n t i f y s e t s o f 
v a r i a b l e s a n d / o r e q u a t i o n s . F o r e x a m p l e , t h e s e t o f v a r i a b l e s r e q u i r e d 
t o r e p r e s e n t a n o n b a s i c v a r i a b l e i s d i r e c t l y i d e n t i f i a b l e u s i n g t h e g r a p h . 
However , i n t h e o u t - o f - k i l t e r a l g o r i t h m , a s e a r c h must b e made ( l a b e l i n g ) 
f o r t h i s s e t w h i c h i s i d e n t i f i e d a t a b r e a k t h r o u g h . S i m i l a r l y , t h e s e t o f 
s i m p l e x m u l t i p l i e r s w h i c h change a t a n i t e r a t i o n i s e a s i l y i d e n t i f i e d and 
u p d a t e d u s i n g t h e t r e e r e p r e s e n t a t i o n . The o u t - o f - k i l t e r method must 
a c c o m p l i s h a s i m i l a r f u n c t i o n b y i d e n t i f y i n g l a b e l e d a n d u n l a b e l e d s e t s 
o f nodes and t h e s e t o f a r c s be tween them. The m a i n r e q u i r e m e n t f o r a 
p r i m a l - d u a l a l g o r i t h m u s i n g t he g r a p h i c a l r e p r e s e n t a t i o n w o u l d b e a means 
o f i d e n t i f y i n g t h e s e t o f v a r i a b l e s w h i c h fo rms t h e r e s t r i c t e d p r i m a l 
p r o b l e m . 
(2) B a s e d on t he r e s u l t s f o r t he t r a n s p o r t a t i o n a l g o r i t h m , a n 
i n v e s t i g a t i o n o f i m p r o v e d s t a r t i n g s o l u t i o n s and e n t e r i n g v a r i a b l e s e l e c ­
t i o n c r i t e r i a s h o u l d be made f o r b o t h t h e GFP and t h e O F P . 
(3) The g r a p h i c a l i n t e r p r e t a t i o n o f t h e g roup f o r m u l a t i o n f o r t h e 
IGFP may p r o v i d e t h e means f o r c o n s t r u c t i n g a g r o u p t h e o r e t i c a l g o r i t h m . 
S i n c e t h e i n t e r a c t i o n b e t w e e n v a r i a b l e s i s i d e n t i f i a b l e , t h e u s e o f t h i s 
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i n f o r m a t i o n i n a g roup t h e o r e t i c a l g o r i t h m s h o u l d be s t u d i e d . 
(4 ) The c o m p u t a t i o n a l r e s u l t s f o r t h e IGFP i n d i c a t e t h a t a g r e a t 
d e a l o f t h e e f f o r t i s s p e n t i n i d e n t i f y i n g t h e f i r s t i n t e g e r s o l u t i o n . 
The h e u r i s t i c method f o r f i n d i n g a f e a s i b l e s o l u t i o n p r e s e n t e d i n S e c t i o n 
6 . 5 s h o u l d be imp lemen ted and t e s t e d c o m p u t a t i o n a l l y . 
(5 ) The g r a p h i c a l r e p r e s e n t a t i o n o f t he GFP and t h e OFP p r o v i d e s 
a means f o r e f f i c i e n t l y p e r f o r m i n g p a r a m e t r i c a n a l y s i s a f t e r t h e o r i g i n a l 
p r o b l e m h a s b e e n s o l v e d . F o r e x a m p l e , i f t h e c o s t o f a b a s i c v a r i a b l e 
c h a n g e s , t h e o n l y s i m p l e x m u l t i p l i e r s a f f e c t e d u n t i l t he b a s i s changes 
a r e t h o s e a s s o c i a t e d w i t h n o d e s above t h a t b a s i c v a r i a b l e whose c o s t 
c h a n g e d . L i k e w i s e , i f a component o f t he r i g h t hand s i d e c h a n g e s , t he 
o n l y b a s i c v a r i a b l e s whose v a l u e s change u n t i l a b a s i s change o c c u r s , 
a r e t h o s e i n t h e p a t h f r om t h e node a s s o c i a t e d w i t h t h e changed r i g h t 
h a n d s i d e component a n d t h e r o o t ( p s e u d o r o o t ) . C l e a r l y , t h e p a r a m e t r i c 
p rogramming p o t e n t i a l o f t h e g r a p h i c a l r e p r e s e n t a t i o n s h o u l d be e x p l o i t e d . 
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